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Large deviations and metastability

The book provides a general introduction to the theory of large deviations and a wide
overview of the metastable behaviour of stochastic dynamics. With only minimal prereq-
uisites, the book covers all the main results and brings the reader to the most recent de-
velopments. Particular emphasis is given to the fundamental Freidlin–Wentzell results on
small random perturbations of dynamical systems. Metastability is first described on phys-
ical grounds, following which more rigorous approaches are developed. Many relevant
examples are considered from the point of view of the so-called pathwise approach. The
first part of the book develops the relevant tools, including the theory of large deviations,
which are then used to provide a physically relevant dynamical description of metastabil-
ity. Written to be accessible to graduate students, this book provides an excellent route into
contemporary research.
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PREFACE

This book has germinated from the lecture notes of a course ‘Large deviations and
metastability’ given by one of us at the ‘CIMPA First School on Dynamical and
Disordered Systems’, at Universidad de la Frontera, Temuco, during the summer
of 1992 [293].

Since then a large amount of new material on metastability has been accumu-
lated, and our goal was to combine a basic introduction to the theory of large devi-
ations with a wide overview of the metastable behaviour of stochastic dynamics.

Typical examples of metastable states are supersaturated vapours and magnetic
systems with magnetization opposite to the external field. Metastable behaviour is
characterized by a long period of apparent equilibrium of a pure thermodynamic
phase followed by an unexpected fast decay towards the stable equilibrium of a
different pure phase or of a mixture, e.g. homogeneous nucleation of the liquid
phase inside a highly supersaturated vapour, due to spontaneous density fluctua-
tions. The point of view of metastability as a genuinely dynamical phenomenon is
now widely accepted. Approaches which aim to describe static aspects of metasta-
bility (such as determination of the metastable branch of the equation of state of
a fluid) in the Gibbs equilibrium set-up are, in their ‘naı̈ve form’, applicable only
in a mean field context. In this case, the physically unacceptable assumption that
the range of the interaction equals the linear dimension of the container gives rise
to pathological behaviour of non-convex free energy that implies negative com-
pressibility, namely, thermodynamic instability. It is this feature that gives rise to
the idea of associating metastability with local minima of the free energy. More-
over, dynamical aspects such as the lifetime of the metastable state require an
investigation that a static approach is programmatically unable to provide. Thus,
metastability for short range systems is included in the field of non-equilibrium
statistical mechanics. Since a general theory of non-equilibrium thermodynamic
phenomena is still lacking, a particularly relevant role is played by the study of
specific mathematical models, for instance the stochastic Ising model.

xi



xii Preface

The first attempt to formulate a rigorous dynamical theory of metastability goes
back to Lebowitz and Penrose (see [240, 241]). In their approach the decay from
metastability to stability is essentially characterized by a slow irreversible evolu-
tion of the expected values of the observables during the process. In [48] another
method was proposed, based on a pathwise analysis of the process. The single
trajectories of the process are characterized by a long period of random oscilla-
tions in apparent equilibrium (with a relatively fast loss of memory of the initial
condition) followed by a sudden decay towards another, different regime, corre-
sponding to stable equilibrium. In this approach metastability becomes strictly re-
lated to the first exit problem from special domains. Characterization of the most
probable exit mechanism involves comparison between different rare events –
a typical problem in large deviation theory.

After describing metastability on physical grounds, we present the existing
rigorous approaches, with a particular emphasis on the pathwise approach, the
main object of our analysis. Large deviation theory is applied, in combination
with specific tools, to provide a dynamical description of metastability.

The construction of a mathematical theory of metastability not only provides
interesting and physically relevant applications of the already established large
deviation theory, but also poses new problems.

The first part of the book provides a reasonably self-contained account of ba-
sic results about large deviation theory. In Chapter 1 we discuss the classical basic
results in the frame of large deviations for sums of independent random variables.
In Chapter 2 we concentrate on the results of Freidlin and Wentzell in the context
of small random perturbations of deterministic flows. Chapter 3 is mainly dedi-
cated to the treatment of large deviations for interacting systems, and to its role
in equilibrium statistical mechanics. The first two sections contain a short sum-
mary of large deviations for Markov chains and the Gärtner–Ellis theorem. The
third section provides a brief introduction to equilibrium statistical mechanics,
and the last section discusses large deviations for Gibbs measures and its relation
to thermodynamical formalism.

In Chapter 4 we start the description of the metastability phenomenon and the
various rigorous approaches to its treatment. The pathwise approach, which is one
of the main topics of the book, is introduced in Section 4.2. The next two sections
contain two examples: first we consider the extremely simple mean field model of
the Curie–Weiss chain. Though unphysical, this mean field model can be consid-
ered as an initial ‘laboratory’, due to the explicitness of computations. The second
example is the one-dimensional Harris contact process, which presents a non-
trivial spatial structure. In the final section, we briefly outline results on metasta-
bility for other mean field type dynamics as well as the multidimensional Harris
contact process. In Chapter 5 we are concerned with the verification of metasta-
bility for Itô processes in the context of the Freidlin–Wentzell theory. This is done
in Section 5.4, based on results of Freidlin and Wentzell combined with coupling
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techniques. The important example of a double well potential is discussed in de-
tail in Section 5.2. Finally, extensions to infinite dimensional situations such as
reaction–diffusion models are briefly discussed at the end of the chapter.

In Chapter 6 we study the long time behaviour of general reversible Freidlin–
Wentzell Markov chains; these are characterized by a finite state space and
transition probabilities exponentially small in an external parameter that in many
applications is the inverse temperature. In particular we analyse the first exit prob-
lem from particular sets of states, called cycles, whose characteristic property is
that all their points are typically visited before the exit. Various aspects that are
relevant for the description of metastable behaviour are studied: the asymptotic
exponentiality of properly renormalized first exit times, the conditional equilib-
rium (Gibbs) measure, the ‘tube’ of typical trajectories during the exit.

In Chapter 7 we study metastability and nucleation for various short range
lattice spin models that can be seen as generalizations of the standard stochastic
Ising model. We consider the asymptotic regime with fixed volume and coupling
constants in the limit of very low temperature. From a physical point of view this
corresponds to the study of local aspects of nucleation; from a mathematical point
of view it corresponds to the study of some large deviation phenomena for a class
of Freidlin–Wentzell Markov chains. To study these models we apply the general
results of Chapter 6 and have to solve some specific model dependent variational
problems.

A particular emphasis is given to the case of reversible stochastic evolutions.
Under the reversibility condition, many different dynamics such as quite gen-
eral mean field models, Itô stochastic differential equations of gradient type, and
stochastic Ising models can be treated by the same methods.

Parts of this text have been used in graduate courses at IMPA, Rio de Janeiro, and
at Università di Roma ‘Tor Vergata’. We would like to thank D. Tranah for the
invitation to write this book, for his patience, attention and professionalism which
made the process run smoothly during all these years.

The authors wish to thank all the colleagues who contributed in various ways
to the realization of this work. Special thanks to A. Bovier, R. Cerf, F. den
Hollander, S. Friedli, V. Gayrard, A. Gaudilliere, Ch. Gruber, H. Kesten, R.
Kotecky, T. Mountford, O. Penrose and G. Sewell, for discussions on specific
points or on general aspects of metastability. We are deeply grateful to E. Andjel,
S. Brassesco, E. Cirillo, S. Carmona, A. Hinojosa, F. Manzo and F. Nardi, for
reading parts of the text, making corrections, comments and suggestions which
helped us to improve the presentation and correct several defects. We are particu-
larly indebted to M. Cassandro, C.-E. Pfister, P. Picco, E. Presutti, R. Schonmann,
E. Scoppola and V. Sidoravicius for their criticism, for many stimulating con-
versations, and for the clarifications they offered us through many discussions.
Finally we would like to express gratitude to our families: Anna and Daniela,
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Juliana, Lucas and Vladas, for their patience and constant support, specially in
the hardest moments of the long preparation of this book.

E. O. and M. E. V. acknowledge the warm hospitality of IMPA, Rio de Janeiro,
and the Department of Mathematics at the Università di Roma ‘Tor Vergata’,
respectively.

M. E. V. acknowledges financial support of CNPq and Faperj. This work has
also received support from the CNPq-CNR scientific cooperation agreement.

Corrections that may appear in the future will be posted at
http://www.cbpf.br/∼eulalia/
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Illud in his rebus non est mirabile, quare,
Omnia cum rerum primordia sint in motu,
Summa tamen summa videatur stare quiete,
Praeterquam siquid proprio dat corpore motus.

Lucretius, De rerum natura





1

Large deviations: basic results

Introduction
In the analysis of a system with a large number of interacting components (at
a microscopic level) it is of clear importance to find out about its collective, or
macroscopic, behaviour. This is quite an old problem, going back to the origins of
statistical mechanics, in the search for a mathematical characterization of ‘equi-
librium states’ in thermodynamical systems. Though the problem is old, and the
foundations of equilibrium statistical mechanics have been settled, the general
question remains of interest, especially in the set-up of non-equilibrium systems.
We could then take as the object of study a (non-stationary) time evolution with
a large number (n) of components, where the initial condition and/or the dynam-
ics present some randomness. One example of such a collective description is the
so-called hydrodynamic limit. Passing by a space-time scale change (micro →
macro) it allows, through a limiting procedure, the derivation of a reduced descrip-
tion in terms of macroscopic variables, such as density and temperature. Other
limits, besides the hydrodynamic, may also appear in different situations, giving
rise to macroscopic equations.

In all such cases the macroscopic equation indicates the typical behaviour in a
limiting situation (n →+∞, and proper rescaling). Thus, it is essential to know
something about:

(i) rates of convergence, i.e. how are the fluctuations of the macroscopic ran-
dom fields (for example, the empirical density) around the prescribed value
given by the macroscopic equation?

(ii) how to estimate the chance of observing something quite different than what
is prescribed by the macroscopic equation. According to the prescription of
the macroscopic equation these are ‘rare events’ and their probabilities will
tend to zero, but at which speed ?

1



2 Large deviations: basic results

In the above description we identify the three most basic limit theorems in
classical probability: the macroscopic description corresponds to a ‘law of large
numbers’; the behaviour of the fluctuations, or ‘moderate deviations’, fits into
the frame of a ‘central limit theorem’; and the estimates of the probability of
rare events constitute what are usually called ‘large deviation principles’. The
program for investigating the collective behaviour for evolutions given by Markov
processes on {0, 1}Zd

or NZd
, has grown since the 1980s (see [79]), and has taken

definite forms for a class of them, cf. [78, 178, 283]. The situation is much less
developed in the context of mechanical systems (see [283]).

The content of this book is closely related to questions such as (ii) above, and
in particular to their connection with metastability, which will be discussed from
Chapters 4 to 7. Perhaps we should say a few words on possible motivations for
such estimates, bearing in mind the collective description of large systems. For
example, if one wants to investigate the behaviour of the system at time scales
longer than those for which the macroscopic equation is valid, then it is necessary
to pay attention to such ‘large fluctuations’, since they will eventually occur. The
ability to compare their probabilities becomes a crucial point in order to predict
the long-term behaviour of the system. The classic example is a tunnelling event
between two stable points of the macroscopic equation. Somehow, this compari-
son can be seen as a first step: one would believe that the large fluctuation should
occur in the least improbable way. Nevertheless, carrying out this long time anal-
ysis may present (technical or serious) difficulties. One instance where this has
been done quite completely is that in which the dynamics is, in some sense, al-
ready macroscopic; more precisely, it is obtained by the addition of a small ex-
ternal noise to a non-chaotic dynamical system. This is the object of Freidlin and
Wentzell’s theory [122], which will be studied in Chapters 2 and 5 of this book,
also in connection with the phenomenon of metastability.

One should stress how closely related are the three mentioned problems:
derivation of macroscopic equations/law of large numbers, fluctuations, and large
deviations. Large deviation estimates yield stronger statements on the conver-
gence of macroscopic density fields. On the other hand, a standard method for
the derivation of large deviation estimates involves the validity of a large class of
deterministic macroscopic limits (law of large numbers). A very important exam-
ple of such a connection comes from equilibrium theory, through the possibility
of applying large deviations to obtain the equivalence of ensembles, as pointed
out in the fundamental articles of Ruelle [257], and Lanford [189], which have
stimulated intense research. This goes far beyond the scope of this book, as for
instance, the questions related to phase separation and surface large deviations.
A brief discussion will appear in Chapter 3, with indications to recent research
articles.

As a usual set-up for large deviations we could take a sequence of probabil-
ity measures (µn)n≥1 on some metric space M , weakly converging to a Dirac
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point measure at some m ∈ M , in the sense that limn→+∞
∫

f dµn = f (m) for
all f : M → R continuous and bounded. (In our previous discussion, µn should
represent the law of an observable such as the empirical density, m represent-
ing a macrostate such as an equilibrium density.) The goal is to find the speed at
which µn(A) tends to zero, when A is a fixed measurable set staying at positive
distance from m. In particular, one wishes to detect whether a fast, exponential
decay happens, in the sense that there exists I (A) ∈ (0,+∞] such that

µn(A) ≈ e−nI (A). (1.1)

Throughout the text, ≈ denotes logarithmic equivalence, i.e. (1.1) means
n−1 log µn(A)→−I (A) as n →∞. (Notation. log = loge everywhere in this
text.)

Let us assume that (1.1) holds for a certain class of sets A; let A and B be two
disjoint sets for which it holds. Since µn(A ∪ B) = µn(A)+ µn(B) it follows at
once that µn(A ∪ B) ≈ e−n min{I (A),I (B)}. This might suggest I (A) of the form

I (A) = inf
x∈A

I (x), (1.2)

for some point function I , which would then be called a ‘rate function’. If so,
we cannot expect (1.1) to hold for all measurable sets A; to see this, consider for
example continuous measures, so that µn{x} = 0 for all points x ∈ M . If (1.1)
were true for such sets, this would force I to be identically +∞, incompatible
with (1.1) and (1.2) for A = M . This means that some restriction on the sets for
which (1.1) holds is needed. This will be discussed in the next two sections, where
a possible set-up will be presented.

It is natural to ask why one chooses the logarithmic equivalence ≈ instead
of a sharper estimate like the usual equivalence (an ∼ bn iff an/bn → 1). Sig-
nificant advantages of the previous choice (allowing polynomial errors in (1.1))
include simplicity and a wide range of applicability. On the other hand, ‘exact’
results are essential in many applications though in this text we shall not pursue
them.

Moreover, situations are expected to occur where I (A) could vanish, meaning
that the decay is less than exponential, and that (1.1) does not provide enough
information. In such cases, one definitely needs a more precise asymptotics.

For a comparison with ‘moderate deviations’ (central limit theorems), let us
take M = Rd . According to the previous notation, these refer to the asymptotics
of µn(An) where An = m + αn A, αn → 0 suitably, and A is fixed.

1.1 Cramér–Chernoff theorem on R

Let us start with the simplest situation: the microstates correspond to the re-
sults of n independent tosses of a fair coin, and µn represents the law of the
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proportion of ‘heads’ (the macroscopic observable). The microstates are thus uni-
formly distributed on Xn = {(ω1, . . . , ωn) : ωi = 1 or ωi = 0,∀ i} = {0, 1}n , i.e.
all 2n points have equal probabilities, and if A ⊆ [0, 1] is a Borel set, then

µn(A) = 2−n
∑

k:k/n∈A

(
n

k

)
, (1.3)

where
(n

k

) = n!
k!(n − k)! if k ∈ {0, 1, . . . , n}, (nk) = 0, otherwise.

We know that the weak law of large numbers holds in this situation, i.e. for any
ε > 0 we have limn→+∞ µn (1/2− ε, 1/2+ ε) = 1. Let us in fact check this,
getting a stronger estimate. Let 0 < a < b < 1 and consider the probability that
the resulting proportion of ‘heads’ belongs to the interval [a, b]. From (1.3) we
immediately have:

2−n max
k:k/n∈[a,b]

(
n

k

)
≤ µn[a, b] ≤ (n + 1)2−n max

k:k/n∈[a,b]

(
n

k

)
.

In particular, as n →+∞
1

n
log µn[a, b] ∼ − log 2+ 1

n
max

k:k/n∈[a,b]
log

(
n

k

)
. (1.4)

Recall now the classical Stirling formula (see e.g. [115], p. 54):

√
2πnn+ 1

2 e−n e1/(12n+1) ≤ n! ≤
√

2πnn+ 1
2 e−n e1/12n, (1.5)

or its weaker version (see e.g. [115], p. 52)

n! ∼
√

2πnn+ 1
2 e−n . (1.6)

Considering logarithmic equivalence let us now use the even weaker relation:

log n! = n log n − n + O(log n), (1.7)

where an = O(bn) means that an/bn remains bounded in n, which follows at once
from (1.6). Applying (1.7) to equation (1.4) and performing simple calculations
we get:

lim
n→∞

1

n
log µn[a, b] = − inf

x∈[a,b]
I (x), (1.8)

where, for each x ∈ (0, 1),

I (x) = log 2+ x log x + (1− x) log (1− x). (1.9)

It is easily seen that (1.8) extends for any a < b with the convention that 0 log 0 =
0 and I (x) = +∞ if x /∈ [0, 1]. Thus, we have a large deviation estimate for µn in
the previously announced frame, and (1.1) holds for all intervals with non-empty
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x

I(x)

log 2

+ oo

0 11
2

Figure 1.1

interior. The function I is continuous in the open interval (0, 1), I (x) = I (1− x)
for 0 ≤ x ≤ 1, and it is strictly increasing in (1/2, 1) (see Figure 1.1). In particu-
lar, I (x) = 0 iff x = 1/2, and for any ε > 0

µn
(
[0, 1] \ (1/2− ε, 1/2+ ε)

) ≈ e−nI (1/2+ε).

The previous example, a very simple application of the Stirling formula, can
be thought of as a particular case of the following: let X1, X2, . . . be independent
and identically distributed (i.i.d.) real random variables on some probability space
(�,A, P). Let µn be the law of the sample average X̄n := n−1∑n

i=1 Xi . If X1

is integrable and m = E X1, the classical weak law of large numbers tells us that
µn(R \ (m − ε,m + ε)) = P(|X̄n − m| ≥ ε) tends to zero as n →+∞, for any
ε > 0. With proper conditions on the tails of the distribution of X1, we again ex-
pect exponential decay of µn

(
R \ (m − ε,m + ε)

)
, for any given ε > 0, and we

may hope to get something like (1.1) for a large class of sets A; the goal is to
compute the rate, in the sense of logarithmic equivalence. This classical situation
was treated by Cramér in 1937 (cf. [69]) for distributions with an absolutely con-
tinuous component, providing ‘exact’ asymptotics, and extended to the general
case by Chernoff in 1952 [61] in the sense of logarithm equivalence. The result,
as stated and proven by Chernoff, is the following.

Theorem 1.1 (Cramér–Chernoff) Let X1, X2, . . . be i.i.d. real random variables
with common law µ, and consider the sample average X̄n = n−1∑n

i=1 Xi . Let µ̂
denote the moment generating function of µ, i.e. µ̂(ζ ) = E eζ X1 for ζ ∈ R, and
define:

Iµ(x) = sup
ζ∈R

(ζ x − log µ̂(ζ )), (1.10)
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for x ∈ R. (µ̂ takes values on (0,+∞] and Iµ is [0,+∞] valued; we set
log(+∞) = +∞.)
(a) Upper bound. If X1 is integrable and m = E X1, then:

(i) P(X̄n ≥ x) ≤ e−nIµ(x), if x ≥ m;
(i i) P(X̄n ≤ x) ≤ e−nIµ(x), if x ≤ m.

(1.11)

(b) Lower bound. For any x ∈ R:

(i) lim inf
n→+∞

1

n
log P(X̄n ≥ x) ≥ −Iµ(x);

(i i) lim inf
n→+∞

1

n
log P(X̄n ≤ x) ≥ −Iµ(x).

Remark 1.2 With µ as above and letting ν denote the law of aX1 + b, for a, b ∈
R, a �= 0, then ν̂(ζ ) = eb ζ µ̂(a ζ ) and consequently Iν(x) = Iµ((x − b)/a), for
all x ∈ R.

Proof of the upper bound We shall now see that optimization over a class of
exponential Markov inequalities gives us the upper estimate.

Notice first that Remark 1.2 reduces the proof to the case x = 0 ≤ m, all other
cases being reduced to this by change of sign and considering X ′i = Xi − x .

If ζ ≤ 0 we apply a Markov exponential inequality to write:

P(X̄n ≤ 0) = P(ζ Sn ≥ 0) ≤ P(eζ Sn ≥ 1) ≤ E eζ Sn = (µ̂(ζ ))n, (1.12)

where Sn =
∑n

i=1 Xi = n X̄n . Thus we have:

P(X̄n ≤ 0) ≤ ( inf
ζ≤0

µ̂(ζ )
)n

. (1.13)

On the other hand, if ζ ≥ 0, the Jensen inequality yields

µ̂(ζ ) = E eζ X1 ≥ eζm ≥ 1 = µ̂(0), (1.14)

that is

m ≥ 0 ⇒ inf
ζ≤0

µ̂(ζ ) = inf
ζ∈R

µ̂(ζ ) = e−Iµ(0), (1.15)

and the proof follows at once from (1.13). �

Remark 1.3 The previous argument with the Jensen inequality tells us that if
m = 0 then Iµ(0) = − log µ̂(0) = 0 (if m = 0, (1.14) is applicable to any ζ ), and
by Remark 1.2 we conclude that Iµ(m) = 0 whenever m ∈ R.

The proof of part (b) of Theorem 1.1, as presented below, is exactly that given by
Chernoff [61]. It does not fit so well in the general ‘frame’ to be used later; in the
present discussion we wanted to stress the role of the Stirling formula and to give
an idea of the historical development. We shall discuss this later.
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Proof of the lower bound Again, by Remark 1.2, it suffices to prove

lim inf
n→+∞

1

n
log P(X̄n ≤ 0) ≥ −Iµ(0). (1.16)

We first observe that the statement becomes trivial if P(X1 ≤ 0) = 1,
in which case n−1 log P(X̄n ≤ 0) = 0 ≥ −Iµ(0). If P(X1 ≥ 0) = 1, we
have n−1 log P(X̄n ≤ 0) = n−1 log P(X1 = 0, . . . , Xn = 0) = log P(X1 = 0).
On the other hand, the monotone convergence theorem implies that in this case
µ̂(ζ ) decreases to P(X1 = 0) as ζ decreases to −∞, so that log P(X1 = 0) =
infζ∈R log µ̂(ζ ) = −Iµ(0), and (1.16) becomes trivial too.

We now assume that P(X1 < 0) > 0 and P(X1 > 0) > 0. The main ingre-
dient for the proof is the following lemma, which gives a stronger form of the
lower bound in the case of random variables taking finitely many values, usually
called simple. As in the coin-tossing example, this proof is based on the Stirling
formula. �

Lemma 1.4 Assume there exist real numbers x1, . . . , xr such that

min
1≤i≤r

xi < 0 < max
1≤i≤r

xi , (1.17)

and that pi = P(X1 = xi ) > 0 (i = 1, . . . , r). Let us set ψ(ζ ) =∑r
i=1 pi eζ xi

and χ = infζ∈R ψ(ζ ). Then, there exist c > 0 and N ∈ N such that for all n ≥ N
we may find positive integer numbers n1, . . . , nr such that

r∑
i=1

ni = n,

r∑
i=1

ni xi ≤ 0,

p(n1, . . . , nr ) := n!
r∏

i=1

pni
i

ni !
≥ c n−(r−1)/2 χn .

(1.18)

Before proving Lemma 1.4 let us examine its content. If n =∑r
i=1 ni and pi =

P(X1 = xi ), then p(n1, . . . , nr ), defined in (1.18), gives the probability that each
xi appears exactly ni times among the observations X1, . . . , Xn . In particular, if∑r

i=1 ni xi ≤ 0, then

p(n1, . . . , nr ) ≤ P(Sn ≤ 0) = P(X̄n ≤ 0).

Now, if X1 takes values on the finite set {x1, . . . , xr }, so that p1 + · · · + pr = 1,
we have ψ(ζ ) = µ̂(ζ ) and logχ = −Iµ(0), and the lemma tells us: P(X̄n ≤ 0) ≥
c n−(r−1)/2 e−nIµ(0), clearly stronger than the lower bound stated at Theorem 1.1
for this particular case. (The constant c appearing in the previous formula will
depend on r, p1, . . . , pr , x1, . . . , xr .)
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Proof of Lemma 1.4 If n =∑r
i=1 ni and n1, . . . , nr are positive integers, we

can write, using the Stirling formula (1.5):

p(n1, . . . , nr )≥
√

2πnn+ 1
2 e−n

r∏
i=1

(pi e)ni

√
2πn

ni+ 1
2

i e
1

12ni

≥C(r) n−
r−1

2 q(n1, . . . , nr ),

(1.19)
where C(r) := e−

r
12 (2π)−

r−1
2 and, for z1, . . . , zr positive real numbers,

q(z1, . . . , zr ) :=
r∏

i=1

(
n pi

zi

)zi

. (1.20)

Inequalities (1.17) imply that ψ(ζ )→+∞ as |ζ | → +∞. Thus we may take
ζ0 ∈ R such that ψ(ζ0) = χ , and since the function ψ is smooth, its derivative at
the point ζ0 vanishes. Taking zi = n pi eζ0xi /χ we have

r∑
i=1

zi = n,
r∑

i=1

zi xi = 0 and q(z1, . . . , zr ) = χn . (1.21)

The numbers zi might fail to be integers, but they are large, for large n, since
pi > 0 for each i . Assuming, without loss of generality, x1 ≤ x j for j = 2, . . . , r ,
let:

n j = [z j ], j = 2, . . . , r,

n1 = n −
r∑

i=2

n j ,

where [x] := max{k ∈ N : k ≤ x} denotes the integer part of x , if x ≥ 0. Thus,
n1, . . . , nr are now positive integers verifying the first two relations in (1.18).
Moreover, as we shall now see, there exist c̃ = c̃ (r, p1, . . . , pr , x1, . . . , xr ) > 0
and N ∈ N so that if n ≥ N

q(n1, . . . , nr ) ≥ c̃ q(z1, . . . , zr ),

which will conclude the proof of the lemma. One way to see this consists (fol-
lowing Azencott [7], Chapter 1) in observing that if J is a bounded interval and
a > 0 is fixed, we can find c1 = c(a, J ) > 0 so that(

u

au + b

)au+b

≥ c1

( u

au

)au
, (1.22)

for each u ≥ 1, with au + b ≥ 1, and b ∈ J . (Indeed, for u, b as above,
we have ( u

au+b )
au+b( au

u )au = (1+ b
au )

−au( u
au+b )

b ≥ c(a, J ) as one easily
checks.)

For each fixed i = 1, . . . , r we apply this for ui = npi , ai ui = zi , ai ui +
b = ni , so that ai = eζ0xi /χ , for each i , Ji = [−1, 0] if i = 2, . . . , r , J1 = [0, r ],
and take c̃ as the r th power of the smallest of such c(ai , Ji ). �
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Remark 1.5 As already noticed, the previous lemma gives a sharper esti-
mate than (1.16) in the case of finitely valued random variables. Consider-
ing (1.19), to get (1.16) it would suffice to prove, for all large n, the exis-
tence of n1, . . . , nr verifying the first two equations in (1.18) and such that
lim infn→+∞ n−1 log q(n1, . . . , nr ) ≥ logχ . We shall come back to this in Sec-
tion 1.3.

Proof of the lower bound (Continued) Assume µ(0,+∞) > 0 and
µ(−∞, 0) > 0. If X1 is a simple random variable, i.e. with values on a fi-
nite set, the result is contained in Lemma 1.4. Let us proceed to the general
case.

Case 1. X1 is a discrete random variable. In this case, let x1, x2, . . . be such
that pi = P(X1 = xi ) > 0 for each i and

∑∞
i=1 P(X1 = xi ) = 1. By assumption

we may take r ≥ 2 such that

min
1≤i≤r

xi < 0 < max
1≤i≤r

xi . (1.23)

Letting ψk(ζ ) =
∑k

i=1 pi eζ xi and using Lemma 1.4, for any k ≥ r we may take
ck > 0, Nk ∈ N such that if n ≥ Nk , n1, . . . , nk are given by Lemma 1.4 then

P(X̄n ≤ 0) ≥ p(n1, . . . , nk) ≥ ck n−
k−1

2
(

inf
ζ∈R

ψk(ζ )
)n

,

which implies:

lim inf
n→+∞

1

n
log P(X̄n ≤ 0) ≥ inf

ζ∈R
logψk(ζ ),

for each k ≥ r . It then suffices to check that

lim
k→+∞

inf
ζ∈R

logψk(ζ ) = inf
ζ∈R

log µ̂(ζ ). (1.24)

Since the sequence 0 < ψk(ζ ) increases to µ̂(ζ ) for any given ζ , we have at once
that

a := lim
k→+∞

inf
ζ∈R

logψk(ζ ) ≤ inf
ζ∈R

log µ̂(ζ ) ∈ (−∞, 0].

It remains to check the reversed inequality and for this let

Ak := {ζ ∈ R : logψk(ζ ) ≤ a}.
Due to the continuity of logψk and to (1.23), Ak is a non-empty compact set,
for each k ≥ r . From the monotonicity of the sequence ψk(ζ ) we have Ar ⊇
Ar+1 ⊇ . . . and so their intersection is non-empty. But, if ζ̄ ∈ ∩k≥r Ak , we must
have log µ̂(ζ̄ ) = limk→+∞ logψk(ζ̄ ) ≤ a proving (1.24) and thus concluding the
proof of the lower bound for discrete random variables. (This last step corresponds
to the Dini theorem applied to the functions logψk(·).)
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General case. For each k ∈ N let

X (k)
j =

∑
i∈Z

i

k
1{X j∈( i−1

k , i
k ]},

where 1A denotes the indicator function of the set A (1A(ω) = 1 if ω ∈ A;
1A(ω) = 0 otherwise), and X̄ (k)

n = n−1∑n
j=1 X (k)

j . Since

X j ≤ X (k)
j ≤ X j + 1/k,

we see that if µ(k) is the law of X (k)
1 and µ̂(k) its moment generating function, we

have:

µ̂(ζ ) ≤ µ̂(k)(ζ ) ≤ eζ/k µ̂(ζ ), if ζ ≥ 0,

eζ/k µ̂(ζ ) ≤ µ̂(k)(ζ ) ≤ µ̂(ζ ), if ζ ≤ 0,

so that µ̂(k)(ζ ) ≥ e−|ζ |/k µ̂(ζ ) for each ζ . Since both µ(0,+∞) and µ(−∞, 0)
are assumed to be positive, there exist a and b positive constants for which

µ̂(ζ ) ≥ a eb|ζ |,

and with the same argument (Dini theorem) leading to (1.24) applied now to the
functions fk(ζ ) = e−|ζ |/k µ̂(ζ ), we conclude that given δ > 0, there exists k ≥ 1
such that

inf
ζ∈R

log µ̂(k)(ζ ) ≥ inf
ζ∈R

log µ̂(ζ )− δ. (1.25)

From Case 1 and (1.25) we have

lim inf
n→+∞

1

n
log P(X̄n ≤ 0) ≥ lim inf

n→+∞
1

n
log P(X̄ (k)

n ≤ 0) ≥ −Iµ(0)− δ,

and the proof follows, since δ > 0 can be made arbitrarily small. �

Theorem 1.1 says that if A = (−∞, x] with x ≤ m, or A = [x,+∞) with x ≥ m,
the sequence n−1 log µn(A) converges to −Iµ(x), where µn denotes the law of
X̄n . (If instead, A = (−∞, x] with x > m, or A = [x,+∞) with x < m, then
logµn(A) converges to 0, by the weak law of large numbers.) As we shall see,
the non-negative function Iµ is convex and takes the mininum at m (Iµ(m) = 0)
so that the previous statement might be rephrased by saying that (1.1) and (1.2)
hold for all such intervals, with I = Iµ.

Except for the integrability in part (a), no further assumptions on the tails of the
distribution of X1 were imposed to derive Theorem 1.1. In particular, we could
have the situation when µ̂(ζ ) = +∞ for all ζ �= 0, i.e. none of the tails of the
distribution decays exponentially. From the expression (1.10) it follows at once
that in such cases the function Iµ will vanish identically (the expression on which
we take the supremum will be zero for ζ = 0 and −∞ otherwise). One then asks
about the information contained in Theorem 1.1 in such a case. The upper bound
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becomes trivial, as it ought to, if all ‘exponential moments’ are infinite. On the
other hand, the lower bound says that the decay of those probabilities is slower
than any exponential e−δn with δ > 0. A more refined analysis is required in such
cases. (See the bibliographical remark at the end of this section.)

After the previous result we are naturally led to the study of:
(a) the basic properties of the function Iµ;
(b) the asymptotic behaviour of n−1 log µn(A) as n →+∞, for a larger class

of sets A.
In this first section we take up (b), based as much as possible on Theorem 1.1,

and exploiting the basic properties of Iµ.
Later on we shall take up another (quite general) method, which is more nat-

ural for treating higher dimensional situations and is in fact applicable to a great
variety of them. Also, this should lead to a better understanding of why the upper
bound obtained by optimizing the use of Markov exponential inequalities is the
correct one, when seeking for logarithmic equivalence.

Definition 1.6 A function f : R → [−∞,+∞] is said to be lower (upper)
semi-continuous if for any x ∈ R and any sequence xn → x we have f (x) ≤
lim infn→+∞ f (xn) ( f (x) ≥ lim supn→+∞ f (xn), respectively).

It follows at once from the definition that any lower (upper) semi-continuous
function must attain a minimum (maximum) value over any compact set.

Definition 1.7 (a) A function f : R → (−∞,+∞] is said to be convex, if for
any x, y ∈ R and any 0 < a < 1 we have f (ax + (1− a)y) ≤ a f (x)+ (1−
a) f (y). If we have strict inequality unless x = y, we say that f is strictly convex.
A function f : R → [−∞,+∞) is said to be concave (strictly concave) if and
only if − f is convex (strictly convex, respectively).

(b) If M is a real vector space, a set C ⊆ M is said to be convex if ax + (1−
a)y ∈ C , for any x, y ∈ C, a ∈ [0, 1]. Part (a) extends in the obvious way if f is
defined on a convex subset of M .

The function in Figure 1.1 is lower semi-continuous and convex; it is just a single
example, but it illustrates the typical situation (except by the symmetry).

Proposition 1.8 Let µ be the distribution of a real random variable X1, µ̂

its moment generating function, and let Iµ(·) be defined by (1.10). Set Dµ̂ =
{ζ : µ̂(ζ ) < +∞} and DIµ = {x : Iµ(x) < +∞}. Then

(i) log µ̂ : R → (−∞,+∞] and Iµ : R → [0,+∞] are both convex and
lower semi-continuous.

(ii) When Dµ̂ has a non-empty interior, which we denote by D◦
µ̂

, then µ̂

is differentiable in D◦
µ̂

, with (µ̂)′(ζ ) = E(X1 eζ X1) for any ζ ∈ D◦
µ̂

. In
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particular

(log µ̂)′(ζ ) = 1

µ̂(ζ )
E(X1 eζ X1) (1.26)

for ζ ∈ D◦
µ̂

, and if x = (log µ̂)′(ζ ) for one such ζ then Iµ(x) = ζ x −
log µ̂(ζ ).

(iii) If there exists δ > 0 so that µ̂(ζ ) < +∞ for each ζ ∈ (−δ, δ), then m :=
E X1 ∈ R and Iµ(x) = 0 if and only if x = m; Iµ is strictly increasing in
DIµ ∩ (m,+∞) and strictly decreasing in DIµ ∩ (−∞,m).

Proof (i) Let 0 < a < 1. Applying the Holder inequality we have that

µ̂(aζ + (1− a)ζ ′) ≤ (µ̂(ζ ))a(µ̂(ζ ′))1−a

for any ζ, ζ ′ ∈ Dµ̂. From this, and taking logarithms, we conclude the convexity
of log µ̂ on R. Since log µ̂(0) = 0 we have Iµ ≥ 0, and for its convexity just
notice that for each ζ the expression ζ x − log µ̂(ζ ) gives an affine function of
x , either real or constantly equal to −∞. Being the pointwise supremum, Iµ is
convex. In more detail:

Iµ(ax + (1− a)y) = sup
ζ∈R

{ζ (ax + (1− a)y)− log µ̂(ζ )}

≤ a sup
ζ∈R

{ζ x − log µ̂(ζ )} + (1− a) sup
ζ∈R

{ζ y − log µ̂(ζ )}

= aIµ(x)+ (1− a)Iµ(y),

for 0 < a < 1. The lower semi-continuity of log µ̂ follows from the Fatou lemma.
Since Iµ is the supremum of a family of continuous maps, it must be lower semi-
continuous.

(ii) The first statement is a consequence of the dominated convergence the-
orem: if ζ is in D◦

µ̂
, taking ε small, we see that ε−1(µ̂(ζ + ε)− µ̂(ζ )) =

E{eζ X1 (eεX1 − 1)/ε}; as ε → 0 the variables under the expectation sign con-
verge to X1eζ X1 , and for |ε| ≤ ε̄ they are dominated by eζ X1(eε̄|X1| − 1)/ε̄, which
is integrable if [ζ − ε̄, ζ + ε̄] ⊆ Dµ̂. Equation (1.26) follows at once. (The same
argument applies to subsequent derivatives of µ̂ in D◦

µ̂
, this being the reason

for calling it the ‘moment generating function’: (µ̂)(k)(ζ ) = E(Xk
1 eζ X1).) As for

the last statement, the function gx (ζ ) := ζ x − log µ̂(ζ ) is concave, upper semi-
continuous and it is finite exactly on the set Dµ̂. When x = (log µ̂)′(ζ ) for some
ζ in D◦

µ̂
we have (gx )

′(ζ ) = 0 so that the maximun is achieved.
(iii) By the assumption, both tails of µ decay exponentially so that m is finite;

as already noticed in Remark 1.3 we have Iµ(m) = 0. Recalling Remark 1.2 and
the convexity of Iµ, it now suffices to consider the case m > 0 and to prove that
Iµ(0) > 0. But, from (1.15) we have seen that −Iµ(0) = infζ≤0 log µ̂(ζ ) in this
case. Since log µ̂(0) = 0 and (log µ̂)′(0) > 0 this infimum is strictly negative,
concluding the assertion. �
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Figure 1.2 gives the geometric interpretation of Iµ(x).
Let us now complement Proposition 1.8 by examining a little more the situa-

tion when possibly only one of the tails of the distribution decays exponentially.
By a change of sign, cf. Remark 1.2, we reduce to the positive tail as in part (i)
below.

Proposition 1.9 With the same notation as in Proposition 1.8 we have:
(i) if µ̂(ζ ) < +∞ for some ζ > 0, then m = E X1 is well defined and m <

+∞; in this case, for x ≥ m

Iµ(x) = sup
ζ≥0

(ζ x − log µ̂(ζ )), (1.27)

Iµ is non-decreasing on (m,+∞), and limx→+∞ Iµ(x) = +∞; when
m ∈ R, Iµ is strictly increasing in DIµ ∩ (m,+∞);

(ii) inf
x∈R

Iµ(x) = 0;

(iii) µ̂(ζ ) < +∞ for some ζ > 0 iff Iµ(x)→+∞ as x →+∞;
(iv) if µ̂(ζ ) < +∞ for all ζ > 0, then Iµ(x)/|x | → +∞ as x →+∞;
(v) if µ(x,+∞) > 0 and µ(−∞, x) > 0, then x ∈ D◦

Iµ
;

(vi) if µ(x,+∞) = 0 or µ(−∞, x) = 0, then Iµ(x) = − logµ{x}.
Proof (i) From the assumption we have E X+1 < +∞, so that m < +∞ is well
defined. If m ∈ R and x ≥ m the expression (1.27) follows at once from the
Jensen inequality (rewriting (1.15) with a change in sign, since now x ≥ m). If
m = −∞, then − log µ̂(ζ ) = −∞ for all ζ < 0 so that (1.27) also holds. If there
exists ζ ∈ Dµ̂ ∩ (0,+∞), we have lim infx→+∞ Iµ(x)/x ≥ lim infx→+∞(ζ −
log µ̂(ζ )/x) = ζ . In particular we see that Iµ(x) tends to +∞ as x →+∞, and
also the statement (iv). To verify the last statement of (i), subtracting a constant
(cf. Remark 1.2), and recalling the convexity of Iµ, we again reduce to checking
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that if −∞ < m < 0, and [0, δ) ⊆ Dµ̂ for some δ > 0, then Iµ(0) > 0, giving
a one-sided extension of item (iii) of the previous proposition, and the proof is
quite similar. The point now is that 0 might be at the boundary of Dµ̂, but since
|X1| is assumed to be integrable, we can apply the dominated convergence theo-
rem to check that if 0 < ζ < δ decreases to 0, the derivative (log µ̂)′(ζ ), given by
(1.26), converges to m, which is negative. (Indeed, for such values of ζ we have
|X1eζ X1 | ≤ X+1 eδX+1 + X−1 , which is integrable.) From (1.27), the convexity of
log µ̂, and since log µ̂(0) = 0, we conclude that Iµ(0) = − infζ≥0 log µ̂(ζ ) > 0
in this case.

(ii) We have already seen that Iµ(m) = 0 if m = E X1 ∈ R and that Iµ van-
ishes identically if Dµ̂ = {0}. With a change of sign (cf. Remark 1.2), it remains
to consider the situation in (i) with m = −∞; in this case, from the Markov
exponential inequality, we have logµ[x,+∞) ≤ − supζ≥0(ζ x − log µ̂(ζ )) =
−Iµ(x) ≤ 0. Recalling (1.27) and that limx→−∞ logµ[x,+∞) = 0, we conclude
that limx→−∞ Iµ(x) = 0, proving (ii).

The remaining statement in (iii) is easily obtained from previous considera-
tions.

(v) By Remark 1.2 it suffices to consider x = 0. We may take δ > 0 so that
µ(δ,+∞) > 0 as well µ(−∞,−δ) > 0. For ζ > 0 we then have log µ̂(ζ ) ≥
ζ δ + logµ(δ,+∞) and, similarly, log µ̂(ζ ) ≥ −ζ δ + logµ(−∞,−δ) for ζ < 0.
From (1.10) we then see that Iµ(y) < +∞ for |y| < δ.

(vi) This was already seen at the begining of the proof of part (b) of
Theorem 1.1. �
The function Iµ defined by (1.10) is usually called the Fenchel–Legendre trans-
form of the convex and lower semi-continuous function log µ̂. There is indeed
a duality between both functions, i.e. a reciprocal relation holds: log µ̂(ζ ) =
supx∈R(ζ x − Iµ(x)) is the Fenchel–Legendre transform of the convex and lower
semi-continuous function Iµ (see Theorem 12.2 in [255]). The geometric interpre-
tation is clear from that of convex functions, and thus its connection to separating
hyperplanes (lines).1 A few examples of Iµ are given below. Figure 1.3 illustrates
two typical situations.

Examples
(a) Exponential random variable with rate λ> 0: µ(dx)= λe−λx1[0,+∞)(x)dx ;

log µ̂(ζ )= log(λ/(λ− ζ )) for ζ <λ, log µ̂(ζ )=+∞ otherwise; Iµ(x)=
λ x −1− log(λ x) for x > 0, Iµ(x) = +∞ otherwise.

(b) Gaussian with average m and variance σ 2: µ(dx)=(σ
√

2π)−1e−(x−m)2/2σ 2

dx ; log µ̂(ζ ) = ζ m + ζ 2σ 2/2 for all ζ ; Iµ(x) = (x − m)2/2σ 2 for all x .
(c) Bernoulli with parameter p ∈ (0, 1): p = µ{1} = 1− µ{0}; log µ̂(ζ ) =

log(1+ p(eζ − 1)) for all ζ ; Iµ(x) = x log(x/p)+ (1− x) log((1− x)/
(1− p)) for x ∈ [0, 1], Iµ(x) = +∞ otherwise.

1 Duality will play a crucial role in Chapter 3, also in infinite dimensional spaces.



1.1 Cramér–Chernoff theorem on R 15

0 m

0 m

Imlog m

Im

+oo

log m

(a)

(b)

Figure 1.3

(d) Poisson distribution with rate λ: µ{k} = e−λ λk/k! for all k ∈ N;
log µ̂(ζ ) = λ(eζ − 1) for all ζ ; Iµ(x) = λ− x + x log(x/λ) if x ≥ 0,
Iµ(x) = +∞ otherwise.

Corollary 1.10 Let µ be a probability on R and let µn denote the law of X̄n =
n−1∑n

i=1 Xi , where X1, X2, . . . are i.i.d. according to µ. Then:
(i) if C ⊆ R is closed, then

lim sup
n→+∞

1

n
log µn(C) ≤ − inf

x∈C
Iµ(x);

(ii) if G ⊆ R is open, then

lim inf
n→+∞

1

n
log µn(G) ≥ − inf

x∈G
Iµ(x),

where Iµ(·) is given by (1.10), with the convention that the infimum over the
empty set is +∞.2

Proof (i) It suffices to consider non-empty closed sets C such that infx∈C Iµ(x) is
positive, otherwise the inequality becomes trivial. In particular, there exists ζ �= 0
for which µ̂(ζ ) < +∞ and by Proposition 1.9, m = E X1 is well defined. We first
assume m ∈ R, in which case m /∈ C , cf. Remark 1.3. If C ∩ (m,+∞) �= ∅ we
take x+ := min{x ∈ C : x > m} and Theorem 1.1 gives us:

1

n
log µn(C ∩ (m,+∞)) ≤ 1

n
log µn[x+,+∞) ≤ −Iµ(x+)

= − inf
x∈C∩(m,+∞)

Iµ(x),
(1.28)

2 This convention holds throughout the text.



16 Large deviations: basic results

using the convexity of Iµ at the last step. Similarly, if C ∩ (−∞,m) �= ∅, we set
x− := max{x ∈ C : x < m}, so that:

1

n
log µn(C ∩ (−∞,m)) ≤ 1

n
log µn(−∞, x−] ≤ −Iµ(x−)

= − inf
x∈C∩(−∞,m)

Iµ(x).
(1.29)

Consequently, we have

µn(C) ≤ µn[x+,+∞)+ µn(−∞, x−]

≤ e−nIµ(x+) + e−nIµ(x−) ≤ 2e−n(Iµ(x+)∧Iµ(x−)),
(1.30)

and together with (1.28) and (1.29) we conclude that

1

n
log µn(C) ≤ 1

n
log 2− inf

x∈C
Iµ(x),

proving (i) in this case. (Notation. a ∧ b = min{a, b}, a ∨ b = max{a, b}.)
If m = −∞, due to our previous consideration and the proof of part (ii) of

Proposition 1.9 we conclude that C must be bounded from below. Letting x+ be
the minimum of C we get (1.28); analogously when m = +∞.

We now prove (ii). A simple observation tells us that it suffices to check that

lim inf
n→+∞

1

n
log µn(x − δ, x + δ) ≥ −Iµ(x) (1.31)

for all x ∈ R and δ > 0. Taking X ′i = Xi − x and recalling Remark 1.2, we re-
duce to checking (1.31) with x = 0. In fact we shall prove the stronger result:

lim inf
n→+∞

1

n
log µn(−δ, 0] ≥ −Iµ(0). (1.32)

To prove this we first notice that (1.32) becomes trivial if µ(−∞, 0) = 0 or
µ(0,+∞) = 0 since in such cases we have−Iµ(0) = log µ{0} , cf. (vi) of Propo-
sition 1.9 and, on the other hand,

1

n
log µn(−δ, 0] ≥ 1

n
log µn{0} ≥ log µ{0}.

Now suppose µ(0,+∞) > 0 and µ(−∞, 0) > 0; by part (v) of Proposition 1.9,
and decreasing δ if needed, we may assume that (−δ, δ) ⊆ DIµ .

We first impose the extra condition that µ̂(ζ ) < +∞ for all ζ in some open in-
terval containing 0 so that m ∈ R and, from part (iii) of Proposition 1.8, we know
that Iµ(·) is strictly increasing (decreasing) on DIµ ∩ (m,+∞) (DIµ ∩ (−∞,m),
respectively). If m ≥ 0, we write

µn(−δ, 0] = µn(−∞, 0]− µn(−∞,−δ]

and apply Theorem 1.1: part (a) is applied to µn(−∞,−δ], and part (b) to
µn(−∞, 0]. Equation (1.32) follows since Iµ(−δ) > Iµ(0). If m < 0, we take
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0 < δ̃ < δ ∧ −m and write

lim inf
n→+∞

1

n
logµn(−δ, 0] ≥ lim inf

n→+∞
1

n
logµn[−δ̃, 0) ≥ −Iµ(−δ̃),

by the previous case (inverting signs and shifting, cf. Remark 1.2). On the other
hand, again by part (iii) of Proposition 1.8, Iµ(−δ̃) ≤ Iµ(0) in the present case.
This proves (1.32) under the extra condition of the finiteness of µ̂ in some open
interval containing 0.

It remains to relax this extra assumption. We may use a truncation argument,
setting ν as the distribution of X1 conditioned to |X1| ≤ k, i.e.

ν(dx) = 1|x |≤k µ(dx)

µ[−k, k]
,

where k ∈ N is taken so that µ[−k, 0) > 0 and µ(0, k] > 0. Observe that

log ν̂(ζ )+ log µ[−k, k] = log
∫ k

−k
eζ x µ(dx)

and that

νn(−δ, 0](µ[−k, k])n ≤ µn(−δ, 0]

to write:

1

n
log µn(−δ, 0] ≥ 1

n
log νn(−δ, 0]+ log µ[−k, k]. (1.33)

By (1.33) and the previous analysis applied to νn we get

lim inf
n→+∞

1

n
log µn(−δ, 0] ≥ inf

ζ∈R
log
∫ k

−k
eζ x µ(dx). (1.34)

It remains to prove that as k →+∞ the infimum on the right-hand side of (1.34)
tends to infζ∈R log µ̂(ζ ). This is just the same argument as in (1.24) and it con-
cludes the proof. �

Remarks (a) The estimate coming from Theorem 1.1 is indeed stronger than
what is stated as part (ii) of the previous corollary; according to (1.32) we can
take intervals of the form (x − δ, x] or [x, x + δ) and still get the same lower
bound.

(b) According to part (i) of Proposition 1.9, if [0, ζ ) ⊆ Dµ̂ for some positive
ζ and m ∈ R, then the function Iµ(x) is strictly increasing on (m,+∞) ∩DIµ ,
so that the one-sided estimates provided by the upper bound in Theorem 1.1 are
indeed informative; analogously if there exists ζ < 0 such that µ̂(ζ ) < +∞.

In Section 1.4, while examining the higher dimensional case, it will be convenient
to consider a different proof for lower estimates; we now sketch this for dimension
one.
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Another proof for (1.31) (Change of measure) We suppose that Dµ̂ = R (see
comment below). The basic ingredient is part (ii) of Proposition 1.8. For this proof
to work we need µ(x,+∞) > 0 as well as µ(−∞, x) > 0. Again, by shifting the
variables (Remark 1.2) we make x = 0.

Due to our assumptions, log µ̂(ζ ) tends to +∞ as |ζ | → +∞, implying the
existence of ζ0 such that log µ̂(ζ0) = infζ∈R log µ̂(ζ ) = −Iµ(0), and (1.26) tells
that E(X1 eζ0 X1)/µ̂(ζ0) = (log µ̂)′(ζ0) = 0. That is, looking at transformed prob-
ability measures ν(ζ )(dz) = eζ zµ(dz)/µ̂(ζ ) for ζ ∈ R, we see that ν(ζ0) (which
we write simply ν) has expectation equal to 0. In other words, this transformation
turns 0 into the ‘central’ value for the sample average. If νn denotes the law of the
sample average Ȳn , for Y1, Y2, . . . i.i.d., distributed according to ν, the (weak) law
of large numbers says that νn(−δ, δ) tends to one. Computing µn(−δ, δ) in terms
of the transformed measures, and if 0 < δ′ < δ we have:

µn(−δ, δ) ≥ µn(−δ′, δ′) =
∫
{| 1

n

∑n
i=1 xi |<δ′}

n∏
i=1

µ(dxi )

= (µ̂(ζ0))
n
∫
{| 1

n

∑n
i=1 xi |<δ′}

e−ζ0
∑n

i=1 xi

n∏
i=1

ν(dxi ).

(1.35)

Taking logarithms and setting n →+∞ we get

lim inf
n→+∞

1

n
logµn(−δ, δ) ≥ log µ̂(ζ0)− δ′|ζ0|.

Letting δ′ tend to zero we recover (1.31) for x = 0. �

Comments (i) The previous argument applies to any x ∈ R, if µ is not supported
by any half-line, and Dµ̂ = R. The remaining cases could then be solved as in the
proof of Corollary 1.10.

(ii) Uniqueness of the optimal ζ0. From (1.26) we check that (log µ̂)′′(ζ ) coin-
cides with the variance corresponding to ν(ζ ); thus, log µ̂ is strictly convex in D◦

µ̂

for non-constant X1, implying the uniqueness of ζ0. In such a case, Iµ is strictly
convex in the interval {(log µ̂)′(ζ ) : ζ ∈ D◦

µ̂
}. The previous argument yields (1.31)

directly for x in this set.
(iii) With the method based on the change of measure and the law of large

numbers, we have not recovered the lower estimates for µn(x − δ, x] as in (1.32).
Following the previous discussion, we need a suitable lower bound for νn(−δ′, 0]
in (1.35). This may be achieved through the central limit theorem, which gives
limn→+∞ νn(−δ′, 0] = 1/2 (see e.g. Section 2.2.1 of [85]).

(iv) The above discussion somehow explains ‘why’ optimization over the ex-
ponential Markov inequality leading to the upper bound in Theorem 1.1 was ef-
ficient, i.e. gave the ‘correct’ estimate. (Under the previous assumptions, if ζ is
optimal for x ∈ R, then Iµ(x) =

∫
(dν(ζ )/dµ) log(dν(ζ )/dµ)dµ = H(ν(ζ ) | µ),

cf. Sections 1.3 and 1.5.)
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(v) Steepness. Let us assume that 0 ∈ D◦
µ̂

, and that |(log µ̂)′(ζ )| tends to +∞
as ζ ∈ D◦

µ̂
tends to ∂Dµ̂, the boundary of Dµ̂. This guarantees that whenever

Iµ(x) < +∞ the supremum in (1.10) is attained at some ζ ∈ D◦
µ̂

, allowing us
to use the ‘change of measure’ argument at any x . The requirement corresponds
to the ‘steepness’ of log µ̂, to appear again in Section 1.4. It is worth trying out
examples.

Remark 1.11 One of the main motivations for the development of estimates like
those in Theorem 1.1 appeared in connection with problems in classical mathe-
matical statistics, for instance determination of the asymptotic efficiency of some
hypothesis tests. A very simple but illustrative example is the following: consider
two hypotheses H0 and H1; under Hi , X is a Bernoulli random variable with
pi (i = 0, 1) being the probability of success, and p1 �= p0 . That is,

P(X = 1 | Hi ) = pi = 1− P(X = 0 | Hi ), i = 0, 1.

Without loss of generality assume 0 < p0 < p1 < 1. Based on n independent
observations X1, . . . , Xn the maximum likelihood tests have the form:

reject H0 iff Sn :=
n∑

i=1

Xi > k,

for some k = γ n, with p0 < γ < p1. To compare different tests, or in order to
determine how large the sample must be, it is important to estimate the proba-
bilities of wrong conclusion, i.e. rejecting H0 when it is true, or not rejecting H0

when H1 is true. These error probabilities are:

e0(n) = P(Sn > k | H0) and e1(n) = P(Sn ≤ k | H1).

Notice that for large values of n the difference between the averages, n(p1 − p0),
is much larger than that between the standard deviations,

√
n(
√

p1(1− p1)−√
p0(1− p0)). It is then not reasonable in such cases to use a central limit approx-

imation, and indeed e0(n) and e1(n) involve tail probabilities as in Theorem 1.1,
since p0 < γ < p1.

More generally, consider hypothesis tests based on a sample of i.i.d. ob-
servations Y1, . . . , Yn of a given variable, which under Hi has a distribution
µ(i), i = 0, 1, with µ(0) �= µ(1) assumed to be mutually absolutely continuous.
Taking the log-likelihood ratio X j = log(dµ(1)/dµ(0))(Y j ), then E0(X j ) < 0 <

E1(X j ). Maximum likelihood tests take the form as above, and evaluation of
the error probabilities involves large deviation estimates for

∑n
j=1 X j . Thus, the

Cramér–Chernoff theorem gives an answer to the important problem of obtaining
good estimates for e0(n) and e1(n).

We have used an extremely simplified situation, just to illustrate the need
for large deviation estimates; classical hypothesis testing usually involves
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‘compound’ hypotheses, as for instance if some parametric value of the model
is below or above a given threshold. A very common situation is with H0 being a
‘simple’ hypothesis, say ‘null effect’ H0 : θ = θ0, against an alternative H1 : θ >

θ0 on a suitable parametric model (Pθ ); the parameter θ could indicate efficiency
of a treatment, etc. As for optimality criteria, the classical proposal of Neyman and
Pearson started by attributing an asymmetric weight to the two errors: under the
constraint that e0(n) ≤ α (the level) one tries to minimize e1(n) (i.e. increase the
power). According to this criterion, and for simple hypotheses, i.e. H0 : θ = θ0

versus H1 : θ = θ1 as in the previous example, the classical Neyman–Pearson
lemma gives the optimality of likelihood tests, the determination lim n−1 log e1(n)
being a classical large deviation problem. More details on this connection may be
found in [71]. For a discussion related to statistical tests in the frame of asymp-
totically Gaussian statistical ‘experiments’, see Section 11.9 of [195].

Bibliographical remarks Cramér considered a special class of distributions
(with an absolute continuous component), giving ‘exact’ asymptotics; in this con-
text the method of exponential change of measure goes back to his work. In the
classical situation of i.i.d. real variables, an extension by Feller [114] followed
his article; lattice variables were treated by Blackwell and Hodges [21], and more
general cases by Bahadur and Rao [10]. Another classical reference is [9]. For
indications and basic references on more recent ‘exact’ results see [296]. The ad-
vantages of the weaker formulation, as set by Chernoff, are simplicity and broad
applicability. We hope this will be clear throughout the text.

There is a vast literature dealing with estimates for P(Sn ≥ x), where x →
+∞ as n →+∞, beyond the central limit theorem. Situations where µ̂(t) =
+∞ if t �= 0 are also considered; see e.g. [27, 156], the review article [223], and
references therein.

1.2 Abstract formulation
Estimates as in Corollary 1.10 constitute the basic content of what has usually
been called a ‘large deviation principle’ (l.d.p.), according to the following def-
inition introduced by Varadhan. An equivalent formulation was introduced by
Borovkov (see Remark 1.16).

Definition 1.12 A sequence (µn) of probability measures on the Borel σ -field
B(M) of a metric space M is said to satisfy a large deviation principle (l.d.p.),
with scaling an ↗ +∞ and rate function I if:

(a) I : M → [0,+∞] is lower semi-continuous (cf. extension of Definition
1.6);

(b) lower bound: lim inf
n→+∞

1
an

log µn(G) ≥ − inf
x∈G

I (x) for any open set G ⊆
M ;
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(c) upper bound: lim sup
n→+∞

1
an

log µn(C) ≤ − inf
x∈C

I (x) for any closed set C ⊆
M .

For brevity, we usually say that (µn) satisfies a l.d.p. If condition (c) is weak-
ened, so as to hold for all compact sets C ⊆ M , we say that the sequence (µn)

satisfies a weak large deviation principle.

Remark The applications and results analysed in this text, except for a few com-
ments, refer to cases when M is a Polish space, i.e. a separable metric space
admiting a metric � for which it is Cauchy complete. The restriction to Polish
spaces avoids extra difficulties (see discussion at the end of Section 1.6).

As in Corollary 1.10, if we have in mind µn which converge weakly to δm , the
Dirac point-mass at some m ∈ M , the situation when I (x) > 0 for any x �= m
becomes of particular interest; if applicable, Definition 1.12 provides bounds on
the rate at which µn(A) tends to zero if m stays at a positive distance from A.
Indeed, for any sequence (µn) satisfying Definition 1.12 we have

− inf
x∈A◦

I (x) ≤ lim inf
n→+∞

1

an
log µn(A) ≤ lim sup

n→+∞
1

an
log µn(A) ≤ − inf

x∈A
I (x)

(1.36)
for each Borel set A ⊆ M , where A◦ and A denote respectively the interior and
the closure of the set A. In particular,

lim
n→+∞

1

an
log µn(A) = − inf

x∈A
I (x), (1.37)

whenever

inf
x∈A◦

I (x) = inf
x∈A

I (x). (1.38)

In the context of Theorem 1.1 we may have (1.37) without (1.38). In general,
conditions (b) and (c) of Definition 1.12 should not be required for all Borel
sets. (For instance, if each µn is non-atomic, (b) cannot hold for all singletons,
since it would force I (x) = +∞ for all x , but taking C = M in (c) we see that
infx∈M I (x) = 0.) Stronger statements may hold in particular situations. Notice
that (1.36) gives a way to modify Definition 1.12 when the measures µn are de-
fined on a σ -field B not necessarily containing B(M).

Motivated by the considerations in Section 1.1, and since Definition 1.12 does
not exclude the less informative case of I identically null, we are led to the
following.

Definition 1.13 In the context of Definition 1.12, we say that I is a good rate
function if for any b < +∞ the level set FI (b) := {x : I (x) ≤ b} is compact.

Notation Bδ(x) := {y : �(y, x) < δ}, and B̄δ(x) := {y : �(y, x) ≤ δ}, respec-
tively the open and closed balls of radius δ, centred at x .
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Remark 1.14 Let � denote the metric in M . We can easily check the equivalence
of the following properties:

(i) I is lower semi-continuous (i.e. if xn → x then lim infn→+∞ I (xn) ≥
I (x));

(ii) limδ→0 infy∈Bδ(x) I (y) = I (x) for each x ;
(iii) the level sets FI (b) are closed, for each b < +∞.

Thus, if I is a good rate function it must achieve the infimum over each closed
set; in particular, since infx∈M I (x) = 0, there exists x ∈ M so that I (x) = 0.

Example In the set-up of the Cramér theorem on R (Corollary 1.10), if 0 ∈ D◦
µ̂

then Iµ(·) is a good rate function, cf. Proposition 1.8.
It might be convenient to rephrase the validity of a l.d.p. with a good rate

function in terms of a local lower estimate and a global upper estimate, as done
by Freidlin and Wentzell:

Proposition 1.15 In the frame of Definition 1.12, let � be the metric in M , and
set �(x, A) := inf{�(x, y) : y ∈ A}, for x ∈ M, A ⊆ M ,
Consider the conditions:

(b)′ lim infn→+∞ 1
an

log µn(Bδ(x)) ≥ −I (x) for any x ∈ M and any δ > 0;

(c)′ lim supn→+∞ 1
an

log µn{y : �(y,FI (b)) ≥ δ} ≤ −b, for any b < +∞ and
any δ > 0.

Related to the conditions in Definition 1.12 we have: (b)′ ⇔ (b), and (c) ⇒ (c)′.
If I is a good rate function, then also (c)′ ⇒ (c).

Proof The equivalence (b)′ ⇔ (b) is completely simple. The implication (c)⇒(c)′

is trivial since {y : �(y,FI (b)) ≥ δ} is a closed set. As for the last statement, as-
sume that I is a good rate function, and that condition (c)′ holds. We verify con-
dition (c): take C ⊆ M a closed set; if infx∈C I (x) = 0 there is nothing to show.
Otherwise, let 0 < b < infx∈C I (x), so that the set FI (b) is (non-empty) compact
and disjoint from C . Therefore, there exists δ > 0 so that C ⊆ {y : �(y,FI (b)) ≥
δ}, and (c)′ implies that

lim sup
n→+∞

1

an
logµn(C) ≤ −b.

Since this holds for any such b we get condition (c). �

Remark 1.16 (i) In the previous proposition, if I is a rate function (i.e. lower
semi-continuous, not necessarily good), and conditions (b)′ and (c)′ hold, then
(µn) satisfies a weak l.d.p. Indeed, if the set C in the previous proof is compact
and disjoint from the closed set FI (b), then C ⊆ {y : �(y,FI (b)) ≥ δ} for some
δ > 0, and we conclude as before.

(ii) Uniqueness of the rate function. Under the conditions of Definition 1.12,
and having fixed an , the function I is uniquely defined. Indeed, let I and Ĩ both
satisfy Definition 1.12 with the same scaling (an), and let x ∈ M . Using condition
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(c) for I and condition (b) for Ĩ we get:

− Ĩ (x) ≤ − inf
y∈Bδ(x)

Ĩ (y) ≤ lim inf
n→+∞

1

an
log µn(Bδ(x))

≤ lim sup
n→+∞

1

an
log µn(B̄δ(x)) ≤ − inf

y∈B̄δ(x)
I (y).

The lower semi-continuity of I implies that the rightmost term tends to −I (x) as
δ ↓ 0, cf. Remark 1.14. Thus I (x) ≤ Ĩ (x). Reverting the roles of I and Ĩ , we get
I (x) = Ĩ (x), and

−I (x) = lim
δ↓0

lim inf
n→+∞

1

an
logµn(Bδ(x)) = lim

δ↓0
lim sup
n→+∞

1

an
logµn(Bδ(x)).

Thus, if M is locally compact, the validity of a weak l.d.p. with given scaling
already determines I . The argument shows that if I satisfies conditions (a) and (c)
in Definition 1.12 for a given scaling (an), then I ≤ Ĩ for any function Ĩ : M →
[0,+∞] verifying condition (b) in Definition 1.12 for the same (an).

(iii) Borovkov’s formulation. As we saw before, under Definition 1.12 we
have:

(d) limn→+∞ 1
an

log µn(A) = − infx∈A I (x) if infx∈A◦ I (x) = infx∈A I (x),
and A ∈ B(M).

Conversely, if I is a good rate function and the above condition (d) holds, con-
ditions (b) and (c) in Definition 1.12 are also satisfied. This provides an equivalent
way to settle the l.d.p. with a good rate function, as introduced by Borovkov [26].
We omit the proof (see e.g. Theorem 3.4, Chapter 3 of [122]).

(iv) Definition 1.12 has been stated for a sequence (µn); we may as well con-
sider a continuous parameter family (µε)0<ε≤1, with ε → 0 replacing n →+∞.

The following property is useful in connection with large deviations, as exem-
plified below.

Definition 1.17 In the notation of Definition 1.12, the sequence (µn) is said to be
exponentially tight (for the scaling an) if for each b < +∞ there exists a compact
set Kb so that

lim sup
n→+∞

1

an
logµn(K c

b) < −b. (1.39)

(Ac denotes the complement of the set A.)

Remarks (i) From the preceding arguments we easily deduce that if (µn) is ex-
ponentially tight and satisfies a weak l.d.p. with rate function I , then I is a good
rate function and we have the full l.d.p. Indeed, to check condition (c) in Defi-
nition 1.12, it suffices to consider C ⊆ M closed such that infx∈C I (x) > 0. Let
0 < b < infx∈C I (x); using (1.39) we have for all n large enough:

µn(C) ≤ µn(C ∩ Kb)+ µn(K c
b) ≤ µn(C ∩ Kb)+ e−anb. (1.40)
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Since C ∩ Kb is compact and disjoint of FI (b), the weak l.d.p. tells us that

lim sup
n→+∞

1

an
log µn(C ∩ Kb) ≤ −b,

which, together with (1.40), gives condition (c) in Definition 1.12.
On the other hand, from (1.39) and the lower bound applied to the open set

G = K c
b we see that FI (b) ⊆ Kb, for any b, implying the goodness of the rate

function.
(ii) After the previous remark (to be applied in Section 1.4) one is tempted

to ask about the converse relationship, i.e. whether exponential tightness should
follow from the validity of a l.d.p. with a good rate function. Though false in
general (see e.g. Exercise 6.2.24 in [85], cf. also Section 1.6), it is true if M
is a Polish space, cf. Lemma 2.6 in [204]. The basic sketch of the proof goes
as follows: consider a countable dense set {x1, x2, . . .} and use the upper bound
of the l.d.p. together with the compactness of the level sets FI (b), b < +∞ to
prove that for each b < +∞ and k ≥ 1 there exists a finite number mk such that
µn
(
(∪mk

i=1 B1/k(xi ))
c
) ≤ e−bk an for all n. With this in hand, it is easy to get a

totally bounded set Kb such that (1.39) holds. Since M is a Polish space, Kb is
compact and we conclude the verification (see also Theorem (P) in [251]). For M
locally compact the above implication is a simple exercise.

(iii) The last remark extends at once to continuous parameter families.

Large deviations and evaluation of integrals

Basic large deviation estimates are closely related to extensions of the
Laplace method for determining the asymptotic behaviour of integrals such
as
∫ b

a en f (x) g(x) dx , where a < b are real numbers, f and g are continuous,
with g positive. For example, if f has a unique maximun at x0 ∈ (a, b), and
δ > 0 (small), let us split the integral into two parts: one corresponding to
[x0 − δ, x0 + δ] and the remaining [a, b] \ [x0 − δ, x0 + δ]. Fix 0 < η < δ. The
first of these integrals can be bounded from below by en(min|y−x0|≤η f (y))2ηc, and
the remaining one can be bounded from above by en(max|y−x0|≥δ f (y))(b − a)C ,
where 0 < c ≤ g(x) ≤ C < +∞ for all x ∈ [a, b]. Taking η small we see that as
n →+∞, the main contribution comes from the first term, in the sense that the
remaining one will be exponentially smaller. That is,

lim inf
n→+∞

1

n
log
∫ b

a
en f (x) g(x) dx ≥ f (x0).

The validity of the reversed inequality for the upper limit is completely trivial,
and we conclude the logarithmic equivalence

∫ b
a en f (x) g(x) dx ≈ en f (x0).

Of course, we are talking about very rough estimates, in the sense of logarithm
equivalence; with differentiability assumptions and performing Taylor expansion
one obtains better results.



1.2 Abstract formulation 25

As another example, let us now recall that

n! =
∫ +∞

0
xn e−x dx = (n + 1)n+1

∫ +∞

0
en(log y−y)e−ydy.

Some ‘stretching’ of the previous argument gives us n−1(log n!− (n + 1)
log(n + 1))→−1 or equivalently log n! ∼ n log n − n, as n →+∞, which
can be seen as a very weak version of the Stirling formula (compare with (1.7)).
Recall, on the other hand, that the Stirling formula was the basis for our first
example of a l.d.p. in Section 1.1.

Performing a Taylor expansion of log y around y = 1 one improves the esti-
mate, and gets (1.6).

The following general result, due to Varadhan (cf. [291, 292]), can be seen as
an extension of the Laplace method.

Theorem 1.18 (Varadhan lemma) Let M and (µn) be as in Definition 1.12,
with a good rate function I . If F : M → R is continuous and bounded from above,
then

lim
n→+∞

1

an
log
∫

M
ean F dµn = sup

x∈M
(F(x)− I (x)) . (1.41)

Moreover, (1.41) continues to hold if the boundedness condition is relaxed to a
‘super exponential estimate’, such as

lim sup
L→+∞

lim sup
n→+∞

1

an
log
∫
{x : F(x)≥L}

ean F(x) µn(dx) = −∞. (1.42)

Proof We first prove that if F is lower semi-continuous and (µn) satisfies a l.d.p.
(here we do not need the goodness of the rate function), then for each x ∈ M

lim inf
n→+∞

1

an
log
∫

M
ean F dµn ≥ F(x)− I (x). (1.43)

For this it suffices to consider x ∈ M such that I (x) < +∞. Let δ > 0 be given
and by the lower semi-continuity of F we may take G, an open neighbourhood of
x , such that infy∈G F(y) ≥ F(x)− δ. Thus,∫

M
ean F dµn ≥

∫
G

ean F dµn ≥ ean(F(x)−δ) µn(G),

and consequently

lim inf
n→+∞

1

an
log
∫

M
ean F dµn ≥ F(x)− δ + lim inf

n→+∞
1

an
log µn(G)

≥ F(x)− I (x)− δ.

Since δ may be taken arbitrarily small we get (1.43).
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Now, assuming F to be bounded from above, upper semi-continuous, and I
being a good rate function, we shall prove that

lim sup
n→+∞

1

an
log
∫

M
ean F dµn ≤ sup

x
(F(x)− I (x)) . (1.44)

Let α = supx∈M F(x) < +∞. Given b < +∞ and δ > 0, due to the upper semi-
continuity of F and the lower semi-continuity of I , for each x ∈ M we may take
an open ball centred at x , called Gx , such that supy∈Gx

F(y) ≤ F(x)+ δ and
infy∈Gx

I (y) ≥ I (x)− δ. Since the level set FI (b) = {x : I (x) ≤ b} is compact,
it can be covered by finitely many such balls Gx1 , . . . , Gxr and we have∫

M
ean F dµn ≤

r∑
i=1

ean(F(xi )+δ) µn(Gxi )+ ean α µn

(
(

r∪
i=1

Gxi )
c
)
. (1.45)

We now observe that n0 can be taken in a way that if n ≥ n0 :

1

an
log µn(Gxi ) ≤ −I (xi )+ 2δ,

1

an
log µn

(
(

r∪
i=1

Gxi )
c
)
≤ −b + δ,

where we have used condition (c) of Definition 1.12 in both inequalities (recall
that infy∈Gxi

I (y) ≥ I (xi )− δ and that (∪r
i=1Gxi )

c is a closed set, disjoint from

FI (b)). Replacing in (1.45), if n ≥ n0:

1

an
log
∫

M
ean F dµn ≤ log(r + 1)

an
+max

i≤r
(F(xi )− I (xi )+ 3δ) ∨ (α − b + δ).

Since b can be made arbitrarily large and δ arbitrarily small we get (1.44), for F
bounded from above. To complete the proof, let us assume the validity of (1.42)
and consider the truncated functions FL(·) = F(·) ∧ L . Writing∫

M
ean F dµn ≤

∫
M

ean FL dµn +
∫
{x : F(x)≥L}

ean F dµn,

and using the preceding argument we have

lim sup
n→+∞

1

an
log
∫

M
ean F dµn ≤ sup

x
(FL(x)− I (x))∨

lim sup
n→+∞

1

an
log
∫
{x : F(x)≥L}

ean F dµn .

Taking L →+∞ and using (1.42), we get (1.44). �

Remarks (i) Going back to the examples in Section 1.1, let µn be the law of the
sample average of n i.i.d. random variables X1, . . . , Xn , and take Fζ (y) := ζ y.
Now an = n and n−1 log

∫
M enFζ dµn = log µ̂(ζ ). The above conditions hold if,

e.g., X1 is bounded (see also (iii) below); (1.41) exemplifies the Fenchel–Legendre
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duality between the convex functions Iµ and log µ̂, mentioned in Section 1.1:

log µ̂(ζ ) = sup
x∈R

(ζ x − Iµ(x)).

(ii) Tilting. The Varadhan lemma provides a way to generate a new
l.d.p. through the so-called tilting operation: the new measures are νn(dx) =
Z−1

n ean F(x)µn(dx), with Zn =
∫

M ean F dµn , and the new rate function is Ĩ (x) =
(I (x)− F(x))− infy∈M (I (y)− F(y)), keeping the scaling (an). This will be
used later (see [291, 292], Chapter II of [108]).

(iii) Using the Hölder inequality we see that (1.42) is satisfied if, for some
u ∈ (1,+∞):

sup
n≥1

(∫
M

eu an F(x)µn(dx)

)1/an

< +∞. (1.46)

Comment A converse of Theorem 1.18 has been obtained by Bryc in [39];
it basically says that if (µn) is an exponentially tight sequence of proba-
bility measures on the metric space M (scaling an), and the limit L(F) =
limn→+∞ a−1

n log
∫

ean F dµn exists (in R) for each bounded continuous func-
tion F : M → R, then (µn) satisfies a l.d.p. with scaling an and rate function I
given by

I (x) = sup
F∈Cb(M)

(
F(x)− L(F)

)
,

where Cb(M) denotes the space of bounded continuous functions from M to
R. As a consequence of this and the Varadhan lemma we would have L(F) =
supx∈M (F(x)− I (x)), for F ∈ Cb(M). (This is in analogy with the Fenchel–
Legendre duality, without convexity.)

Generally, it suffices to verify the existence of the limit L(F) for a sufficiently
rich class of functions F . This has great interest both for applications and from a
theoretical point of view, since it points to interesting connections between large
deviations and weak convergence. Such results might be seen as a very general
version of the Gärtner–Ellis theorem, to be described in Section 3.1. We shall not
develop or use this, referring to Section 4.4 of [85] and to [97] for the connection
between the l.d.p. and weak convergence.

Contraction principle

Transformations of measures under the action of a (continuous) map appear quite
often in probabilistic/statistical analysis purely reflecting the need to change ob-
servables. In this direction, and with respect to large deviations, the following
theorem is very useful, and it will be applied at several occasions in this text.

Theorem 1.19 (Contraction principle) Let (µn) be a sequence of probability
measures on a metric space (M, �), satisfying a l.d.p. with a good rate function
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I . Let also T : M → M̃ be a continuous map into another metric space (M̃, �̃),
and consider the measures induced under T , µ̃n := µn ◦ T−1 defined through
µ̃n(A) = µn(T−1(A)) for any Borel set A ⊆ M̃. The sequence (µ̃n) satisfies a
l.d.p. with the same scaling and a good rate function Ĩ , given by

Ĩ (y) = inf
{x : T (x)=y}

I (x). (1.47)

Proof Clearly, Ĩ (y) ∈ [0,+∞] and we now observe that conditions (b) and (c)
in Definition 1.12 hold for µ̃n : since T is continuous, T−1(A) is closed (open) in
M , if A is closed (open) in M̃ and from (1.47) it follows that

inf
y∈A

Ĩ (y) = inf
x∈T−1(A)

I (x).

It remains to check that Ĩ is a good rate function, and it is exactly here that
we need the goodness of I : in this case, if y belongs to the image of T then
the infimum in (1.47) is really attained and it follows that for any b < +∞ the
level set F Ĩ (b) := {y : Ĩ (y) ≤ b} coincides with T (FI (b)). Since I is a good rate
function and T is continuous, this is a compact subset of M̃ . �

Remark The validity of conditions (b) and (c) in Definition 1.12 for the measures
µ̃n does not depend on the goodness of I . Such a property was used to ensure the
lower semi-continuity of Ĩ , which will in fact have compact level sets. It is easy
to give extreme counter-examples otherwise, for which the lower semi-continuity
is lost.

This basic contraction principle has several useful extensions, as for instance
when µ̃n = µn ◦ T−1

n , and the maps Tn converge uniformly on compacts; if T
is the limit, the above result extends to this situation with Ĩ being defined by
equation (1.47). For a proof of this see [292]. Further discussions, including the
related question of whether the large deviations for (µn ◦ T−1

n ) and (µn ◦ T−1)

are described by the same rate function, can be found in Section 4.2.2 of [85]; this
is important in several applications and is related to a sort of ‘asymptotic expo-
nential equivalence’ of these measures. Related considerations appear naturally in
Section 2.5 for the treatment of Freidlin and Wentzell systems with non-constant
diffusion coefficient, as well as in Section 3.4.

1.3 Sanov theorem for finite ‘alphabets’
Let us assume, similarly to Lemma 1.4, that X1, X2, . . . are i.i.d. random vari-
ables, taking values on a finite set S = {x1, . . . , xr }. To fix the notation we
call µ their common law, and denote by (�,A, P) the underlying probability
space. For notational convenience we let S = {1, . . . , r}, and we assume that
px := µ{x} > 0 for each x ∈ S. If Mn := {(n1, . . . , nr ) ∈ Zr+ :

∑r
x=1 nx = n}

and (n1, . . . , nr ) ∈ Mn , let p(n1, . . . , nr ) denote the probability of observing
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each digit x exactly nx times, among X1, . . . , Xn . Thus p(n1, . . . , nr ) =
n!
∏

x : nx>0 pnx
x /nx ! (a multinomial distribution on Mn) and we have:

e−
r
12 (2π)−

r−1
2 n−

r−1
2

∏
x : nx>0

(
npx

nx

)nx

≤ p(n1, . . . , nr ) ≤
∏

x : nx>0

(
npx

nx

)nx

,

(1.48)
where the first inequality is exactly (1.19), obtained from the Stirling formula
in the proof of Lemma 1.4, and the second one follows from the next sim-
ple observations: use that p(n1, . . . , nr ) ≤ 1, with px replaced by αx := nx/n,
to see that n!/n1! . . . nr ! ≤∏x : nx>0(n/nx )

nx . Inserting into the expression for
p(n1, . . . , nr ) we have the second inequality in (1.48).

To interpret (1.48) in the frame of Section 1.2 we consider the following ran-
dom measure on the set S, also called the empirical measure associated with the
sample X1, . . . , Xn :

Ln := 1

n

n∑
j=1

δX j ,

with δx the Dirac point-mass at x .
Since S has r elements, the space M1(S), of all probability measures on S,

is identified with the simplex �r := {(α1, . . . , αr ) ∈ [0, 1]r :
∑r

x=1 αx = 1} in
Rr , through αx := α{x}, α ∈M1(S). (Sometimes we write α(x), if needed to
avoid notational confusion with sequence indexing.) With this identification, µ ≡
(p1, . . . , pr ), and Ln(ω) corresponds to the vector of observed frequencies of
digits (1, . . . , r) among X1(ω), . . . , Xn(ω), so that

p(n1, . . . , nr ) = P (Ln = (n1/n, . . . , nr/n)) , ∀(n1, . . . , nr ) ∈ Mn .

On M1(S) we consider the metric induced by the restriction of the �1-norm
in Rr : |α − α̃|1 :=∑r

x=1 |αx − α̃x |; this corresponds to the total variation dis-
tance, here defined as 2supA⊆S |α(A)− α̃(A)|. The law of large numbers tells that
Ln → µ almost surely (a.s.). The relative entropy H(· | µ) is defined on M1(S)
as

H(α | µ) :=
r∑

x=1

αx log (αx/px ) , (1.49)

where 0 log 0 = 0. Since px > 0 for all x , H(α | µ) =∑x χ(αx/px )px , with
χ(y) := y log y for y ≥ 0. The strict convexity of χ , the Jensen inequality, and
simple observations, give us:

� H(α | µ) ≥ 0, H(α | µ) = 0 ⇔ α = µ;
� H(α | µ) is continuous, finite and strictly convex (since px > 0,∀x).

The range of Ln is Mn/n = {(n1/n, . . . , nr/n) : (n1, . . . , nr ) ∈ Mn}, and if α ∈
Mn/n, we rewrite (1.48) as:

e−
r
12 (2π)−

r−1
2 n−

r−1
2 e−nH(α|µ) ≤ P(Ln = α) ≤ e−nH(α|µ). (1.50)
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The cardinality of Mn is bounded from above by (n + 1)r−1. Thus, setting
Q(1)

n (A) := P(Ln ∈ A) =∑
α∈ Mn

n ∩A P(Ln = α), for A ⊆M1(S):

max
α̃∈ Mn

n ∩A
P(Ln = α̃) ≤ Q(1)

n (A) ≤ (n + 1)r−1 max
α̃∈ Mn

n ∩A
P(Ln = α̃) (1.51)

so that, from (1.50), and for any A ⊆M1(S):

1

n
log Q(1)

n (A) ≤ − inf
α∈A

H(α | µ)+ O

(
log n

n

)
. (1.52)

For the lower bound, if α ∈M1(S) and Bδ(α) := {α̃ ∈M1(S), |α̃ − α|1 < δ},
(1.50) and (1.51) imply that

lim inf
n→+∞

1

n
log P(Ln ∈ Bδ(α)) ≥ − lim sup

n→+∞
inf

α̃∈ Mn
n ∩Bδ(α)

H(α̃ | µ) ≥ −H(α | µ),

(1.53)
where we have used the continuity of H(· | µ) and the density of ∪n≥1 Mn/n in
M1(S). From (1.52) and (1.53) we conclude, for any A ⊆M1(S):

− inf
α∈A◦

H(α | µ) ≤ lim inf
n→+∞

1

n
log Q(1)

n (A) ≤ lim sup
n→+∞

1

n
log Q(1)

n (A)

≤ − inf
α∈A

H(α | µ).

(1.54)

Thus:
(a) (Q(1)

n ) satisfies a l.d.p. with rate function I (1)(·) = H(· | µ), and scaling n.
(b) limn→+∞ n−1 log P(Ln ∈ A) = − infα∈A H(α | µ) if A is open. Since

px > 0, ∀x , the rate function is continuous, and this convergence holds if
A ⊆ A◦. In particular:

−I (1)(α) = −H(α | µ) = lim
ε↓0

lim
n→+∞

1

n
log P(|Ln − α|1 < ε).

Remarks (i) We have seen a particular case of the Sanov theorem, to be discussed
more generally in Section 1.6. Due to (1.50), and the polynomial growth of �Mn

the estimates are stronger here. In particular, condition (c) in Definition 1.12 holds
for all Borel sets.

(ii) Using Lagrange multipliers and the contraction principle, the previous dis-
cussion yields Corollary 1.10, for finite-valued X1. Compare with the proof of
Theorem 1.1.

(iii) If px = 0 is allowed, one extends H(· | µ) by setting 0 log(0/0) = 0
and a log(a/0) = +∞ for a > 0; H(· | µ) : M1(S)→ [0,+∞] is lower semi-
continuous and convex. The l.d.p. still holds. H(α | µ) = +∞ if αx > 0 for some
x such that px = 0; also P(Ln = α) = 0 for such α. (This is unnecessary in the
case of a single measure µ on a finite set; instead, we just reduce S, stating the
l.d.p. on a closed subset of M1(S).)
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(iv) Simple calculations give directly the following variational expression:

H(α | µ) = sup
f ∈Rr

(
r∑

x=1

fxαx − log
r∑

x=1

e fx px

)
. (1.55)

When αx > 0, px > 0, for all x , the supremum is attained at the points f =
( f1, . . . , fr ) such that fx = log(αx/px )+ c, x = 1, . . . , r , where c is any con-
stant.

(v) The above l.d.p. may be seen as an example of the Cramér theorem on
Rr , discussed in the next section. Identified with the simplex, M1(S) is a closed
subset of Rr , outside which the rate function becomes +∞. We have an average
of i.i.d. M1(S)-valued variables, δXi , i = 1, . . . , n, and (1.55) is just (1.69) in
this case.

(vi) Direct verification, using Lagrange multipliers, shows that

log
r∑

x=1

e fx px = sup
α∈M1(S)

(
r∑

x=1

fxαx −H(α | µ)

)
, (1.56)

and that αx = e fx px/
∑

z e fz pz, x = 1, . . . , r is the unique point of maximum if
px > 0 for all x . (In both (1.55) and (1.56), the functions are concave, so that the
maximization is a simple calculation.) This is an example of Fenchel–Legendre
duality, with I (1)(·) extended to all Rr as +∞ outside M1(S).

Beyond the empirical measure. Finite words

The previous analysis can be extended as follows: besides estimating the proba-
bilities on the frequencies with which each digit x is observed, we ask ourselves
the same question for any given k-word (x1, . . . , xk) from the finite alphabet S.
The asymptotic frequency is easily seen to be a.s. px1 · · · pxk , due to the law of
large numbers. More precisely, setting Yi = (Xi , Xi+1, . . . , Xi+k−1) we consider
the empirical measure:

L̃(k)
n = 1

n − k + 1

n−k+1∑
i=1

δYi .

L̃(k)
n takes values on the space of probability measures on Sk , as before identified

with the simplex: M1(Sk) = {α ∈ [0, 1]Sk
:
∑

x∈Sk α(x) = 1}, endowed with the
| · |1 distance. Applying the law of large numbers to the sequences (Yi+ jk; j ≥ 0),
with i ∈ {1, . . . , k} we easily see that

L̃(k)
n → µk a.s. (µk := µ× · · · × µ, k times).

Already at this point it might be useful to take the periodic extension of
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X1, . . . , Xn . Let L(k)
n := L(k)

n [X1, . . . , Xn], where

L(k)
n [x1, . . . , xn] := 1

n

n∑
i=1

δ(xi ,xi+1,...,xi+k−1), with

xn+ j = x j for each 1 ≤ j ≤ k − 1.

We check that

|L(k)
n − L̃(k)

n |1 ≤ 2(k − 1)

n
, for each X1, . . . , Xn,

so that the l.d.p. for L̃(k)
n would follow from that for L(k)

n , and vice versa.
Due to the periodic extension, for each realization of X1, . . . , Xn , the measure

L(k)
n has its marginal on the first k − 1 coordinates identical with that on the last

k − 1 coordinates (and given by L(k−1)
n , where L(1)

n = Ln). That is, L(k)
n takes

values on

M̂1(Sk) :=
{
α ∈M1(Sk) :

∑
x∈S

α(x1, . . . , xk−1, x)

=
∑
x∈S

α(x, x1, . . . , xk−1) , ∀x1, . . . , xk−1

}
.

(1.57)

Being a closed subset of M1(Sk), M̂1(Sk) is a compact metric space, for the
induced metric. In the study of a l.d.p. for the laws of L(k)

n , which we denote
by (Q(k)

n ), we may take M̂1(Sk) as the metric space M of Definition 1.12. As
previously discussed, Q(k)

n → δµk weakly.

Let M (k)
n = {(nx ) ∈ Z+Sk

: (nx/n) ∈ M̂1(Sk)}. The range of L(k)
n is n−1 M (k)

n ;
as for k = 1, this set gets quite dense on M̂1(Sk) as n grows, and its cardinality
grows polynomially in n (bounded from above by (n + 1)rk−1). Therefore, the
basic step consists in estimating

sup

α̃∈ M(k)
n
n ∩Bδ(α)

P(L(k)
n = α̃), (1.58)

for any α ∈ M̂1(Sk), δ > 0. The combinatorics is now more involved. We just
sketch a proof, taking for simplicity k = 2. Since

M (2)
n :=

{
(nz) ∈ Z+S2

: n̄x :=
r∑

y=1

n(x,y) =
r∑

y=1

n(y,x), ∀x ∈ S, (n̄x ) ∈ Mn

}
,

the main point, analogous to (1.50), is verification of the following (as usual 0! =
1):

1

n
log P

(
L(2)

n (z) = nz

n
, ∀z ∈ S2

)
= 1

n
log

(∏
x∈S n̄x !∏
z∈S2 nz!

∏
x∈S

pn̄x
x

)
+ O(log n)

n
.

(1.59)
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Indeed, together with considerations as in the case k = 1, (1.59) entails a l.d.p.
for Q(2)

n , and, as in (1.54), no closure is needed for the upper bound. The rate
function is

I (2)(α) :=
∑

(x,y)∈S2

α(x, y) log

(
α(x, y)

ᾱx py

)
= H(α | ᾱ × µ),

for α ∈ M̂1(S2), ᾱ denoting its marginal. (I (2) is finite and continuous on
M̂1(S2), since px > 0 for each x .)

Sketch of proof of (1.59) Any realization (x1, . . . , xn) of (X1, . . . , Xn), compat-
ible with the event on the left-hand side of (1.59) exibits each digit x ∈ S exactly
n̄x times, i.e. Ln[x1, . . . , xn] = (n̄−1

n , . . . , n̄r/n). Thus, P(X1 = x1, . . . , Xn =
xn) =

∏
x∈S pn̄x

x . It remains to estimate the number of such realizations:

N ((nz)) := �{(x1, . . . , xn) ∈ Sn : L(2)
n [x1, . . . , xn](z) = nz/n, ∀z ∈ S2}.

For this one can prove, given (nz) ∈ M (2)
n ,∏

x : n̄x>0(n̄x − 1)!∏
z∈S2 nz!

≤ N ((nz)) ≤ n

∏
x∈S n̄x !∏
z∈S2 nz!

which readly implies (1.59). We omit this proof, referring to Chapter I.6 of [108],
or to Lemma II.10 in [157], where a natural and convenient interpretation in terms
of graphs is used: if x, y ∈ S, an oriented arrow (x, y) is added whenever the pair
appears as (xi , xi+1) for 1 ≤ i ≤ n (recall that xn+1 = x1); thus we have exactly
n arrows, and for each vertex the number of ingoing arrows is the same as the
number of outgoing arrows. The cardinality of interest is estimated in terms of
the number of Euler circuits of such graphs, i.e. loops which use each arrow only
once. �

Notation With a little abuse of notation we use the same symbol πk to denote
the projection (x1, . . . , xk′) &→ (x1, . . . , xk) from Sk′ to Sk , for any k′ > k. If
α ∈M1(Sk′), let πkα be the measure induced by α under πk , i.e. the marginal
distribution of the first k coordinates under α; we easily check that πkα ∈ M̂1(Sk)

if α ∈ M̂1(Sk′).
The combinatorial analysis may be extended to any k ≥ 2, and the l.d.p. which

emerges, analogously to (1.54), is governed by the rate function I (k) on M̂1(Sk),
given by:

I (k)(α) : =
∑

(x1,...,xk )∈Sk

α(x1, . . . , xk) log

(
α(x1, . . . , xk)

πk−1α(x1, . . . , xk−1) pxk

)
= H(α | πk−1α × µ).

(1.60)



34 Large deviations: basic results

In this particular situation, as in (1.54), no closure is needed on the upper esti-
mate. For each α ∈ M̂1(Sk), we have:

−I (k)(α) = lim
ε↓0

lim
n→+∞

1

n
log P(|L(k)

n − α|1 < ε).

(A more general treatment appears in Section 3.4, so we omit details now; see
Corollary 3.41.)

Remark 1.20 (Simple observations. Basic properties of I (k) on M̂1(Sk))
(i) Let S̃ = S1 × S2, with S1, S2 finite. If α, ν ∈M1(S̃), αi , νi are the corre-

sponding marginals in Si , for i = 1, 2, and ν = ν1 × ν2, then

H(α | ν) = H(α|α1 × α2)+H(α1 | ν1)+H(α2 | ν2). (1.61)

(The above relation is verified at once from the definition (1.49).)
(ii) I (2)(α) = I (1)(π1α)+H(α | π1α × π1α), for any α ∈ M̂1(S2). I (2)(α) ≥

I (1)(π1α); equality happens if and only if α is a product. (Apply (1.61) with
S1 = S2 = S and ν = π1α × µ, and α ∈ M̂1(S2).)

(iii) (1.60) may be written as:

I (k)(α) =
∑

x1,...,xk−1

πk−1α(x1, . . . , xk−1)I (1) (α(· | x1, . . . , xk−1)) ,

(1.62)
where α(xk | x1, . . . , xk−1) is the conditional probability:

α(xk | x1, . . . , xk−1) = α(x1, . . . , xk)/πk−1α(x1, . . . , xk−1),

if πk−1α(x1, . . . , xk−1) > 0 ,

and otherwise, α(xk | x1, . . . , xk−1) = γ (xk) for a chosen γ ∈M1(S).
We see that:
� I (k) is finite, continuous and convex on M̂1(Sk); I (k)(α) = 0 if and only

if α = µk ;
� if k ≥ 2, I (k)(·) loses the strict convexity of I (1)(·): if α, α̃ ∈ M̂1(Sk),

with α(· | x1, . . . , xk−1) = α̃(· | x1, . . . , xk−1) for each x , then I (k) is
affine on the segment between α and α̃, i.e., I (k)(aα + (1− a)α̃) =
aI (k)(α)+ (1− a)I (k)(α̃), ∀a ∈ [0, 1].

(iv) From (1.60), if α ∈ M̂1(Sk+1), k ≥ 2, we have:

I (k+1)(α) = I (k)(πkα)+
∑

x1,...,xk

πkα(x1, . . . , xk)

×H(α(· | x1, . . . , xk) | α(· | x2, . . . , xk)).

(1.63)

Let Y1, . . . , Yk+1 denote the coordinates in Sk+1. Equation (1.63) shows
that I (k+1)(α) ≥ I (k)(πkα), with equality if and only if, under α, the condi-
tional distribution of Yk+1 given Y1, . . . , Yk is the same as given Y2, . . . , Yk ,
i.e. if Yk+1 and Y1 are conditionally independent given Y2, . . . , Yk under α.



1.3 Sanov theorem for finite ‘alphabets’ 35

(v) I ( j)(α) = inf{I (k)(ζ ) : ζ ∈ M̂1(Sk), π jζ = α}, if 1 ≤ j < k, and α ∈
M̂1(S j ), as we see from the contraction principle, or directly from (1.63).

The empirical process

To consider words of arbitrary length it is convenient to take the full periodic
extension, i.e. the infinite sequence X (n) ∈ SN obtained by repeating X1, . . . , Xn

periodically over and over. We consider X := SN with the product topology (the
coarsest one, on X , making x &→ xi continuous, ∀i), where on S we take the
discrete topology (all sets are open). This topology is metrizable, and

d(x, y) :=
∑
k≥1

2−k |xk − yk | (1.64)

is a possible metric for it, where x = (x1, x2, . . .), y = (y1, y2, . . .) ∈ X , and | · |
is a fixed norm on R (taking S ⊆ R). In this way X becomes a compact metric
space. The family of cylinder sets, Cx1,...,xk := {z : πk(z) = (x1, . . . , xk)}, with
k ≥ 1, x1, . . . , xk ∈ S, constitutes a basis of open sets. The Borel σ -field of X ,
denoted by B(X ), coincides with the σ -field generated by the family of cylinder
sets {Cx1,...,xk : k ≥ 1, x1, . . . , xk ∈ S}.

Let M1(X ) denote the space of all probability measures on B(X ), endowed
with the metric

�(α, α′) :=
∑
k≥1

2−k |πkα − πkα
′|1,

where, if α ∈M1(X ), πkα denotes the distribution of the first k-coordinates un-
der α, i.e. the measure induced by α under πk . We see at once that �(α(n), α)→ 0
if and only if for each k ≥ 1, |πkα

(n) − πkα|1 → 0. For finite S this is just the
convergence in law in X .

M1(X ) is a Polish space; since X is compact we can in fact see that it is a com-
pact metric space. (See [20] or [235] for a proof. Here we give a brief sketch for
finite S: given a sequence (α(n)), by diagonalization one extracts a subsequence
(α(n′)), so that for each k, πk α(n′) is convergent on M1(Sk). The limits, call them
αk , are consistent, i.e. πkαk+1 = αk , for each k. The Kolmogorov extension theo-
rem yields α ∈M1(X ) such that πkα = αk for each k; thus �(α(n′), α)→ 0.)

On X we consider the shift to the left: (θy)i = yi+1 for each i ∈ N and y ∈ X ,
and we define the empirical process

Rn := 1

n

n∑
j=1

δθ j (X (n)), (1.65)

with θ j denoting the j th iteration of θ , i.e. the shift by j to the left. We

have πk Rn = L(k)
n for all n ≥ k. In particular, for each k, πk Rn → µk a.s., as
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n →+∞. Taking a countable union of null sets, we see right away that
�(Rn, µ

N)→ 0 a.s., µN being the infinite product measure.
The previous observations make us suspect that all the previous l.p.d. for the

laws of the L(k)
n might be lifted to a single l.d.p. on M1(X ), through consideration

of the empirical field Rn .
Since X (n) is the periodic extension of X1, . . . , Xn , the empirical field Rn takes

values on the space of probability measures which are invariant under θ ,

Mθ
1(X ) = {α ∈M1(X ) : θα = α},

where θα is the measure induced by α under θ : θα(A) := α(θ−1(A)), for each
A ∈ B(X ). Mθ

1(X ) is a closed convex subset of M1(X ).

Remark Let α ∈M1(X ). Then α ∈Mθ
1(X )⇔ πkα ∈ M̂1(Sk) for each k ≥ 1.

We then consider the validity of a l.d.p. on M =Mθ
1(X ), equipped with the re-

striction of the metric �.

Theorem 1.21 Let S be finite and X1, X2, . . . be i.i.d. S-valued random variables
with common law µ such that µ{x} > 0 for each x ∈ S. The laws induced by Rn

satisfy a l.d.p. on Mθ
1(X ), with scaling n and rate function given by

I (N)(α) := sup
k≥1

I (k)(πkα) = sup
k≥1

H(πkα | πk−1α × µ) (1.66)

according to (1.60).

Remarks (i) We see that I (N)(α) = 0 if and only if α = µN.
(ii) Since �(α(n), α)→ 0 if and only if πkα

(n) → πkα for each k, this lifting
of the finite dimensional l.d.p. (for L(k)

n ) to an infinite dimensional principle may
be thought of as a very particular example of the so-called ‘projective limit’ ap-
proach, which was set by Dawson and Gärtner in a more general situation (cf.
Theorem 3.3 in [72]).

Proof For each k the function α &→ I (k)(πkα) is lower semi-continuous, since
πk is continuous and I (k) is lower semi-continuous. The lower semi-continuity
of I (N) follows at once from its definition. Being a closed subset of a compact
metric space we have that Mθ

1(X ) is also compact. Consequently I (N) is a good
rate function.

Lower bound. It suffices to show that for each α ∈Mθ
1(X ), and each δ > 0:

lim inf
n→+∞

1

n
log P(�(Rn, α) < δ) ≥ −I N(α).

Recall that if α̃ ∈Mθ
1(X ), then πk α̃ ∈ M̂1(Sk), for any k ≥ 2, and, if

|πk α̃ − πkα|1 < δ/2, then obviously |π j α̃ − π jα|1 < δ/2, for each j ≤ k, and
so �(α̃, α) < δ/2+ 2

∑
j≥k+1 2− j = δ/2+ 2−(k−1). Thus, taking k = kδ , large
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enough, we have:

lim inf
n→+∞

1

n
log P(�(Rn, α) < δ)

≥ lim inf
n→+∞

1

n
log P(|L(k)

n − πkα|1 < δ/2)

≥ −I (k)(πkα) ≥ −I N(α).

Upper bound. We first prove that if α ∈Mθ
1(X ) then

lim
δ↓0

lim sup
n→+∞

1

n
log P(�(Rn, α) < δ) ≤ −I (N)(α). (1.67)

From its definition, �(α̃, α) < δ implies that |πk α̃ − πkα|1 < 2kδ, if δ > 0,
k ≥ 1, for any α, α̃ ∈M1(X ). Thus:

lim
δ↓0

lim sup
n→+∞

1

n
log P(�(Rn, α) < δ) ≤ lim

δ↓0
lim sup
n→+∞

1

n
log P(|L(k)

n − πkα|1 < 2kδ)

≤ −I (k)(πkα),

the last inequality following at once from the l.d.p. for the laws of L(k)
n , and the

lower semi-continuity of I (k).3 Taking the infimum on the right, for k ≥ 1, gives
(1.67) (see also point (ii) of Remark 1.16).

Since M1(X ) is compact, the upper bound for closed sets is easily deduced
from (1.67). Indeed, it suffices to prove that

lim sup
n→+∞

1

n
log P(Rn ∈ F) ≤ − inf

α∈F
I (N)(α)

when F is closed, non-empty, and infα∈F I (N)(α) > 0, since otherwise the in-
equality becomes trivial. In this case, let b < infα∈F I (N)(α). From (1.67), if
α ∈ F , we can find δα > 0 so that

lim sup
n→+∞

1

n
log P(�(Rn, α) < δα) ≤ −b.

Since F is compact there exists a finite set {α1, . . . , αm} ⊆ F , so that F ⊆
∪m

i=1 Bδαi
(αi ), and consequently

1

n
log P(Rn ∈ F) ≤ 1

n
log m + max

1≤i≤m

1

n
log P(�(Rn, αi ) < δαi )

from where we get

lim sup
n→+∞

1

n
log P(Rn ∈ F) ≤ −b,

3 In the present case limn→+∞ 1
n log P(|L(k)

n − πkα|1 < 2kδ) exists, but we did not use it.
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which holds for any b < infα∈F I (N)(α), leading to the conclusion of the
proof. �

Comments (a) Let α ∈Mθ
1(X ), with X = SN as in this section. From (1.60) (or

proper choices in (1.61)) we can check that for any k ≥ 2:

H(πkα | µk) = I (k)(πkα)+H(πk−1α | µk−1).

Iterating this relation, and recalling that I (1)(π1α) = H(π1α | µ), we have:

H(πkα | µk) =
k∑

j=1

I ( j)(π jα), if k ≥ 1.

But j &→ I ( j)(π jα) is increasing in j for α ∈Mθ
1(X ), cf. (1.63), and we get the

alternative representation

I (N)(α) = lim
k→+∞

1

k
H(πkα | µk) =: h(α|µN),

also called the specific relative entropy of α ∈Mθ (X ) with respect to the product
measure µN, to be addressed in more general situations in Section 3.4. One also
gets the Shannon–McMillan–Breiman formula on Mθ

1(X ):

I (N)(α) = −
∑
x∈S

(π1α)x log px − hSh(α), (1.68)

where hSh(α) = limk→+∞ k−1H(πkα) and, if ν is a probability measure on a
finite set S̃,

H(ν) := −
∑
x∈S̃

νx log νx .

Notation. In statistical mechanics literature the standard notation is S(α) =
kH(α), s(α) = khSh(α) where k denotes the Boltzmann constant; we shall use
this in Chapter 3.

(b) We have seen that I (2) is affine in certain segments. The analysis could
be more carefully continued for all I (k) (see e.g. [108] or [157]). Using that
I (N)(α) = limk→+∞ k−1H(πkα | µk) it is not hard to see that I (N) is an affine
function on Mθ

1(SN). We shall discuss this again in Section 3.4 for more general
measures.

(c) A further and important representation of I (N) might be naturally deduced
from (1.60): given α ∈Mθ

1(SN), it has a unique extension to a θ -invariant prob-
ability measure on SZ, which we still denote by α. By the θ -invariance, and let-
ting Yz, z ∈ Z, represent the coordinates on SZ, (1.62) (which is just the same as
(1.60)) may be written as

I (k+1)(πk+1α) =
∫

SZ

H(α(Y0 | Y−k, . . . , Y−1)(ω) | µ)dα(ω).
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Since α(Y0 = x | Y−k, . . . , Y−1)(ω) converges α a.s. to α̃x (ω) := α(Y0 = x |
Y−1, Y−2, . . .)(ω) as k →+∞, it suffices to verify that the dominated conver-
gence theorem applies (see e.g. Lemma IX.2.2, Chapter IX of [108], or p. 165 in
[19]), to conclude that

I (N)(α) =
∫

SZ

H(α̃(ω) | µ)dα(ω) < +∞.

1.4 Cramér theorem on Rd

Our goal in this section is to discuss the higher dimensional version of Corollary
1.10, in the frame of Section 1.2. For this, let X1, X2, . . . be i.i.d. Rd -valued
random variables, with µ denoting the common law. As before, µn denotes the
law of the sample average X̄n = n−1∑n

i=1 Xi and we study the validity of a l.d.p.
for the sequence (µn) . The assumptions on µ will imply that m := E X1 ∈ Rd ,
so that according to the (weak) law of large numbers, the measures µn converge
weakly to the Dirac point-mass at m, as in Section 1.1.

The original approach, based on ideas and methods developed by Ruelle and
Lanford, and discussed systematically in [189], made evident the role of convex-
ity. A little of this will be discussed in Chapter 3 in its ‘natural scenario’ of inter-
acting systems from statistical mechanics. In fact, the i.i.d. case was presented in
[189] as a ‘digression’. The importance of the entropy function became evident
there, providing basic ideas for several extensions including to infinite dimen-
sional spaces. The application of this procedure to the i.i.d. case is postponed to
the next section.

We first pursue, for d ≥ 2, the discussion at the end of Section 1.1, based on a
change of measure,4 under the simplifying hypothesis that the moment generating
function µ̂(·), defined as

µ̂(ζ ) := E e〈ζ,X1〉,

is finite everywhere. Here 〈ζ, x〉 =∑d
i=1 ζi xi denotes the Euclidean inner prod-

uct on Rd , with ζ = (ζ1, . . . , ζd), x = (x1, . . . , xd). As in the case d = 1 we set:

Iµ(x) := sup
ζ

(〈ζ, x〉 − log µ̂(ζ )
)
. (1.69)

Some basic properties, analogous to those in Proposition 1.8, are summarized
below, and similarly established (| · | denotes the Euclidean norm on Rd ).

Proposition 1.22 Extending the notation of Proposition 1.8, one has the
following.

4 Developed by Varadhan, cf. [291, 292].
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(i) Set Dµ̂ := {ζ ∈ Rd : µ̂(ζ ) < +∞}. The function log µ̂ : Rd →
(−∞,+∞] is convex; it is differentiable in D◦

µ̂
, where ∇(log µ̂)(ζ ) =

(µ̂(ζ ))−1
∫

x e〈ζ,x〉 µ(dx) (∇ denotes the usual gradient).
(ii) Iµ is convex; it is a good rate function if 0 ∈ D◦

µ̂
.

(iii) If y = ∇(log µ̂)(ζ ) for some ζ ∈ D◦
µ̂

, then Iµ(y) = 〈ζ, y〉 − log µ̂(ζ ).

Proof (i) This follows as in Proposition 1.8.
(ii) The convexity, lower semi-continuity, and that Iµ ≥ 0 follow as in Propo-

sition 1.8. Observe that for any 0 < r < +∞ taking ζ = r y/|y| in (1.69) we get

Iµ(y) ≥ r |y| − sup
|ζ |=r

log µ̂(ζ ), (1.70)

which implies the compactness of the level sets when µ̂ is finite on some neigh-
bourhood of the origin.

(iii) Assume that y = ∇ log µ̂(ζ ) for some ζ ∈ D◦
µ̂

, and let us see that for any

η ∈ Rd :

〈η, y〉 − log µ̂(η) ≤ 〈ζ, y〉 − log µ̂(ζ ). (1.71)

Since (1.71) is trivial if η /∈ Dµ̂, we take η ∈ Dµ̂ and consider f : [0, 1] → R

defined as

f (s) = 〈sη + (1− s)ζ, y〉 − log µ̂(sη + (1− s)ζ ).

f is concave, and differentiable at s = 0, by part (i), since ζ ∈ D◦
µ̂

. Thus, for
any s ∈ [0, 1], f (s)− f (0) ≤ f ′(0) = limu↓0( f (u)− f (0))/u = 〈η − ζ, y〉 −
〈η − ζ,∇ log µ̂(ζ )〉 = 0. Consequently, 〈η, y〉 − log µ̂(η) = f (1) ≤ f (0) =
〈ζ, y〉 − log µ̂(ζ ). �

The basic result of this section is the following theorem.

Theorem 1.23 In the set-up of this section, and assuming that Dµ̂ = Rd , the
sequence (µn) satisfies a l.d.p. with scaling n and a good rate function Iµ, given
by equation (1.69).

Proof By Proposition 1.22 we already know that Iµ is a good rate function. We
now check the upper and lower bounds in Definition 1.12.

Lower bound. According to Proposition 1.15 it suffices to prove that

lim inf
n→+∞

1

n
log µn(Bδ(y)) ≥ −Iµ(y), (1.72)

for any y ∈ Rd and δ > 0, where Bδ(y) denotes the open Euclidean ball in Rd ,
centred at y and with radius δ. By shifting the variables, as in Remark 1.2, it suf-
fices to take y = 0. Moreover, we assume that Iµ(0) < +∞, since the inequality
is trivial otherwise.
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We first make an extra assumption: the existence of ζ0 ∈ Rd so that
∇(log µ̂)(ζ0) = 0. In this case Iµ(0) = − log µ̂(ζ0) by part (iii) of the previ-
ous proposition, while by part (i), letting ν(dx) = e〈ζ0,x〉µ(dx)/µ̂(ζ0) we have∫

Rd x ν(dx) = 0. Using the argument already explained at the end of Section 1.1,
and if 0 < δ′ < δ we see that

µn(Bδ(0)) ≥ µn(Bδ′(0)) =
∫
{ 1

n

∑n
i=1 xi∈Bδ′ (0)}

n∏
i=1

µ(dxi )

= (µ̂(ζ0))
n
∫
{ 1

n

∑n
i=1 xi∈Bδ′ (0)}

e−
∑n

i=1〈ζ0,xi 〉
n∏

i=1

ν(dxi ).

Taking logarithms, setting n →+∞, and applying the (weak) law of large num-
bers we get

lim inf
n→+∞

1

n
logµn(Bδ(0)) ≥ log µ̂(ζ0)− |ζ0|δ′ = −Iµ(0)− |ζ0|δ′ ,

and letting δ′ tend to zero we recover (1.72). (Recall the discussion preceeding
(1.35).)

To remove the extra assumption we follow [292], and consider µ(ε) = µ ∗ η(ε),
the convolution of µ and a Gaussian measure with average zero and covariance
matrix εI, where I is the d × d identity matrix and ε > 0 (i.e. we consider the
variables Y (ε)

n = Xn +√εZn where Zn , n ≥ 1, are i.i.d., standard Gaussian in
Rd , and Xn, Zn , n ≥ 1 are all independent). Observe that

µ̂(ε)(ζ ) = µ̂(ζ ) e
ε
2 |ζ |2 ≥ µ̂(ζ ), (1.73)

and so

Iµ(ε) (y) ≤ Iµ(y), (1.74)

for any y ∈ Rd . Since 0 ∈ D◦
µ̂

, using the Markov inequality we see that E |X1| =∫
Rd |x |µ(dx) < +∞ and then the Jensen inequality implies that for any ζ

log µ̂(ζ ) ≥
∫

Rd
〈ζ, x〉µ(dx) ≥ −|ζ |

∫
Rd
|x |µ(dx). (1.75)

From (1.73) and (1.75) we have that for any ε > 0

lim
a→+∞ inf

|ζ |>a
log µ̂(ε)(ζ ) ≥ lim

a→+∞ inf
|ζ |>a

(−|ζ | E |X1| + ε

2
|ζ |2) = +∞, (1.76)

which implies at once that the function log µ̂(ε)(ζ ) attains its mininum on Rd and,
being differentiable everywhere, there exists ζ0 ∈ Rd for which∇(log µ̂(ε))(ζ0) =
0. (We use that Dµ̂ = Rd to exclude the possibility of the mininum being attained
at its boundary.) From the previously considered case and (1.74) we get

lim inf
n→+∞

1

n
log µ(ε)

n (Bδ/2(0)) ≥ −Iµ(ε) (0) ≥ −Iµ(0), (1.77)
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where µ
(ε)
n denotes the law of Ȳ (ε)

n = X̄n +√ε Z̄n , i.e. µ
(ε)
n = µn ∗ η

(ε)
n , the

convolution of µn with a Gaussian measure with average zero and covariance
matrix εn−1I. But

µn(Bδ(0)) ≥ µ(ε)
n (Bδ/2(0))− η(ε)

n {z : |z| ≥ δ/2}, (1.78)

and

η(ε)
n {z : |z| ≥ δ/2} ≤ 2d

∫ +∞
δ
2
√

n/εd

e−u2/2

√
2π

du ≤ 4d

δ
√

2π

√
εd

n
e−

δ2n
8dε ,

according to the following easily checked relation, true for any x > 0 (see e.g.
Lemma 2, Chapter VII in [115]):∫ +∞

x

e−u2/2

√
2π

du ≤ 1

x

e−x2/2

√
2π

. (1.79)

Since Iµ(0) < +∞, given δ > 0 we may take ε > 0 so that δ2/8dε > Iµ(0) and
the last term on the right-hand side in (1.78) becomes negligible with respect to
the first, and (1.72) follows at once from (1.77) and (1.78).

Upper bound. We prove the upper bound for compact sets C , and the exponen-
tial tightness, cf. remark (i) after Definition 1.17.

Upper bound for compact sets. Let C ⊆ Rd be a Borel set. The random vari-
ables e〈ζ,Xi 〉 are independent and non-negative, so that µ̂n(ζ ) = E(e〈ζ,X̄n〉) =
E(
∏n

i=1 e〈
ζ
n ,Xi 〉) = (µ̂(ζ/n))n for any ζ ∈ Rd .

By the Markov exponential inequality, for any ζ ∈ Rd we then have

µn(C) ≤ e
− inf

y∈C
〈ζ,y〉 ∫

C
e〈ζ,x〉 µn(dx) ≤ e

− inf
y∈C

〈ζ,y〉
(µ̂(ζ/n))n,

which we write as

1

n
log µn(C) ≤ − inf

y∈C
〈ζ
n
, y〉 + log µ̂(ζ/n).

(Of course, this is useless if ζ/n /∈ Dµ̂.) Setting f (ζ, y) := 〈ζ, y〉 − log µ̂(ζ ),
with values in [−∞,+∞), and optimizing in ζ we have:

1

n
log µn(C) ≤ − sup

ζ∈Rd
inf
y∈C

f (ζ, y). (1.80)

Equation (1.80) is valid for any Borel set C , but the term on its right-hand side
is usually larger than − infx∈C Iµ(x) (the order in which sup and inf are taken is
interchanged!).

We now consider C compact, and derive the upper bound in Definition 1.12 for
this particular case. The statement is trivial when infy∈C Iµ(y) = 0. Otherwise, let
0 < a < infy∈C Iµ(y), and for each y ∈ C , according to (1.69) we may take ζy ∈
Rd so that f (ζy, y) > a. This forces µ̂(ζy) < +∞; if δy |ζy | < f (ζy, y)− a
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and |x − y| < δy , we must have f (ζy, x) > a. Applying (1.80) we get, for each
n ≥ 1:

1

n
log µn(Bδy (y)) ≤ −a. (1.81)

Since C is compact we may take a finite set {y1, . . . , yr } (which depends on a) so
that C ⊆ ∪r

i=1 Bδyi
(yi ). Thus,

µn(C) ≤
r∑

i=1

µn(Bδyi
(yi )) ≤ r max

1≤i≤r
µn(Bδyi

(yi )),

so that from (1.81) we have

1

n
logµn(C) ≤ 1

n
log r + max

1≤i≤r

1

n
logµn(Bδyi

(yi )) ≤ 1

n
log r − a,

and we obtain

lim sup
n→+∞

1

n
log µn(C) ≤ −a.

But a may be taken arbitrarily close to infy∈C Iµ(y), and we have checked the up-
per bound in Definition 1.12, restricted to compact sets. (Remark. No assumption
on Dµ̂ is required for this part.)

Exponential tightness. We now verify that given a > 0 there exists a compact
set Ka such that for all n sufficiently large

µn(R
d \ Ka) ≤ e−na, (1.82)

and for this it suffices that 0 ∈ D◦
µ̂

, as we now check. This follows at once by
considering the exponential Markov inequality, as in Theorem 1.1: indeed, if k >

E |X1| ≥ max1≤ j≤d |E X ( j)
1 |, where X1 = (X (1)

1 , . . . , X (d)
1 ), we have

µn(R
d \ [−k, k]d) ≤

d∑
j=1

{
e−n I j

µ(k) + e−n I j
µ(−k)},

where for s ∈ R, I j
µ(s) is the Fenchel–Legendre transform associated with the

j th coordinate X ( j)
1 . As seen in part (iii) of Proposition 1.9,

I j
µ(s)→+∞ as |s| → +∞

and we immediately get (1.82), concluding the proof. �

Remarks (i) The proof of the upper bound in Theorem 1.23 uses only 0 ∈ D◦
µ̂

.
(ii) It is worth observing that when C is compact and convex the upper bound is

valid not only asymptotically, but for each n ≥ 1. To see this, we recall (1.80). The
function (ζ, y) ∈ Rd × C &→ f (ζ, y) ∈ [−∞,+∞) is concave and upper semi-
continuous in ζ , convex and lower semi-continuous in y. If, besides compact, the
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set C is convex, the classical minimax theorem says that

sup
ζ∈Rd

inf
y∈C

f (ζ, y) = inf
y∈C

sup
ζ∈Rd

f (ζ, y), (1.83)

i.e. we can interchange the order of sup and inf on the right-hand side of (1.80).
(For a proof of the minimax theorem see [180] or [281].) From (1.80) and (1.83)
it follows that

1

n
log µn(C) ≤ − inf

y∈C
Iµ(y), (1.84)

provided C is compact and convex.
(iii) Concerning the lower bound in Theorem 1.23, if Dµ̂ = Rd is not assumed,

in principle we may have Iµ(y) < +∞, with the supremum in (1.69) not being
achieved in D◦

µ̂
, and we cannot apply the given argument directly. To prevent this

one may add the condition of log µ̂ being ‘steep’ at ∂Dµ̂, as mentioned briefly at
the end of Section 1.1. The assumption Dµ̂ = Rd avoids this difficulty, allowing
a simpler proof for Theorem 1.23, as we have discussed following [292]: with the
addition of an arbitrarily small Gaussian term one reduces to a situation in which
the supremum is attained.

(iv) With arguments based on subadditivity and convexity, as initially proven
in [189], one arrives at the conclusion of Theorem 1.23 assuming only 0 ∈ D◦

µ̂
.

This will be seen in the next section in a more general set-up. (The lower bound
will require no assumption.)

(v) While taking care of the second term on the right-hand side of (1.78)
we used |x | ≤ √d maxi |xi | for x = (x1, . . . , xd) ∈ Rd , reducing to the one-
dimensional case and applying (1.79). From the upper bound and the expression
for the Fenchel–Legendre transform of the multivariate Gaussian we instead could
see that

lim sup
n→+∞

1

n
log η(ε)

n {z : |z| ≥ δ/2} ≤ − δ2

8ε
. (1.85)

(vi) In contrast to the situation in (1.54), which is a particular case of the last
theorem, here the lower bound in (b) of Definition 1.12 might be strict, for d ≥ 2
(see [282]). Related construction gives an example for d = 3 and 0 /∈ D◦

µ̂
, cf. [89],

where the upper bound for closed sets may fail.

1.5 Cramér theorem in infinite dimensional spaces5

At least two basic directions demand extensions of Theorem 1.23. Firstly, the in-
troduction of dependence among the variables is essential for the analysis of a

5 This section may be omitted at a first reading.
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large class of processes, including Markov chains, and models arising in statis-
tical mechanics. This will be discussed in Chapter 3. On the other hand, having
in mind a further analysis of large deviations, it is important to extend Theorem
1.23, allowing X1, X2, . . . to take values in (suitably regular) infinite dimensional
vector spaces. Examples of immediate relevance include the space of Borel mea-
sures on Rd , which comes in naturally if we consider the empirical measures
Ln = n−1∑n

i=1 δYi with Rd -valued observables Y1, . . . , Yn . The Sanov theorem
(1957) is such an example. Other examples include the space of Rd -valued con-
tinuous functions defined on some interval [0, T ] which appears in the analysis of
sample path large deviations, to be developed in the next chapter in the context of
Freidlin and Wentzell theory.

We now study an extension of Theorem 1.23 to such spaces, following the
proposal of Ruelle and Lanford, based on convexity and subadditivity. For this let
us start with a few basic definitions.

Definition 1.24 A topological space M with the property that for any two points
x, y ∈ M there exist disjoint open sets Ux ,Uy such that x ∈ Ux , y ∈ Uy , and such
that the singletons {x} are closed sets, is said to be Hausdorff. A real vector space
M with a topology under which (x, y) &→ x + y and (α, x) &→ αx are both con-
tinuous on M × M , and R× M , respectively, is called a topological (real) vector
space. The topological vector space is said to be locally convex if for each open
set G and each x ∈ G there exists an open convex set Cx with x ∈ Cx ⊆ G.

The extension of the Ruelle–Lanford approach to infinite dimensional spaces was
initiated by Bahadur and Zabell in [11]. Further basic references where the mate-
rial we now discuss is studied in much more detail are [87] and [85], from where
conditions (a3) below have been taken. In [95], the method of the previous section
is extended.

Let µ be a probability measure on the Borel σ -field B(M) of a locally convex
Hausdorff topological (real) vector space M and let X1, X2, . . . be i.i.d. random
vectors on some probability space (�,A, P), with common law µ. (For instance,
� = MN, A = B(M)N, P = µN the canonical product space.) In order to inves-
tigate the behaviour of

X̄n = 1

n

n∑
i=1

Xi ,

we would like X̄n to be a random vector (measurable) on (�,A, P). Since M is
a topological vector space, the map

(x1, . . . , xn) ∈ Mn &→ 1

n

n∑
i=1

xi ∈ M

is continuous (product topology), and so measurable from (Mn,B(Mn)) to
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(M,B(M)). But the inclusion (B(M))n ⊆ B(Mn) may be strict, in which case
we cannot conclude the measurabilility of X̄n from (�,A) to (M,B(M)). To
eliminate this trouble we recall that B(Mn) = (B(M))n if M is separable, i.e. if
its topology can be generated by a countable family of open sets. As in the previ-
ously mentioned examples, and for many applications, µ will be supported by a
convex set M0 that can be turned into a Polish space with the induced topology,
avoiding the just described problem. Based on this we set the following.

Assumptions 1.25
(a1) M is a locally convex Hausdorff topological (real) vector space; µ is a prob-

ability measure on (M,B(M)). There exists a closed convex set M0 ⊆ M
such that µ(M0) = 1, and which is a Polish space for the topology induced
from M . (cf. remark following Definition 1.12.)

(a2) X1, X2, . . . are M0-valued i.i.d. random variables, distributed according to
µ, and defined on some probability space (�,A, P).

Since B(Mn
0 ) = (B(M0))

n for each n, the maps ω &→ n−1∑m+n
j=m+1 X j (ω)

are A-measurable, for any m, n. It might be convenient to consider the canon-
ical realization, i.e. (�,A, P) given by � := MN

0 , A := B(�) = B(M0)
N, the

product σ -field, and P = µN, the product measure, with the coordinate variables
X1, X2, . . . , i.e. Xi (ω) = ωi for each ω = (ω1, ω2, . . .) ∈ �.

While (a1) and (a2) will be assumed throughout this section, for some results
we also need the following.
(a3) The closed convex hull of each compact set K in M0 is also compact.

Here, the convex hull of a set A, denoted by env(A), is defined as follows:

env(A) =
{ n∑

i=1

ai xi : n ≥ 1, a1, . . . , an ≥ 0,
n∑

i=1

ai = 1 and x1, . . . , xn ∈ A

}
;

its closure is the closed convex hull of A, denoted by env(A). Thus, env(A) is the
smallest closed convex set, containing A.

Under (a1), (a2), we let µn denote the law of X̄n := 1
n

∑n
i=1 Xi on M0.

Remarks (i) An altenative way to have a realization as in (a2) is to take any com-
plete probability space (�,A, P) on which we have X1, X2, . . . i.i.d. M-valued,
and distributed according to µ. The completeness here is in the usual measure-
theoretical sense (i.e. if A ∈ A and P(A) = 0, then A contains all subsets of A).
This guarantees the A-measurability of the sample averages n−1∑m+n

j=m+1 X j ,
due to the separability of M0 and the fact that µ(M0) = 1. Obviously it does not
represent a restriction.

(ii) Two important examples satisfying Assumptions 1.25 are: (1) M0 = M ,
a separable Banach space (or more generally a Fréchet space), in which case
condition (a3) is a classical result (cf. Theorem 3.25, Chapter 3 of [256]); (2)
M0 =M1(S) the space of probability measures on the Borel σ -field of a Polish
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space S, with M =M(S) the space of (signed) finite measures on the Borel σ -
field of S, considered with the weak topology induced by the space of bounded
continuous functions from S to R (cf. Section 1.6). The validity of condition (a3)
in both cases may be seen through the following lemma, taken from [85], and
which extends the classical Mazur lemma (cf. Theorem B13 in [85]).

Lemma 1.26 Under (a1), the following metric condition implies (a3):
(a3)′ There exists a Cauchy-complete metric � on M0 generating the topology

induced from M , and satisfying:

� (ax1 + (1− a)x2, ay1 + (1− a)y2) ≤ �(x1, y1) ∨ �(x2, y2),

for all x1, x2, y1, y2 ∈ M0, and all a ∈ [0, 1].

Proof Since M0 is a Polish space, it suffices to check that env(K ) is totally
bounded, whenever K is a compact set in M0 . To see this, first observe that under
(a3)′ the �-balls are convex. Moreover if K is compact in M0 and δ > 0 we may
take n ≥ 1 and x1, . . . , xn ∈ K so that K ⊆⋃n

i=1 Bδ(xi ), where Br (x) denotes
the open �-ball with centre x and radius r . Thus

env(K ) ⊆ env

( n⋃
i=1

Bδ(xi )

)
and since each Bδ(xi ) is convex we immediately see that any y ∈ env(K ) may
be written as y =∑n

i=1 ai yi where yi ∈ Bδ(xi ), ai ≥ 0 and
∑n

i=1 ai = 1. From
(a3)′, �

(
y,
∑n

i=1 ai xi
)
< δ, so that

env(K ) ⊆ (env{x1, . . . , xn})(δ) (1.86)

with the notation G(δ) = {z : �(z, G) < δ}.
But env{x1, . . . , xn} is clearly compact, and so totally bounded. Since δ is ar-

bitrary, it follows that env(K ) is also totally bounded, concluding the proof. �

We need to introduce a few definitions.
If µ, M are as above and M∗ denotes the dual of M , i.e. the space of continuous

linear functionals on M , we define the moment generating function µ̂ : M∗ →
(0,+∞], via:

µ̂(ζ ) =
∫

M
e〈ζ,x〉 µ(dx)

for each ζ ∈ M∗, where 〈ζ, x〉 := ζ(x), if ζ ∈ M∗, x ∈ M .
On M∗ we shall use the weak∗ topology, denoted by w∗: it is the weakest

(coarsest) topology which renders the maps ζ &→ 〈ζ, x〉 continuous from M∗ to
R, for any x ∈ M .

Just as in the finite dimensional case, log µ̂(·) is seen to be convex
and lower semi-continuous for the w∗-topology on M∗. We may define its
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Fenchel–Legendre transform Iµ : M → [0,+∞]:

Iµ(x) = sup
ζ∈M∗

(〈ζ, x〉 − log µ̂(ζ )), (1.87)

which, as in the finite dimensional case, is also seen to be convex and lower semi-
continuous on M .

(We may state the following result, due to Bahadur and Zabell [11].)

Theorem 1.27 Under Assumptions 1.25 we have:
(a) Iµ is a convex rate function on M0;
(b) lim infn→+∞ n−1 log µn(G) ≥ − infx∈G Iµ(x), for each open set G ⊆

M0;
(c) lim supn→+∞ n−1 log µn(K ) ≤ − infx∈K Iµ(x), for each compact set

K ⊆ M0;
(d) limn→∞ n−1 log µn(C) = − infx∈C Iµ(x), if C ⊆ M0 is open and convex.

Items (a)–(c) of Theorem 1.27 characterize a weak l.d.p. on M0, with rate
function Iµ as defined in Section 1.2. (Recall that M0 is considered with the
induced topology from M ; all the statements involving subsets of M0, as in the
previous theorem, refer to this topology, i.e. G ′ is open in M0 if and only if G ′ =
G ∩ M0, for some G open in M .)

Remark 1.28 The following facts will be used later on.
(i) Since M is locally convex and M0 is convex, it follows at once that if G ⊆

M0 is open and x ∈ G, there exists Wx convex, open in M0, such that x ∈
Wx ⊆ G.

(ii) Since M0 is a metric space, it is regular, i.e. if G is open in M0 and x ∈ G,
there exists Vx a neighbourhood of x such that Vx ⊆ G (it suffices to take
a ball with centre x and small radius). Consequently, the set Wx in (i) may
be taken so that Wx ⊆ G. (In our case, M is also regular, cf. Theorem 1.11,
Chapter 1 of [256].)

The closed set M0 is convex, so that µn(M0) = 1 for all n. Theorem 1.27 might
be read as a result on M , but obviously no aditional information would be gained
(Iµ(x) = +∞ if x /∈ M0).

The proof of Theorem 1.27 will be achieved after several lemmas.

Lemma 1.29 Assuming (a1) and (a2), for any open, convex set C ⊆ M0 we
have:

lim
n→+∞

1

n
log µn(C) = sup

n

1

n
log µn(C) =: �(C) ∈ [−∞, 0].

The main ingredient for the proof of Lemma 1.29 is subadditivity:

Definition 1.30 We say that a function f : N → [0,+∞] is subadditive if
f (m + n) ≤ f (m)+ f (n) for each m, n ∈ N.
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Lemma 1.31 Let f : N → [0,+∞] be a subadditive function such that there
exists n0 < +∞ with f (n) < +∞ for all n ≥ n0 . Then

lim
n→+∞

f (n)

n
= inf

n≥n0

f (n)

n
< +∞.

Proof of Lemma 1.31 Let n ≥ n0 be fixed, and consider m ≥ 2n. We can write
m = kn + r where r ∈ {n, . . . , 2n − 1} and k ∈ N. Since f (m) ≤ f (kn)+ f (r),
we may write

f (m)

m
≤ k f (n)

m
+ f (r)

m
≤ f (n)

n
+ bn

m
,

where bn = max{ f ( j) : n ≤ j < 2n} < +∞, since n ≥ n0 . Thus

lim sup
m→∞

f (m)

m
≤ f (n)

n
,

for each n ≥ n0 , proving the lemma. �

Proof of Lemma 1.29 Let C ⊆ M0 be open and convex, and let f (n) =
− logµn(C), so that f : N → [0,+∞]. With X1, X2, . . . i.i.d. and C convex, for
each n,m ≥ 1 we have:

µn(C)µm(C) = P

(
1

n

n∑
i=1

X j ∈ C

)
P

(
1

m

n+m∑
j=n+1

X j ∈ C

)

≤ P

(
n

n + m
X̄n + m

n + m
· 1

m

n+m∑
j=n+1

X j ∈ C

)

= P(X̄n+m ∈ C) = µn+m(C).

It follows that f is subadditive and to apply Lemma 1.31 we need to check that
if µm(C) > 0 for some m then there exists n0 ≥ 1 such that µn(C) > 0 for all
n ≥ n0 . (The case µn(C) = 0 for all n ≥ 1 clearly yields �(C) = −∞.) To see
this we shall use condition (a1) and that C is open.

We first observe that having fixed such an m, there must exist a point x0 ∈ C so
that for any neighbourhood U for x0 we have µm(U ) > 0. In effect, if this were
not true, using the separability of M0, we would be able to cover C with countably
many sets of measure zero for µm , contradicting µm(C) > 0. Let us then fix such
a point x0 ∈ C .

On the other hand, since M0 is a Polish space, a classical result (due to Ulam)
tells us that each µi is tight (cf. Theorem 1.4 in [20], Remark 1.32 below). We see
that a compact set K ⊆ M0 may be taken so that µr (K ) > 0, for r = 1, . . . ,m.

Since C is open, a simple continuity argument gives that for each y ∈ M0 we
may take Vy a neighbourhood of y, Uy a neighbourhood of x0, and εy > 0 so that

(1− ε)Uy + ε Vy ⊆ C,



50 Large deviations: basic results

for each 0 ≤ ε ≤ εy . (At this point we are using that the addition and multiplica-
tion by scalars are continuous.) Moreover, according to Remark 1.28(i) we may
assume Uy to be convex. The compactness of K allows us to take y1, . . . , ys so
that

K ⊆
s⋃

i=1

Vyi .

In this case we set U =⋂s
i=1Uyi , and ε′ = mini=1,...,sεyi . It is easy to see that if

ε < ε′

(1− ε)U + ε K ⊆ C.

Thus, if n ≥ n0 := [m/ε′
]+ 1, so that m/n < ε′, writing n = km + r with

1 ≤ r ≤ m and k ≥ 1, we see that

0 < µm(U )k µr (K ) ≤ µkm(U )µr (K )

= P

(
X̄km ∈ U,

Xkm+1 + · · · + Xn

r
∈ K

)

≤ P

(
km

n
X̄km + r

n

∑n
j=km+1 X j

r
∈
(

1− r

n

)
U + r

n
K

)

= µn

((
1− r

n

)
U + r

n
K
)
≤ µn(C),

where the convexity of U is also used. The proof is complete. �

Remark 1.32 A probability measure µ on the Borel σ -field of a metric space
is said to be tight if for each δ > 0 there exists a compact set Kδ with µ(Kδ) >

1− δ. (It clearly implies regularity, i.e. µ(B) = sup{µ(K ) : K ⊆ B, K compact},
for each Borel set B.)

Lemma 1.29 gives a clear indication of the basic procedure; since at any point
x we can take a local basis of open convex neighbourhoods, we are led to consider
the following natural candidate as rate function:

J (x) := sup{−�(C) : C open, convex, x ∈ C ⊆ M0}, (1.88)

for any x ∈ M0. In the case of a metric with convex balls, as under (a3)′, this
becomes J (x) = − limδ→0 �(Bδ(x)).

We now check that in the present set-up J is indeed a convex rate function.

Lemma 1.33 Assuming (a1) and (a2), the function J defined by (1.88) is convex
and lower semi-continuous from M0 to [0,+∞].

Proof The lower semi-continuity of J follows at once from (1.88). Indeed, if
x ∈ M0 and a < J (x) we may take C , an open, convex neighbourhood of x
such that a < −�(C). Still from (1.88), −�(C) ≤ J (y) for any y ∈ C so that
a < infy∈C J (y) verifying the lower semi-continuity, cf. Remark 1.14.
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As for the convexity of J , due to the lower semi-continuity, it now suffices to
check that for each x, y ∈ M0

J

(
x + y

2

)
≤ 1

2
J (x)+ 1

2
J (y). (1.89)

For this, and by (1.88), it suffices to show that if C is an open convex neigh-
bourhood of (x + y)/2 then there exists Cx ,Cy open convex sets such that
x ∈ Cx , y ∈ Cy and such that

�(C) ≥ 1

2
(�(Cx )+ �(Cy)).

But, from the continuity we can take Cx ,Cy open convex sets such that x ∈ Cx ,
y ∈ Cy and

1

2
Cx + 1

2
Cy :=

{
1

2
u + 1

2
v : u ∈ Cx , v ∈ Cy

}
⊆ C.

Thus, {
X̄n ∈ Cx ,

1

n

2n∑
i=n+1

Xi ∈ Cy

}
⊆ {X̄2n ∈ C

}
,

which implies µ2n(C) ≥ µn(Cx )µn(Cy) and so

1

2n
log µ2n(C) ≥ 1

2

(
1

n
log µn(Cx )+ 1

n
log µn(Cy)

)
,

from which we get (1.89). �

The next proposition tells that indeed the sequence (µn) satisfies a weak large
deviation principle, with rate function J and scaling n.

Proposition 1.34 Under (a1) and (a2) of Assumptions 1.25, and if J is given by
(1.88), we have:

(i) lim infn→+∞ n−1 log µn(G) ≥ − infx∈G J (x) for any open set G ⊆ M0;
(ii) lim supn→+∞ n−1 log µn(K ) ≤ − infx∈K J (x) for any compact set K ⊆

M0.

Proof (i) Let x ∈ G. Due to the local convexity (cf. Remark 1.28(i)) we may take
an open, convex set C such that x ∈ C ⊆ G. Thus

lim inf
n→+∞

1

n
log µn(G) ≥ �(C) ≥ −J (x),

proving (i).
(ii) Let a < infx∈K J (x). Then, for each x ∈ K there exists Cx an open, convex

set, with x ∈ Cx and �(Cx ) < −a. From the compactness of K , there exist m ≥ 1
and x1, . . . , xm such that K ⊆ ∪m

i=1 Cxi , and so

µn(K ) ≤ m max
i=1,...,m

µn(Cxi ),
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from which we have

lim sup
n→+∞

1

n
log µn(K ) ≤ max

i=1,...,m
lim

n→+∞
1

n
log µn(Cxi ) < −a,

and (ii) follows. �

Remark The previous proof shows that the validity of Lemma 1.29 for a se-
quence (µn) yields a weak l.d.p. in quite general situations. In particular, the
method should extend beyond independence. We shall see a little of this in
Chapter 3.

Before completing the proof of Theorem 1.27 we need the following lemma,
where for the first time we shall use condition (a3) of Assumptions 1.25, whose
main point is to guarantee that the probability of an open convex set C is well
approximated by those of compact convex sets contained in C , i.e. a ‘convex-
regularity’, or ‘convex-tightness’ property.

Lemma 1.35 Under Assumptions 1.25 let the function J be defined by equation
(1.88). Then, for any open and convex set C ⊆ M0 we have

�(C) = − inf
x∈C

J (x).

Proof That �(C) ≥ − infx∈C J (x) is automatic from the definition of J . For the
reverse inequality, it is enough to look at the case−∞ < �(C). Thus, given ε > 0
we may take n0 so that, if n ≥ n0

�(C)− ε ≤ 1

n
log µn(C).

At this point we use (a3): by Lemma 1.36, below, there exists a compact, convex
set K ⊆ C so that

�(C)− 2ε ≤ 1

n0
log µn0(K ).

The convexity of K implies that f (n) := log µn(K ) is superadditive (i.e.
f (m + n) ≥ f (m)+ f (n)) and so

�(C)− 2ε ≤ 1

n0
log µn0(K ) ≤ lim

k→∞
f (kn0)

kn0
≤ lim sup

n→∞
1

n
log µn(K ).

Using Proposition 1.34(ii) we have

�(C)− 2ε ≤ − inf
x∈K

J (x) ≤ − inf
x∈C

J (x)

and since ε can be taken arbitrarily small the proof follows. �

To complete the previous proof it remains to verify the property of approximation
by compact convex sets, which we now state and prove. Without the convexity,
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it would be just the regularity or tightness of probability measures, true in Polish
spaces (cf. proof of Lemma 1.29, Remark 1.32).

Lemma 1.36 Under Assumptions 1.25, let C ⊆ M0 be open and convex. Then,
for any ε > 0, there exists a set K ⊆ C compact and convex so that µ(C \ K ) <

ε.

Proof Since M0 is a Polish space, µ must be regular, i.e. a compact set F ⊆ C
may be taken so that µ(C \ F) < ε. (The point is that F may fail to be convex!)
From condition (a3), env(F) is compact contained in M0 . This could in principle
fail to be contained in C , so we need to perform some adjustment. (Notice that
this adjustment is not necessary under (a3)′, in which case, env(F) ⊆ C automat-
ically! see (1.86).)

For the needed adjustment, take for each x ∈ F , an open, convex neighbour-
hood Wx so that Wx ⊆ C (here we use Remark 1.28(ii)). Covering the compact
set F with finitely many Wx1 , . . . , Wxn let

F0 = env(F) ∩
n⋃

i=1

Wxi =
n⋃

i=1

(Wxi ∩ env(F)).

Since Wxi ∩ env(F) is convex and compact we see that

env(F0) =
{ n∑

i=1

ai yi :
n∑

i=1

ai = 1, ai ≥ 0, yi ∈ Wxi ∩ env(F) ,∀i

}
is already compact, verifying our conditions, since F ⊆ env(F0) ⊆ C . �

Remark As seen from Proposition 1.34, we do not need condition (a3) for the
validity of a weak l.d.p. for (µn) , with a convex rate function. This assumption
came into play in Lemma 1.35, which is important, as we see next, for identifica-
tion of the rate function with the Fenchel–Legendre transform of log µ̂, according
to (1.87) .

The identification of J with Iµ is obtained through the following reduction to
one-dimensional problems, cf. [11].

Proposition 1.37 Under Assumptions 1.25, and for any x ∈ M0:

J (x) = sup{−�(H ∩ M0) : H is open semi-space and x ∈ H}, (1.90)

where H is said to be an open semi-space iff H = H(ζ, r) = {y ∈ M : 〈ζ,
y〉 > r} for some ζ ∈ M∗, r ∈ R.

Proof For notational convenience we write H0(ζ, r) = {y ∈ M0 : 〈ζ, y〉 >
r} with ζ ∈ M∗, r ∈ R. If x ∈ H0(ζ, r), the inequality J (x) ≥
sup{−�(H0(ζ, r)) : ζ ∈ M∗, r ∈ R} is immediate from the definition, cf.
(1.88). Now let a < J (x), so that the set C := {y : J (y) ≤ a} is closed, convex
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(since J is lower semi-continuous and convex), and x /∈ C . Under such condi-
tions, the Hahn–Banach theorem (see e.g. Theorem 3.4, Chapter 3 of [256]),
implies the existence of ζ ∈ M∗, r ∈ R so that x ∈ H(ζ, r) and H(ζ, r) ∩ C = ∅.
Thus, by Lemma 1.35, −�(H0(ζ, r)) ≥ a, proving the proposition. �

Proof of Theorem 1.27 It remains to verify that J , defined by (1.88), coincides
with Iµ , the Fenchel–Legendre transform of log µ̂ . This is a consequence of the
Cramér theorem on R and the previous proposition, as we see next.

If M0 = M = R we have J = Iµ as follows from Corollary 1.10, Proposition
1.34 and Remark 1.16(ii) (since R is locally compact).

Turning to the general case, for each ζ ∈ M∗, consider the real variables
Yn(ω) = 〈ζ, Xn(ω)〉 , n ≥ 1 and let µ(ζ) be their common law. If µ

(ζ)
n is the law

of Y n := n−1∑n
i=1 Yi , let

�ζ (C) := lim
n→∞

1

n
log µ(ζ)

n (C),

for C an open interval in R, cf. Lemma 1.29, and Jµ(ζ) given by (1.88), in
this case. Obviously, �(H0(ζ, r)) = �ζ (r,+∞) = �−ζ (−∞,−r), for each ζ ∈
M∗, r ∈ R, i.e. for each u ∈ R:

Jµ(ζ) (u) = max
{

sup
r<u

−�ζ (r,+∞), sup
r>u

−�ζ (−∞, r)
}

= max
{

sup
r<u

−�(H0(ζ, r)), sup
r>u

−�(H0(−ζ,−r))
}
.

(1.91)

By the previous observation Jµ(ζ) = Iµ(ζ) . On the other hand, we may rewrite
(1.90) as:

J (x) = sup
ζ∈M∗

sup
r<〈ζ,x〉

−�(H0(ζ, r))

= sup
ζ∈M∗

max
{

sup
r<〈ζ,x〉

−�(H0(ζ, r)), sup
r>〈ζ,x〉

−�(H0(−ζ,−r))
}
,

and the previous considerations give us

J (x) = sup
ζ∈M∗

Jµ(ζ) (〈ζ, x〉)

= sup
ζ∈M∗

sup
u∈R

(u〈ζ, x〉 − log µ̂(ζ )(u))

= sup
ζ∈M∗

sup
u∈R

(〈uζ, x〉 − log µ̂(uζ ))

= sup
ζ∈M∗

(〈ζ, x〉 − log µ̂(ζ )) = Iµ(x),

concluding the proof. �

Remarks (i) Theorem 1.27 provides a weak l.d.p. To get a l.d.p., one could search
for conditions ensuring exponential tightness for the sequence (µn), cf. Definition
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1.17. When M = Rd , a sufficient condition for that is the finiteness of µ̂ in a
neighbourhood of the origin, as seen in Section 1.4.

In infinite dimensional spaces, there is no general way to tackle this; if M
is the dual of a separable Banach space, the study of exponential tightness be-
comes easier due to properties of the w∗-topology, and it can be done under the
assumption that the moment generating function of the norm ||X1|| is finite in
some neighbourhood of the origin (see e.g. Section 6 of [7]). For the discussion
of such an extension within the frame of separable Banach spaces, classical refer-
ences include [7, 11, 95]. Further results have been developed by several authors,
for which we refer to [85].

(ii) The proof is simpler if M = Rd , in the sense that ‘convex tightness’
(Lemma 1.36) is immediate, since the closed balls are convex and compact, and
the separation through hyperplanes, used in Proposition 1.37, is much simpler too.
Thus, the Ruelle–Lanford method provides an alternative proof of Theorem 1.23,
under the assumption that 0 ∈ D◦

µ̂
. No assumption is needed for the weak l.d.p.

(iii) Under conditions (a1) and (a2) of Assumptions 1.25, the upper bound
given in item (c) of Theorem 1.27, for K compact and convex, may be obtained
using the minimax theorem and optimizing over the exponential Markov inequal-
ity, as in Section 1.4.

(iv) Part (d) in Theorem 1.27 clearly applies to any finite union of open convex
sets.

(v) Theorem 1.18 requires the validity of a full l.d.p. with a good rate function.
If applicable here, the identity J = Iµ would follow by convex duality, since J
(set as +∞ on M \ M0) is convex and lower semi-continuous on M . More pre-
cisely, if we could apply the Varadhan lemma to the functions Fζ (·) = 〈ζ, ·〉, with
ζ ∈ M∗, we would get log µ̂(ζ ) = supx∈M (〈ζ, x〉 − J (x)), for each ζ . The dual-
ity theorem would then assert that J (x) = supζ∈M∗(〈ζ, x〉 − log µ̂(ζ )), for each
x . A priori, we do not have the conditions of Theorem 1.18. For the situation in
Section 3.4 this will be automatic, due to compactness. It also applies in the next
section. For a very general discussion, see Section 2.4.5 of [85].

Duality theorem Let M be as in (a1) above. Let f : M → (−∞,+∞] be lower
semi-continuous and convex. If g : M∗ → (−∞,+∞] is defined as

g(ζ ) := sup
x∈M

(〈ζ, x〉 − f (x))

then f (x) = supζ∈M∗(〈ζ, x〉 − g(ζ )), for each x ∈ M.

We omit the proof of the duality theorem, cf. e.g. Theorem 2.2.15 in [87] or
Lemma 4.5.8 in [85]. As Proposition 1.37, used for the identification of J , it
is also based on the separation through hyperplanes, which in the infinite dimen-
sional case is obtained using the Hahn–Banach theorem (see also Theorem 3.13
in [38]).
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1.6 Empirical measures. Sanov theorem
We now apply the discussion of the last section to the study of empirical mea-
sures. The problem was initially considered by Sanov in [263], for i.i.d. [0, 1]-
valued random variables, and in Section 1.3 we analysed the simplest case of
finite alphabets. If Y1, Y2, . . . are i.i.d. random variables, with values on a Polish
space (S,B(S)), and defined on a probability space (�,A, P), we consider the
empirical measure:

Ln(ω, ·) := 1

n

n∑
i=1

δYi (ω)(·) (1.92)

for each ω ∈ � where, as before, δy denotes the Dirac point-mass at y. Thus,
if A ∈ B(S), Ln(ω, A) = n−1∑n

i=1 1A(Yi (ω)) , the proportion of observations
which fall in A.

To fit into the framework of the last section, we consider M =M(S), the
space of finite signed measures on (S,B(S)) (i.e. η ∈M(S) if and only if there
exist η′, η′′ finite (σ -additive) measures on (S,B(S)), such that η = η′ − η′′), and
M0 =M1(S) := {η ∈M(S) : η is a probability}.

On M(S) we consider the topology determined by the seminorms η &→∣∣∫ f dη
∣∣, with f varying in Cb(S), the space of bounded and continuous func-

tions from S to R. Namely, if η ∈M(S) the family {W (η, f1, . . . , fk, δ) : δ >

0, f1, . . . , fk ∈ Cb(S), k ≥ 1} constitutes a system of open neighbourhoods of η,
where

W (η, f1, . . . , fk, δ) := {ν ∈M(S) : max
1≤i≤k

|〈 fi , ν〉 − 〈 fi , η〉| < δ}, (1.93)

adopting the usual notation for the duality bracket:

〈 f, ν〉 :=
∫

f dν , f ∈ Cb(S), ν ∈M(S). (1.94)

The weak law of large numbers gives us limn→+∞ P(Ln /∈
W (µ, f1, . . . , fk, δ)) = 0, for each f1, . . . , fk ∈ Cb(S) and each δ > 0, so
that Ln → µ, in probability, as n →+∞. To investigate the rate of such
decay, and the validity of the l.d.p., we use the result of the last section,
with M =M(S), M0 =M1(S), and Xi = δYi for i ≥ 1, which are i.i.d.
M1(S)-valued random variables, and Ln = n−1∑n

i=1 Xi .
When restricted to M1(S) the above topology corresponds to the usual weak

convergence of probabilities on S; it is indeed the weak∗ topology inherited by
M1(S) considered a subset of the dual of the Banach space Cb(S) (with || f ||∞ :=
supx | f (x)|), and so we call it simply the w∗-topology. An important point is
that this restriction to M1(S) is metrizable, it may be obtained by the following
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Lévy–Prohorov metric:

�(η, ν) = inf{δ > 0 : η(F) ≤ ν(F(δ))+ δ, and

ν(F) ≤ η(F(δ))+ δ for each closed F ⊆ S},
(1.95)

where F(δ) := {x : d(x, F) < δ} and d is a complete metric in S.

Remark This type of metric was first defined by Lévy when S = R; writing
fη(x) = η(−∞, x] , x ∈ R, the cumulative distribution function of η, the usual
Lévy metric on M1(R) becomes:

�(η, ν) = inf{δ > 0: fη(x − δ)− δ ≤ fν(x) ≤ fη(x + δ)+ δ, ∀x}. (1.96)

The extension to the present set-up is due to Prohorov.
To check the validity of Assumptions 1.25 we need to recall a few classical

results.

Lemma 1.38 Let S be a Polish space.
(a) With the w∗-topology, M(S) is a locally convex, Hausdorff topological vec-

tor space. Its topological dual may be identified with Cb(S) via the func-
tionals p f defined as

ν &→ 〈 f, ν〉 =
∫

S
f dν , ν ∈M(S), (1.97)

with f ∈ Cb(S).
(b) M1(S) is a closed convex subset of M(S); it is a Polish space for the in-

duced topology; the Lévy–Prohorov metric (defined by (1.95)) is compatible
with this topology and Cauchy-complete.

(c) The convexity condition (a3)′ given in Lemma 1.26 is satisfied by the Lévy–
Prohorov metric.

Proof (Sketch) (a) The first statement follows at once since the class of linear
functionals given by η &→ 〈 f, η〉 with f ∈ Cb(S) is separating, that is, if η �= η′

then 〈 f, η〉 �= 〈 f, η′〉, for some f ∈ Cb(S). As for the representation of the topo-
logical dual of M(S), one inclusion is trivial: each f ∈ Cb(S) determines an
element p f of such a dual, via the relation p f (η) = 〈 f, η〉. It remains to prove
that if ψ is a linear functional on M(S), continuous for the w∗-topology, then
ψ = p f , for certain f ∈ Cb(S). For this, set f (x) := ψ(δx ), for each x ∈ S. One
easily checks that f is continuous. Since ψ is linear and continuous, there exists
a neighbourhood of η = 0, cf. (1.93), where |ψ(·)| < 1. By the linearity of ψ this
provides a finite set R ⊆ Cb(S) so that |ψ(ν)| ≤∑g∈R |〈g, ν〉| for each ν, from
which the boundedness of f follows. From the construction ψ(·) = p f (·) on the
set of finite linear combinations of Dirac point measures; this set is dense in M(S)
for the w∗-topology, as one easily checks (Theorem 4 Appendix III of [20]), and
we get ψ = p f .
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(b) This is a classical result, due to Prohorov and Varadarajan, appearing in
many graduate courses in probability. We omit most of it, referring to Appendix
III of [20] (cf. also Lemma 3.2.2 in [87]), and just recall the most delicate point.6

To check the Cauchy-completeness one may prove that each �-Cauchy sequence
(ηn) in M1(S) must be tight, i.e. given ε > 0 we can find a compact set K ⊆ S so
that ηn(K ) > 1− ε for each n. According to the Prohorov theorem (Remark 1.39
below) this would imply the existence of a convergent subsequence, and from
the Cauchy property, the convergence of the full sequence. To construct such a
compact set, we first use the Cauchy property to take for each j ≥ 1 an index
n j so that �(ηn, ηm) < ε/2 j+1 for all n,m ≥ n j . The space S being Polish, we
know that each finite set in M1(S) must be tight (Theorem 1.4 in [20], Remark
1.32), i.e. there exists a compact set K j ⊆ S so that ηi (K j ) ≥ 1− ε/2 j+1 for each
1 ≤ i ≤ n j . From these two properties we have ηn((K j )(ε/2 j+1)) ≥ 1− ε/2 j for

each n. The set K := ∩+∞j=1(K j )(ε/2 j+1) is compact (closed and totally bounded
for the complete metric d in S) and has the desired property.

(c) This is very simple to check. �

Remark 1.39 F ⊆M1(S) is said to be tight iff for each δ > 0 there exists a
compact set Kδ so that µ(K c

δ ) < δ for each µ ∈ F . The previous proof uses the
direct part of the Prohorov theorem (Theorem 6.1 in [20]), valid for any metric
space S: if F is tight then it is (sequentially) relatively compact in M1(X ), i.e.
each sequence in F must have a w∗-convergent subsequence (in M1(S)). The
converse part requires S to be Polish, i.e. (sequential) relative compactness im-
plies tightness, if S is Polish (Theorem 6.2 in [20]).

As a consequence of Lemma 1.38, Theorem 1.27 applies, yielding the follow-
ing.

Theorem 1.40 (Sanov theorem) Let S be a Polish space, and let µ be a prob-
ability on (S,B(S)). If Y1, Y2, . . . are i.i.d. S-valued random variables with
law µ, and Qn ∈M1(M1(S)) denotes the law of the empirical measure Ln =
n−1∑n

i=1 δYi , then:
(a) the sequence (Qn) satisfies a weak l.d.p. with a convex rate function IQ1(ν)

defined according to (1.87), i.e.

IQ1(ν) = sup
f ∈Cb(S)

(〈 f, ν〉 − log 〈e f , µ〉), (1.98)

for each ν ∈M1(S);
(b) if C is a finite union of open convex sets in M1(S), then

1

n
log Qn(C) −→

n→+∞ − inf
ν∈C

IQ1(ν);

6 That the Prohorov metric generates the w∗-topology in M1(S) depends only on the separability of
S; the choice of d a complete metric gives � also complete.
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(c) extending (1.49), the relative entropy of ν ∈M1(S) with respect to µ can
be defined as

H(ν | µ) :=
{ ∫

h log h dµ if ν + µ and h = dν
dµ

+∞ otherwise,
(1.99)

and IQ1(·) = H(· | µ) on M1(S). (H(ν | µ) is also called the Kullback–
Leibler information.)

Proof (a) and (b) follow at once from Theorem 1.27 and Lemma 1.38, after ob-
serving that if f ∈ Cb(S) and 〈 f, · 〉 is the element of M(S)∗ given by (1.97),
then ∫

M1(S)
e〈 f,η〉 Q1(dη) = E e f (Y1) =

∫
S

e f (x) µ(dx).

It remains to check item (c), cf. Lemma 2.1 in [93]. First observe that H(ν | µ)

is well defined, taking values on [0,+∞], as follows at once from the convexity
of the function x &→ x log x on (0,+∞) and the Jensen inequality. Now let ν ∈
M1(S). To check that IQ1(ν) ≤ H(ν | µ) we may assume that H(ν | µ) < +∞.
In particular, there exists h ≥ 0 Borel measurable such that ν(A) = ∫A h dµ for
each A ∈ B(S). We write (1.99) as H(ν | µ) = ∫ log h dν, and if f ∈ Cb(S) we
apply the Jensen inequality to the identity

∫
f dν −H(ν | µ) = ∫ ( f − log h) dν,

to get

exp

(∫
f dν −H(ν | µ)

)
≤
∫

e f dµ.

It follows that ∫
f dν − log

∫
e f dµ ≤ H(ν | µ),

for each f ∈ Cb(S), proving the inequality.
For the converse, we may fix ν ∈M1(S) with IQ1(ν) < +∞. We first claim

that the supremum in (1.98) does not change if we replace Cb(S) by Bb(S), the
space of bounded, Borel measurable functions from S to R.

Indeed, having fixed ν ∈M1(S) and f ∈ Bb(S), we may take a sequence ( fn)

in Cb(S) so that (ν + µ)(| f − fn| > δ)→ 0 and moreover, f being bounded, we
may also assume supn ‖ fn‖∞ < +∞. Thus

∫
fn dν → ∫

f dν, and
∫

e fn dµ→∫
e f dµ. Consequently,

sup
f ∈Bb(S)

[ ∫
f dν − log

∫
e f dµ

]
≤ IQ1(ν). (1.100)

The reverse inequality being trivial, we have checked this claim.
We need to prove that ν + µ and that H(ν | µ) ≤ IQ1(ν). For this, let A ∈

B(S) with µ(A) = 0. Taking f = n 1A in (1.100) and varying n, we immedi-
ately get ν(A) = 0, i.e., ν + µ. Let then h = dν/dµ , so that h ≥ 0 µ a.s.,

∫
S h
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dµ = 1. If there exist constants 0 < c < C < +∞ so that c ≤ h(·) ≤ C µ a.s.
we may assume log h ∈ Bb(S) and (1.100) implies

H(ν | µ) =
∫

log h dν ≤ IQ1(ν).

To cover the general case we use approximation. For example, first assume h to
be bounded away from zero, and let hn = h ∧ n, so that log hn ∈ Bb(S) and from
(1.100) together with the monotone convergence theorem we get

H(ν | µ) =
∫

log h dν = lim
n→∞

∫
log hn dν

≤ IQ1(ν)+ lim
n→∞ log

∫
hn dµ = IQ1(ν).

(1.101)

The restriction of h being bounded away from zero remains. But, if νε = εµ+
(1− ε)ν, then hε = dνε/dµ = ε + (1− ε)h µ a.s. by the uniqueness of the
Radon–Nikodym derivative, so that by the previous case, together with the con-
vexity of IQ1 , we have

H(νε | µ) ≤ IQ1(νε) ≤ ε IQ1(µ)+ (1− ε)IQ1(ν) = (1− ε)IQ1(ν).

We now check that H(νε | µ)→ H(ν | µ), as ε → 0.
Since ν &→ H(ν | µ) is also convex (easy to see from the convexity of

x &→ x log x , as in Section 1.3), and H(µ | µ) = 0, we see that H(ν | µ) ≥
lim supε→0 H(νε | µ). We are really interested in the converse and for this ob-
serve that x &→ log x is concave and increasing in (0,+∞), so that:

log hε ≥ (1− ε) log h ∨ log ε µ a.s.

From this:

H(νε | µ) =
∫

hε log hε dµ

= ε

∫
log hε dµ+ (1− ε)

∫
h log hε dµ

≥ ε log ε + (1− ε)2 H(ν | µ),

which allows us to conclude the proof. �

To get a full l.d.p. (with a good rate function) it now suffices to prove the expo-
nential tightness of (Qn), cf. Definition 1.17 in Section 1.2. This is originally due
to Donsker and Varadhan, whose proof (cf. [93–95]) we essentially follow.

Proposition 1.41 Under the conditions of Theorem 1.40, the sequence (Qn) is
exponentially tight.

Proof Let (b j ) be a sequence of positive numbers, to be fixed later. Since S is a
Polish space, the measure µ is tight. Thus we take, for each j ≥ 1, a compact set
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A j ⊆ S such that µ(S \ A j ) ≤ b j . Now let, for each j ≥ 1:

Fj = {ν ∈M1(S) : ν(S \ A j ) ≤ 1/j}.
We easily see that each Fj is closed; indeed, if (νm) ⊆ Fj and νm → ν, from the
portmanteau theorem (Theorem 2.1 in [20]) we have, for each j :

ν(S \ A j ) ≤ lim inf
m→+∞ νm(S \ A j ) ≤ 1

j
.

As a consequence K J := ∩ j≥J Fj is also closed, if J ≥ 1. Moreover, by the
Prohorov theorem (see Remark 1.39) and since A j is compact each K J is rel-
atively compact.7 Thus for each J ≥ 1, K J is a compact subset of M1(S). We
now estimate Qn(K c

J ):

Qn(Fc
j ) = P(Ln /∈ Fj ) = P(Ln(S \ A j ) > 1/j) ≤ e−a/j E eaLn(S\A j )

for each a > 0. The choice a = 2nj2 yields:

Qn(Fc
j ) ≤ e−2nj E e2 j2∑n

i=1 1S\A j (Yi )

= e−2nj (E e2 j2 1S\A j (Y1)
)n

= e−2nj (e2 j2
µ(S \ A j )+ µ(A j ))

n

≤ e−2nj (e2 j2
b j + 1)n,

for each n, j ≥ 1. Thus, a proper choice would be b j = e−2 j2
, in which case we

would end up with

Qn(Fc
j ) ≤ e−2nj 2n ≤ e−nj ,

so that

Qn(K c
J ) ≤

+∞∑
j=J

Qn(Fc
j ) ≤

+∞∑
j=J

e−nj ≤ 2 e−n J ,

concluding the proof. �

As remarked immediately after Definition 1.17, the last two results entail the fol-
lowing.

Corollary 1.42 Under the conditions of Theorem 1.40, (Qn) satisfies a l.d.p. on
M1(S), with the good rate function IQ1(·) = H(· | µ) given by (1.99) on M1(S).

Comment The approximation at the end of the proof of Theorem 1.40 is taken
from Section 3.2 in [87]. For a more in depth study see Chapter 3 of [87] or
Section 6.2 of [85].

7 M1(S) is metrizable; thus sequential relative compactness and relative compactness are the same.
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Other topologies The original version of the Sanov theorem (cf. [263]) uses
a stronger topology. He proved large deviation estimates for the empirical dis-
tribution of i.i.d. real random variables in terms of the Kolmogorov distance on
M1(R), defined by

|ν − η|K = sup
x∈R

|ν(−∞, x]− η(−∞, x]|.

The topology generated by this metric is strictly stronger (finer) than the w∗-
topology and it is not separable. Therefore, Sanov’s result, extended to S = Rd by
Borovkov [26], Hoeffding [156], Hoadley [155] and Stone [284], is not contained
in Theorem 1.40.

The consideration of stronger topologies arises naturally: if Ln denotes the
empirical measure, as in Theorem 1.40, the weak law of large numbers says that
for each f ∈ Bb(S), the space of bounded Borel measurable functions from S to
R, we have

Ln( f ) = 1

n

n∑
i=1

f (Yi )
P−→

∫
f dµ.

This immediately suggests the consideration of the so-called τ -topology, with a
system of open neighbourhoods of η ∈M1(S) given by

{U (η, f1, . . . , fk, δ) : δ > 0, f1, . . . , fk ∈ Bb(S), k ≥ 1},
where, analogously to (1.93) (〈 f, ν〉 = ∫ f dν):

U (η, f1, . . . , fk, δ) := {ν ∈M1(S) : max
1≤i≤k

|〈 fi , ν〉 − 〈 fi , η〉| < δ}.

Groeneboom, Oosterhoff and Ruymgaart [147] seem to have been the first to
study large deviations using the τ -topology, which was also used by Csiszár [70],
and later by many authors. Clearly, a l.d.p. for a stronger topology refines the esti-
mates in Definition 1.12. Besides this potential improvement, the main motivation
comes from the range of applicability, as the need to treat tansformations which
are not continuous for the weak topology. Examples in [147] include ‘trimmed’
means and other statistics important for their robustness.

This analysis does not fit into the framework of Theorem 1.40, since generally
M1(S) will be neither separable nor metrizable, with the τ -topology. Measurabil-
ity problems could also arise if we consider the Borel σ -field for the τ -topology
on M1(S): simply, the map x ∈ S &→ δx might not be measurable. A natural σ -
field (smaller but containing the U (η, f1, . . . , fk, δ) above) is that generated by
the maps p f (ν) := 〈 f, ν〉, with f ∈ Bb(S), i.e. the smallest σ -field making mea-
surable (from M1(S) to (R,B(R)) each of the maps p f . If S is a Polish space,
this indeed coincides with the Borel σ -field of M1(S) for the w∗-topology, as we
easily see from Part (b) of Lemma 1.38.
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If S is a Polish space, it is not hard to extend the conclusion of Theorem 1.40
to the τ -topology (see e.g. Theorem 3.2.21 in [87] for a proof). If c < +∞, the
set {ν ∈M1(S) : H(ν|µ) ≤ c} is τ -compact (and τ -sequentially compact).

The proof can also be achieved through the projective limit approach formal-
ized by Dawson and Gärtner in [72], and in some sense initiated in [147]. More
general spaces can be treated, provided we endow M1(S) with the σ -field gener-
ated by the maps p f , f ∈ Bb(S). One may get rid of topological considerations
on S and take (S,B(S)) a standard Borel space. Let Bb(S)∗ be the algebraic dual
of Bb(S) (a Banach space with ‖ · ‖∞) with the weak topology induced by Bb(S),
i.e. the coarsest one under which the evaluation maps ν ∈ Bb(S)∗ &→ ν( f ) are
continuous. Identifying ν ∈M(S) with the map f &→ ∫

f dν, M1(S) is embed-
ded in the unitary ball of Bb(S)∗. The previous considerations based on subad-
ditivity provide a weak l.d.p. for Ln . Since the unitary ball is compact for the
topology under consideration we get indeed a full l.d.p. on this larger space. In
order to get a l.d.p. on M1(S) with the restricted topology, it suffices to know that
the rate function is +∞ outside M1(S). This is usually the delicate point (see
Section 3.5 of [72], Section 4.6 of [85]).

Concerning empirical processes, we study only the case of finite S. Another
proof of the results in Section 1.3 will be seen in Chapter 3, with extension to
interacting systems on Zd .



2

Small random perturbations of
dynamical systems. Basic estimates

of Freidlin and Wentzell

This chapter deals with an example of large deviation estimates in infinite dimen-
sional spaces. It refers to the trajectories of a class of continuous stochastic pro-
cesses obtained by imposing a small ‘white noise’ on certain simple deterministic
systems. The basic set-up is that of a stochastic process X x,ε = (X x,ε

t : t ≥ 0)
formally described as

d X x,ε
t = b(X x,ε

t )dt + εαt , t ≥ 0,

X x,ε
0 = x,

(*)

where b(x) is a vector field on Rd with proper regularity and growth condition and
α is a ‘white noise’ in Rd . Formally, αt would be the ‘derivative’ of a Brownian
motion and as such it cannot be realized as an Rd -valued function (Theorem 2.16);
we should consider equation (*) in the following integral form:

X x,ε
t = x +

∫ t

0
b(X x,ε

s ) ds + εWt , (**)

where (Wt ) is an Rd -valued Brownian motion. Independently of precise defini-
tions, as ε → 0 we expect X x,ε to converge to the deterministic system X x,0, the
unique solution of

d X x,0
t = b(X x,0

t )dt, t ≥ 0,

X x,0
0 = x .

(2.1)

The problem of estimating the probability of ‘rare events’ for X x,ε, for ε > 0
small, fits into the frame of Section 1.2. These estimates may be obtained as an
application of the Cramér theorem in the separable Banach space C([0, T ],Rd)

(Theorem 1.27). This is discussed briefly at the end of Section 2.4. Instead, we
now follow a more direct proof, as developed by Freidlin and Wentzell in [295],

64
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and which has been systematically discussed and extended in their book [122].
Earlier related results were obtained by Borovkov [26] and Schilder [264].

In order to provide some minimal self-sufficiency to this text, we start by re-
calling one of the many classical constructions and a few basic properties of the
Wiener process, Itô integrals, and simple Itô processes. The reader already famil-
iar with such topics should go directly to Section 2.4. On the other hand, for more
detail on the material to be reviewed briefly in Section 2.2 and Section 2.3, we
refer to [173] or [138]. Together with these books, some of the many available
references for the material in Section 2.1 are [121, 153, 181], which we follow at
some points.

2.1 Brownian motion
In this section we quickly review a construction and some basic properties of
Brownian motion (also called the Wiener process). They will be used for our
discussion of large deviation principles within the theory of Freidlin and Wentzell
(Section 2.4), and its application to metastability (Chapter 5).

Definition 2.1 A collection of random variables (Wt : 0 ≤ t ≤ T ) defined on
some probability space (�,A, P) is called a standard Brownian motion on R,
starting at 0, if:

(a) P(W0 = 0) = 1;
(b) for each m ≥ 1, each 0 = t0 < t1 < · · · < tm ≤ T , Wti+1 − Wti , 0 ≤ i ≤

m − 1 are independent random variables and Wti+1 − Wti has Gaussian dis-
tribution with zero average and variance ti+1 − ti , with density given by

1√
2π(ti+1 − ti )

exp

{
− 1

2(ti+1 − ti )
y2
}
, y ∈ R; (2.2)

(c) for each ω ∈ �, the trajectory (or path) t &→ Wt (ω) is continuous on [0, T ].
For the reader not yet familiar with the subject, it is natural to ask: does such a

process exist? is it ‘unique’ in some sense?

Observe first that conditions (a) and (b) of Definition 2.1 determine what the
finite dimensional distributions should be, and can be replaced by the following:
(b)′ For each m ≥ 1, each 0 < t1 < · · · < tm ≤ T , the distribution of

(Wt1 , . . . , Wtm ), denoted by pt1,...,tm , is a Gaussian measure on Rm with
zero average and covariance matrix ! := ((ti ∧ t j )i, j ), i.e.

pt1,...,tm (dx) = 1

(2π det!)m/2
exp

{
−1

2
〈x, !−1x〉

}
dx . (2.3)

Notation. t ∧ s = min{s, t}, t ∨ s = max{s, t}.
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It is quite simple to check the consistency of the family {pt1,...,tm }, i.e.

pt1,...,tk−1,tk+1,...,tm+1(A)

= pt1,...,tm+1{(x1, . . . , xm+1) : (x1, . . . , xk−1, xk+1, . . . , xm+1) ∈ A},
for each m ≥ 1, each t1 < · · · < tm+1, each A ∈ B(Rm). Thus, the extension the-
orem of Kolmogorov (see e.g. Theorem 2.2, Chapter 2 of [173]) tells us that there
exists a probability measure P̃ on the functional space �̃ = R[0,T ] whose finite
dimensional projections are the pt1,...,tm . More precisely, let Ã denote the Borel
σ -field for the product topology on �̃ or, equivalently, the σ -field generated by
the field of the finite dimensional cylinder sets of the form

{ω̃ ∈ �̃ : (ω̃(t1), . . . , ω̃(tm)) ∈ A},
where m ≥ 1, 0 ≤ t1 < · · · < tm ≤ T , A ∈ B(Rm). There exists a unique proba-
bility P̃ on Ã such that

P̃{ω̃ ∈ �̃ : (ω̃(t1), . . . , ω̃(tm)) ∈ A} = pt1,...,tm (A),

for each cylinder set as above. This construction is nevertheless very poor. It does
not even allow the verification of condition (c) in Definition 2.1, since

C([0, T ],Rd) := { f ∈ �̃ : f is continuous}
is not an element of Ã.

There are many ways to go beyond the above construction. For an overview we
refer to some of the books on this subject, for example [121, 153, 173]. Let us now
see a particular construction, first provided by Lévy (1948) and later simplified by
Ciesielski (1961). It is based on the following simple but important observation.

Lemma 2.2 (Lévy) Assume (a) and (b) of Definition 2.1. If t1 < t < t2, the con-
ditional distribution of Wt given Wt1 and Wt2 is Gaussian with average

µ(t) = t2 − t

t2 − t1
Wt1 +

t − t1
t2 − t1

Wt2 (2.4)

and variance

σ 2(t) = (t − t1)(t2 − t)

t2 − t1
. (2.5)

Consequently, for any such t , Wt may be represented as

Wt = µ(t)+ σ(t)ξ, (2.6)

where ξ is a standard Gaussian random variable (i.e. average zero and unit
variance) independent of (Ws : s ∈ [0, t1] ∪ [t2, T ]).
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Proof The last statement follows at once from the first, since due to the prop-
erty of independence of increments, the processes (Wu : 0 ≤ u < t1), (Wu : t1 <

u < t2) and (Wu : t2 < u ≤ T ) are conditionally independent given Wt1
and Wt2 .

The computation leading to the first statement is quite simple. We first consider
the case t1 = 0 (and so Wt1 = 0 a.s.). In this situation (Wt , Wt2) has a density
given by

f (x, y) = 1√
2π t

e−
1
2

x2
t

1√
2π(t2 − t)

e
− 1

2
(y−x)2

(t2−t) ,

and the conditional density of Wt given Wt2 = y can easily be checked to be

f (x, y)∫
R f (u, y) du

= 1√
2π t (t2−t)

t2

exp

{ −1

2t (t2 − t)/t2
(x − t

t2
y)2
}
,

which agrees with (2.4), (2.5) when t1 = 0, Wt1 = 0.
For the general case, notice that under our assumptions Wt1 is independent of

(Wt − Wt1 , Wt2 − Wt1), which has the same law as (Wt−t1 , Wt2−t1). We are easily
reduced to the previous situation. �

The main idea behind Lévy’s construction is to build a process with continuous
trajectories satisfying conditions (a) and (b) of Definition 2.1 as a limit of an
interpolation procedure, where we repeatedly use the expression (2.6).

Let us consider a probability space (�,A, P) on which we have defined an
infinite sequence of i.i.d. standard Gaussian random variables (ξn) (this can be
done for example on the interval [0, 1] with the usual Borel σ -field and uniform
distribution).

For simplicity let us fix T = 1. For n a non-negative integer we set

Dn := {k/2n : k = 0, 1, . . . , 2n}, D∞ :=
⋃
n≥0

Dn,

and define inductively a sequence of processes X (n), n ≥ 1.
If n = 0 we set X (0)

0 = 0, X (0)
1 = ξ0, and interpolate linearly in between:

X (0)
t = tξ0, 0 ≤ t ≤ 1. (2.7)

Having constructed X (n), we define X (n+1) in such a way that: on Dn it coin-
cides with X (n); on Dn+1 \ Dn we use the construction suggested by Lemma 2.2;
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finally on [0, 1] \ Dn+1 we do linear interpolation. That is

X (n+1)
t =



X (n)
t if t ∈ Dn,

X (n)
t + 2−(n/2+1)ξi(t) if t ∈ Dn+1 \ Dn,

i(t) = 2n + (2n+1t − 1)/2,

(2n+1 t − k)X (n+1)
(k+1)/2n+1 if k/2n+1 < t < (k + 1)/2n+1,

+ (k + 1− t 2n+1)X (n+1)
k/2n+1 k = 0, 1, . . . , 2n+1 − 1.

From Lemma 2.2 and proceeding by induction, we see that the distribution of
(X (n)

t : t ∈ Dn) coincides with that prescribed by conditions (a) and (b) of Defi-
nition 2.1, for each n.

The main point is then the following.

Lemma 2.3 (Lévy) There exists �0 ∈ A with P(�0) = 1 and such that for ω ∈
�0, X (n)

t (ω) converges uniformly on t ∈ [0, 1], as n →+∞.

Before proving this lemma, notice that it gives a construction of Brownian motion,
according to Definition 2.1. Indeed, if �0 is the full set in Lemma 2.3 we may set

Wt (ω) =
{

limn→+∞ X (n)
t (ω) if ω ∈ �0,

0 otherwise.

Due to the uniform convergence, t &→ Wt (ω) is continuous; condition (a) of
Definition 2.1 is immediate and, according to previous observations, it satisfies
the restriction of condition (b) to t1, . . . , tm ∈ D∞. But, since D∞ is dense, the
continuity implies condition (b) of Definition 2.1.

Proof of Lemma 2.3 From the construction we have

max
0≤t≤1

∣∣∣X (n+1)
t (ω)− X (n)

t (ω)

∣∣∣ = 2−(n/2+1) max
2n≤ j<2n+1

∣∣ξ j
∣∣

so that

P

(
max

0≤t≤1

∣∣∣X (n+1)
t − X (n)

t

∣∣∣ ≥ εn

)
≤ 2n P(|ξ1| > 2n/2+1εn)

≤ 2n+1 1√
2π

1

2n/2+1εn
e−2n+1ε2

n

= 1√
2π

2n/2

εn
e−2n+1ε2

n ,

(2.8)

where we have used the simple inequality (1.79). Taking εn = n−r with r > 1 we
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already see that

+∞∑
n=1

P

(
max

0≤t≤1

∣∣∣X (n+1)
t − X (n)

t

∣∣∣ ≥ εn

)
< +∞.

Since
∑+∞

n=1 εn < +∞ , by the Borel–Cantelli lemma we get

+∞∑
n=1

max
0≤t≤1

∣∣∣X (n+1)
t − X (n)

t

∣∣∣ < +∞ a.s.,

which proves the lemma. �

A better estimate is achieved if εn is replaced by ε′n = (c(n + 1) log 2)1/2/2n/2+1,
with c > 2. (Notation. log = loge everywhere in the text.) For this choice the
right-hand side of (2.8) is bounded from above by

2(2−c)n/22−c/2√
c(n + 1) log 2

,

which is summable for c > 2, in which case

P

(
max

0≤t≤1

∣∣∣W (n+1)
t − W (n)

t

∣∣∣ ≥ ε′n i.o.

)
= 0.

Notation [An i.o.] = ∩n≥1 ∪k≥n Ak = lim supn→+∞ An .

Remark Of course, the consideration of T = 1 is just a simplification. The same
works on any compact interval [0, T ].

A simple extension of Definition 2.1 consists in the following.

Definition 2.4 A stochastic process W = (Wt : 0 ≤ t ≤ T ) defined on a given
probability space (�,A, P) is said to be a Brownian motion with constant drift
b ∈ R, diffusion coefficient σ 2 > 0, and initial point x ∈ R iff:

(a) P(W0 = x) = 1;
(b) if n ≥ 1 and 0 = t0 < t1 < · · · < tn ≤ T, Wti+1 − Wti , 0 ≤ i ≤ n − 1, are

independent Gaussian random variables with averages (ti+1 − ti )b and vari-
ances (ti+1 − ti )σ 2;

(c) for each ω, the function t &→ Wt (ω) is continuous.
(b = 0, σ 2 = 1 corresponds to a standard Brownian motion starting at x .)

Remark 2.5 If W 0 is a standard Brownian motion starting at 0, then Wt = x +
bt + σW 0

t describes a Brownian motion with constant drift b, diffusion coefficient
σ 2 and initial point x , and conversely.

Remark 2.6 It is natural to extend Definitions 2.1 and 2.4 to the time interval
[0,+∞). Given Lemma 2.3, the construction of such a process presents no prob-
lem. For example, taking two independent sequences (ξ ′n), (ξ ′′n ) as in the previous
construction, and applying the previous prescription to each of them, we get two
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independent standard Brownian motions (W ′
t : 0 ≤ t ≤ 1) and (W ′′

t : 0 ≤ t ≤ 1).
We may now define Wt = W ′

t for 0 ≤ t ≤ 1 and Wt = W ′
1 + tW ′′

1/t − W ′′
1 for

t > 1. This process (Wt : 0 ≤ t < +∞) satisfies the requirements, but we omit
the details (see e.g. Section 2.3 in [153]).

Remark 2.7 (Wiener measure. The canonical process) As already mentioned,
there are several different constructions of Brownian motion which, besides re-
vealing different aspects of the process, might indeed give different objects. Nev-
ertheless, under the conditions of Definition 2.1 we may always consider the map
R : �→ C([0, T ],R) defined as

R(ω)(t) = Wt (ω). (2.9)

We may endow the space C0,T := C([0, T ],R) with its Borel σ -field B(C0,T )

for the usual uniform topology. It is simple to see that B(C0,T ) coincides with the
σ -field generated by the projections (πt : 0 ≤ t ≤ T ), where

πt (ψ) = ψ(t), (2.10)

if t ∈ [0, T ], ψ ∈ C0,T . That is, B(C0,T ) is the σ -field generated by the field of
the finite dimensional cylinder sets of the form

D A
(t1,...,tn)

= {ψ ∈ C([0, T ],R) : (ψ(t1), . . . , ψ(tn)) ∈ A}, (2.11)

with n ≥ 1, 0 ≤ t1 < · · · < tn ≤ T , and A ∈ B(Rn). In particular, the map R de-
fined by (2.9) is measurable. If P0 denotes the measure it induces on C([0, T ],R),
then

P0(D A
t1,...,tn ) = pt1,...,tn (A), (2.12)

cf. (2.3), for t1 > 0. Therefore the measure P0 is completely determined by
Definition 2.1. It is usually called the (standard) Wiener measure.

If b ∈ R and σ �= 0, the affine map

ψ &→ x + bt + σψ(t), (2.13)

transforms P0 into the law of a Brownian motion starting at x , with constant drift
b and diffusion coefficient σ 2, that we denote by Px,b,σ 2 . When b = 0, σ 2 = 1
we write simply Px .

On the space (C0,T ,B(C0,T )) we may then consider the canonical process
(πt )0≤t≤T , and the family of measures (Px )x∈R as the ‘canonical’ Brownian mo-
tion family. Similarly, for the time interval [0,+∞) and b �= 0, σ 2 > 0 we take
the space C([0,+∞),R).

We need to extend this to higher dimensions.

Definition 2.8 Let d ≥ 1 be an integer.
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(i) A d-dimensional standard Brownian motion starting at x = (x1, . . . , xd) ∈
Rd is an Rd -valued stochastic process Wt = (W (1)

t , . . . , W (d)
t ), 0 ≤ t ≤ T

for which the coordinates (W (i)
t : 0 ≤ t ≤ T ) are mutually independent

standard real Brownian motions starting at xi , for i = 1, . . . , d (similarly
for the time interval [0,+∞)).

(ii) If b ∈ Rd and σ is a d × d matrix with real entries, we say that (Wt )

is a Brownian motion with constant drift b and diffusion matrix a :=
σ · σT when it can be written as Wt = σ W̃t + t b, with (W̃t ) a stan-
dard Brownian motion on Rd . Here σT denotes the transpose of σ , so
that ai, j =

∑d
k=1 σi,kσ j,k , and (σ W̃ )(i) :=∑d

k=1 σi,k W̃ (k). To have a gen-
uinely d-dimensional process we assume σ invertible and let S+d×d :=
{a : a is a d × d symmetric positive definite matrix (real entries)}.

Remark 2.9 (Wt ) is a d-dimensional Brownian motion starting at x ∈ Rd , with
drift b ∈ Rd and diffusion matrix a ∈ S+d×d , if and only if:

(a) P(W0 = x) = 1;
(b) for each s < t , Wt − Ws is independent of AW

s := σ(Wu : u ≤ s) and has a
Gaussian distribution with average (t − s)b and covariance matrix (t − s)a,
i.e. for each A ∈ B(Rd),

P(Wt − Ws − (t − s)b ∈ A | AW
s ) = 1√

(2π(t − s))d det a

×
∫

A
e−

1
2(t−s) 〈y,a−1 y〉 dy a.s.,

where 〈·, ·〉 denotes the usual Euclidean inner product in Rd and P(·|·)
stands for the conditional probability;

(c) W has continuous paths.

Some basic properties of Brownian motion

Martingale properties
Definition 2.10 Given a probability space (�,A, P), a non-decreasing family
of sub σ -fields of A, (At ), here indexed by t ≥ 0, is called a filtration in A. A
stochastic process (Xt ), understood as a family of random variables in this space,
is said to be (At )-adapted if, for each s, Xs is As-measurable. The process (Xt )

is said to be a martingale with respect to (At ) if and only if:
(i) (Xt ) is (At )-adapted and Xt is integrable, for each t ;

(ii) E(Xt |As) = Xs a.s., for all s < t .

Examples (1) Let (AW
t ) be the filtration generated by a standard one-dimensional

Brownian motion, as defined in Remark 2.9. A simple computation shows that
(Wt ) and ((Wt )

2 − t) are both martingales with respect to (AW
t ).

(2) From Remark 2.9, and since the Gaussian distribution on Rd with aver-
age b̃ and covariance matrix ã ∈ S+d×d is characterized by its moment generating
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function exp{〈ζ, b̃〉 + 1
2 〈ζ, ãζ 〉}, we see at once that (Wt ) is a d-dimensional

Brownian motion starting at x ∈ Rd , with drift b ∈ Rd and diffusion matrix
a ∈ S+d×d , if and only if it has continuous paths, P(W0 = x) = 1 and for any
ζ ∈ Rd , s < t :

E
(

exp{〈ζ, Wt − Ws〉} | AW
s

)
= exp

(
(t − s){〈ζ, b〉 + 1

2
〈ζ, aζ 〉}

)
a.s.

(2.14)
The validity of (2.14) for all s < t corresponds to the martingale property of

Z ζ
t (W ) := exp

{
〈ζ, Wt 〉 − t〈ζ, b〉 − t

2
〈ζ, aζ 〉

}
, t ≥ 0, (2.15)

with respect to (AW
t ).

From the previous example we conclude the following.

Proposition 2.11 The law of a d-dimensional Brownian motion with constant
drift b, diffusion matrix a ∈ S+d×d and initial point x is the unique probability
Px,b,a on the Borel σ -field B0∞ := σ(πs : s ≥ 0) of C([0,+∞),Rd) such that:

(i) Px,b,a(π0 = x) = 1;
(ii) under Px,b,a , for each ζ ∈ Rd , the process

Z ζ
t (π) = exp

{
〈ζ, πt 〉 − t〈ζ, b〉 − t

2
〈ζ, aζ 〉

}
, t ≥ 0, (2.16)

is a martingale with respect to the canonical filtration (B0
t ), with B0

t :=
σ(πs : s ≤ t).

Markov property
Remark 2.9 implies the Markov property of Brownian motion. Usually under-
stood as the conditional independence of the ‘future’ and the ‘past’, given the
‘present’, it is also described by the property that

P(Wt+ · ∈ B | AW
t ) = P(Wt+ · ∈ B | Wt ) a.s. for B ∈ B0

∞. (2.17)

Due to the independence of the increments one has indeed more than (2.17): the
process (Wt+s − Wt : s ≥ 0) is independent of AW

t , and due to the stationarity
of the increments, its distribution is the same as that of (Ws : s ≥ 0) starting at 0.
In other words, the measures Px,b,a on the space C([0,+∞),Rd) are such that
for each t , Pπt ,b,a is a regular conditional distribution for πt+ · given B0

t (see e.g.
[121] or [173]).

Markov processes with suitable regularity usually share a strong form of the
Markov property, which consists in the extension of the Markov property to a cer-
tain class of random times; knowing the position of the process at such time we
can forget the past, the process starts afresh from this position. Before introduc-
ing the necessary definitions let us observe that this cannot hold for all random
times: as a prototype of a random time for which it should not hold consider a
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one-dimensional Brownian motion and the time of the last visit to the origin be-
fore time 1. It is clear that the process does not start afresh at this time.

Definition 2.12 Let (At ) be a filtration on some probability space (�,A, P).
(a) A random variable τ : �→ [0,+∞] is said to be a stopping time if [τ ≤
t] ∈ At for each t > 0. In such a case we define Aτ = {A ∈ A : A ∩ [τ ≤ t] ∈
At , for each t > 0}, which represents the information ‘up to τ ’.
(b) If instead the event [τ < t] belongs to At for each t > 0 we say that
τ is an optional time. In such a case we define Aτ+ = {A ∈ A : A ∩ [τ < t]
∈ At , for each t > 0}, which represents the information ‘up to right after τ ’.

Remarks (i) It easily follows from the definition that τ is an optional time if and
only if it is a stopping time for the filtration (At+ ), where At+ := ∩ε>0At+ε. In
particular, each stopping time is an optional time and the concepts coincide when
the filtration is right-continuous, i.e. when At+ = At for each t ≥ 0. We shall
work mostly with such filtrations, so that the concept of optional time will not be
important.

(ii) If τ is a stopping time, Aτ ⊆ Aτ+ are σ -fields and τ is Aτ -measurable.
The same measurability applies to Xτ , provided (Xt ) is an Rd -valued stochastic
process adapted to the given filtration, and with right-continuous trajectories. (If
τ is optional, Aτ+ is still a σ -field on which τ is measurable.) For more details,
see Section 1.2 of [173].

Examples Let (Xt ) be an Rd -valued stochastic process with continuous trajecto-
ries, adapted to a given filtration. If A ⊆ Rd is a closed set, it is easy to verify that
the hitting time to A, defined as τ(A) = inf{t ≥ 0: Xt ∈ A}, is a stopping time
for the given filtration. (τ(A) is optional if A is open, provided the trajectories
are right-continuous.) This example will be mostly used later. When A = {x} we
write simply τ(x).

Proposition 2.13 Let (Wt : t ≥ 0) be a d-dimensional Brownian motion with drift
b and diffusion matrix a, defined on some probability space (�,A, P) and let
(At ) be a filtration such that (i) At ⊇ AW

t for each t ≥ 0; (ii) (Wt+s − Wt : s ≥
0) is independent of At , for each t ≥ 0. Then for any finite optional time τ

(Wτ+s − Wτ : s ≥ 0) is a d-dimensional Brownian motion independent of Aτ+ ,
with drift b and diffusion matrix a, starting at x = 0.

We omit the proof of this proposition, but just point out the basic idea: approxi-
mate τ by τn(ω) := min{ j/2n : j/2n > τ(ω)} and use the usual Markov property
together with the (right) continuity of trajectories. This is essentially the standard
argument used for the proof of the Doob optional sampling theorem for (right)
continuous martingales, from which the proposition can indeed be deduced, once
we use the exponential martingales Z ζ

t (W ) given by (2.15). (For a proof see e.g.
Section 2.6, Chapter 1 in [173], or Section 1.3 in [121].)
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An application of the strong Markov property to one-dimensional Brownian
motion yields the following classical result due to Désiré André and which goes
under the name of ‘reflection principle’ due to its geometric interpretation.

Theorem 2.14 (Reflection principle) Let (Wt ) be a standard one-dimensional
Brownian motion, starting at 0. Then, if t ≥ 0, y > 0:

P(max
s≤t

Ws ≥ y) = 2P(Wt ≥ y).

Proof Let

τ(y) = inf{t ≥ 0: Wt = y}.
We can verify that τ(y) is an a.s. finite stopping time. Since P(Wt = y) = 0 we
write

P(max
s≤t

Ws ≥ y) = P(τ (y)< t) = P(τ (y)< t, Wt > y)+P(τ (y)< t, Wt < y).

Clearly P(τ (y) < t, Wt > y) = P(Wt > y). As for the second term, we recall
that the process starts afresh at τ(y) and that (by symmetry) the probability of
a negative increment in the remaining time is the same as that of a positive one.
This gives

P(τ (y) < t, Wt < y) = P(Wt > y).

(To be fully rigorous, we condition on τ(y), which is AW
τ(y)-measurable, and use

Proposition 2.13.) �

Remark The same argument gives P(maxs≤t Ws > y, Wt < y − x) = P(Wt >

y + x), for x > 0, y > 0.

A few sample path properties
Theorem 2.15 below summarizes a classical result of Lévy (1940) which de-
scribes the behaviour of the quadratic variation of the trajectories, along a se-
quence of increasing partitions. This is important for the consideration of Itô’s
stochastic integral.

If q = {0 = t0 < · · · < tm = T } represents a finite partition of the inter-
val [0, T ] into subintervals with endpoints ti (i = 0, . . . ,m), we call δq =
max0≤i≤m−1(ti+1 − ti ), and for any function ϕ : [0, T ] → R, and r > 0 we set

var(r)q (ϕ) =
m−1∑
i=0

|ϕ(ti+1)− ϕ(ti )|r , (2.18)

the r th variation of ϕ, relative to q . When r = 2 we call it the squared variation.
Having fixed this notation we may state and prove the following.
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Theorem 2.15 (Lévy) Let W be a one-dimensional Brownian motion, with dif-
fusion coefficient σ 2 > 0. If (qn) is a sequence of finite partitions of [0, T ] such
that q1 ⊆ q2 ⊆ . . . and δqn → 0 as n →+∞, then

var(2)qn
(W ) −→

n→+∞ σ 2T a.s.

Remark A related natural question refers to the true quadratic variation of Brow-
nian paths on [0, T ], i.e. limε→0 supδq<ε var(2)q (W ). The classical law of the iter-
ated logarithm is a way to see that this should be +∞ a.s. (see also Section 1.4
of [121], or Section 2.3 of [181]). When considered in the strong sense, the r th
variation of the trajectories of W equals a.s. 0 if r > 2 and +∞ if r ≤ 2. To get a
finite and non-zero limit the power must be replaced by a different function (see
e.g. Chapter 5 in [181]). We will not use such properties in this text.

Proof Using (2.13) and the path continuity we reduce to the case of a standard
Brownian motion starting at 0. Let qn = {0 = tn

0 < tn
1 < · · · < tn

kn
= T } and vn =

var(2)qn (W ). Let us start by observing that the limit, if it exists, must be as in the
statement. Indeed, by the independence of the increments and since E(Z4) =
3σ 4, for Z a Gaussian variable with zero average and variance σ 2, we have

E(vn − T )2 = E

∣∣∣∣∣kn−1∑
i=0

{∣∣∣Wtn
i+1
− Wtn

i

∣∣∣2 − (tn
i+1 − tn

i )

}∣∣∣∣∣
2


= 2
kn−1∑
i=0

(tn
i+1 − tn

i )
2 ≤ 2T δqn,

which shows that vn tends to T in L2. The above inequality shows that vn tends
to T a.s. if

∑+∞
n=1 δqn < +∞, by the Borel–Cantelli lemma. Nevertheless the the-

orem requires only δqn tending to 0. This can be seen as an application of the
Doob theorem on convergence of martingales. The main point, a consequence
of the symmetry and the independence of increments of Wt , is contained in the
following.

Claim If q1 ⊆ q2 ⊆ . . . are finite partitions of [0, T ] then E(vn | vn+1, vn+2,

. . . , vn+k) = vn+1 a.s. for each n ≥ 1, k ≥ 1.

To check the above claim one constructs, for each n, a process (Yn(s, t) : (s, t) ∈
[0, 1]× [0, T ]) via

Yn(s, t) =
k−1∑
i=0

ηi+1(s)(Wtn+1
i+1

− Wtn+1
i

)+ ηk+1(s)(Wt − Wtn+1
k

),

if t ∈ [tn+1
k , tn+1

k+1 ), for some k = 0, . . . , kn+1 − 2, or t ∈ [tn+1
k , tn+1

k+1 ] and k =
kn+1 − 1, and where η1, η2, . . . form a Rademacher sequence in [0, 1], namely

ηi (u) = 2ζi (u)− 1,
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with ζi (u) the i th digit in the binary expansion of u . Notice that ηi are i.i.d. ran-
dom variables on ([0, 1],B([0, 1]), λ1) (λ1 denoting the Lebesgue measure); each
takes the values 1 and −1 with probability 1/2 each. In other words, (ηi : i ≥ 1)
forms an orthonormal system in L2([0, 1],B([0, 1]), λ1). We also take the se-
quence (ηi ) as independent of W (e.g. replacing the original probability space �

by �× [0, 1] with the product measure P × λ1).
We observe the following.
(i) Since we have assumed no drift, the distribution of Wt ′′ − Wt ′ is symmetric

around 0. This implies that for each s fixed Yn(s, · ) is a standard Brownian
motion.

(ii) If t ′, t ′′ ∈ [tn+1
i , tn+1

i+1 ] (i = 0, . . . , kn+1 − 1), then∣∣Yn(s, t ′′)− Yn(s, t ′)
∣∣2 = |Wt ′′ − Wt ′ |2 ,

for each s ∈ [0, 1]. In particular:

var(2)qn+i
(Yn(s, ·)) = vn+i , if i ≥ 1.

(iii)
∫ 1

0 var(2)qn (Yn(s, · ))ds = vn+1 a.s.
To check (iii) we first assume that qn+1 is obtained from qn by the addition of

a single t∗ ∈ (tn
i , tn

i+1). In this case

var(2)qn
(Yn(s, · ))− vn+1 =

∣∣∣ηi+1(s)(Wt∗ − Wtn
i
)+ ηi+2(s)(Wtn

i+1
− Wt∗)

∣∣∣2
−
∣∣∣Wt∗ − Wtn

i

∣∣∣2 − ∣∣∣Wtn
i+1
− Wt∗

∣∣∣2 .

Integrating over s ∈ [0, 1], using the orthonormality of (η j ) as well as the inde-
pendence of the variables (η j ) and W , we get (iii). A similar argument applies to
the general case.

If g : Rk → R is a bounded Borel function we may write:

E(vn g(vn+1, . . . , vn+k))

= E
(

var(2)qn
(Yn(s, · )) g(var(2)qn+1

(Yn(s, · )), . . . , var(2)qn+k
(Yn(s, · ))

)
= E

(
var(2)qn

(Yn(s, · )) g(vn+1, . . . , vn+k)
)
,

for each s ∈ [0, 1], where we have used (i) in the first equality and (ii) in the
second. Integrating in s and using (iii) we have:

E(vn g(vn+1, . . . , vn+k))

= E

(∫ 1

0
var(2)qn

(Yn(s, · )) ds g(vn+1, . . . , vn+k)

)
= E(vn+1 g(vn+1, . . . , vn+k)),

proving the claim.
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The claim above tells that (vn) is a reversed martingale (i.e. taking the index
set N with the reversed order and filtration Ãn := σ(v j : j ≥ n), for each n ≥ 1).
As a consequence of the classical Doob convergence theorem for martingales (see
e.g. [173]) it must converge a.s. as n →+∞. Due to the previous observation on
the L2 convergence, this concludes the proof. �

Concerning their irregular behaviour, another interesting property of Brownian
paths is described by the following classical result whose proof we omit (see e.g.
Chapter 1 of [121], or Chapter 2 of [173]).

Theorem 2.16 (Paley, Wiener and Zygmund (1933)) For almost all ω the path
t &→ Wt (ω) is nowhere differentiable.

2.2 Itô’s integral
Brownian motion plays a fundamental role in the construction of an important
class of Markov processes in Rd , also called diffusion processes. Loosely speak-
ing, these correspond to those Markov processes with continuous paths which can
be described in terms of local characteristics. Stochastic integration

∫ t
0 ϕsdWs is

a basic tool in their description. Nevertheless, as a consequence of Theorem 2.15,
almost all Brownian paths have unbounded variation on the interval [0, t] and in-
terpretation of the integral cannot be that of a pathwise Stieltjes integral. In this
section we summarize the most basic facts of stochastic integration in the sense
of Itô, as they will be needed later on. This is a very brief summary; for more de-
tails and discussion we refer to any of the many classical books on the subject. To
make it easier for those who want to work out the details, we try to give precise
references in terms of [173].

Let us start by fixing a probability space (�,A, P) on which there is defined
a standard one-dimensional Brownian motion (Wt ). On this space we consider a
filtration (At ) so that:

Assumptions 2.17
(i) A0 contains all P-null sets for A∞, where A∞ := ∨t≥0At := σ(∪t≥0At ),

the smallest σ -field containing.
(ii) AW

t ⊆ At for each t .
(iii) E(Wt − Ws |As) = 0 a.s., E((Wt − Ws)

2|As) = t − s a.s. for 0 ≤ s ≤ t .
One example of such a filtration is the ‘augmentation’ of AW

t , also called the
enlarged Brownian filtration, defined as

ÃW
t := AW

t ∨N := σ(AW
t ∪N ), (2.19)

where N is the class of all P-null sets for AW∞ (i.e. N ∈ N iff there exists M ∈
AW∞ with P(M) = 0 and N ⊆ M).
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Another commonly used example is when in (2.19) AW
t is replaced by AW

t ∨
A∗, where A∗ is a sub σ -field of A, independent of AW∞, and accordingly N is
replaced by the class of P-null sets for AW∞ ∨A∗. This is particularly suitable
for the introduction of a random starting point ξ0 with some distribution µ. If the
initial process (Wt ) starts at 0, and is independent of ξ0, the new process given by
ξ0 + Wt has initial distribution µ. Its law is given by Pµ(A) := ∫R Px (A)µ(dx).

Remark Example (2.19) has the property of right-continuity, i.e. ÃW
t = ÃW

t+ =⋂
s>t ÃW

s . (Here we need the ‘augmentation’ or enlarged filtration.) A right-
continuous filtration, which also satisfies condition (i) of Assumptions 2.17 is
said to satisfy the ‘usual conditions’. These are useful in martingale theory and
for the development of a more general stochastic calculus, since they allow us to
find ‘separable’ versions of martingales and to obtain the Doob–Meyer decom-
position. Since we stay in the context of Brownian motion, we omit the general
discussion here (see Section 1.2 of [173]).

We now define the class of ‘integrands’. Having fixed a filtration verifying As-
sumptions 2.17, we simply say that a process is adapted if it is (At )-adapted. Let
T > 0 be fixed, and define

H0,T = {ϕ : [0, T ]×�→ R , (B[0, T ]×A∞)-measurable, adapted,

and |||ϕ|||20,T := E

(∫ T

0
|ϕs |2 ds

)
< +∞}.

(2.20)

Notation ϕt (·) = ϕ(t, · ). When no confusion arises we use the shorter notation
ϕt .

Identifying any two processes ϕ and ψ if |||ϕ − ψ |||20,T = 0, H0,T can be viewed

as a subspace of L2([0, T ]×�,B[0, T ]×A∞) and ||| · |||0,T is the restriction
of the L2-norm for the product measure (Lebesgue ×P). (In this case ‘adapted-
ness’ corresponds to the existence of an adapted process in the equivalence class.)

On H0,T let us consider the subspace S of the simple (predictable) processes,
of the type

ϕ(t, · ) = ξ0(·)1[0,t1](t)+
m−1∑
i=1

ξi (·)1(ti ,ti+1](t), (2.21)

where 0 = t0 < · · · < tm = T is a finite (deterministic) partition of [0, T ], ξi is
Ati -measurable and bounded, i = 1, . . . ,m, and 1B denotes the indicator function
of the set B, as before.

For ϕ ∈ S, we define the process (ϕ ◦ W )t , 0 ≤ t ≤ T , by

(ϕ ◦ W )t =
i∗−1∑
i=0

ξi (Wti+1 − Wti )+ ξi∗(Wt − Wti∗ ),
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where i∗ = i∗(t) is given by ti∗ ≤ t < ti∗+1. Equivalently,

(ϕ ◦ W )t =
m−1∑
i=0

ξi (Wt∧ti+1 − Wt∧ti ), (2.22)

for 0 ≤ t ≤ T . The following properties are checked at once for ϕ, ϕ̃ ∈ S:
(a) the paths t &→ (ϕ ◦ W )t are continuous;
(b) ((cϕ + c̃ϕ̃) ◦ W )t = c(ϕ ◦ W )t + c̃(ϕ̃ ◦ W )t P a.s., for c, c̃ ∈ R;
(c) (ϕ ◦ W )t is an (At )-martingale;
(d) (ϕ ◦ W )t (ϕ̃ ◦ W )t −

∫ t
0 ϕu ϕ̃u du is an (At )-martingale.

In particular

E(ϕ ◦ W )2
T = |||ϕ|||20,T . (2.23)

Since we have a continuous martingale, the classical Kolmogorov inequality
(easily extended from the discrete time case) yields, if ϕ, ϕ̃ ∈ S and y > 0,

P

[
sup

0≤t≤T
|(ϕ ◦ W )t − (ϕ̃ ◦ W )t | ≥ y

]
≤ 1

y2
|||ϕ − ϕ̃|||20,T . (2.24)

(See e.g. Theorem 3.8, Section 1.3 of [173] applied to ((ϕ − ϕ̃) ◦ W )2
t .)

We need the following.

Lemma 2.18 S is dense in H0,T for |||·|||20,T .

Postponing the proof of Lemma 2.18, we first see how to use it in order to extend
the definition of the stochastic integral to all H0,T and to check the desired prop-
erties. By Lemma 2.18, given ϕ ∈ H0,T and n ≥ 1 we may take ϕ(n) ∈ S such
that |||ϕ(n) − ϕ|||0,T ≤ 1/n3 and by (2.24) we have that

P

(
sup

0≤t≤T

∣∣∣(ϕ(n) ◦ W )t − (ϕ(n+1) ◦ W )t

∣∣∣ ≥ 1

n2

)
≤ n4

(
2

n3

)2

= 4

n2
. (2.25)

Applying the Borel–Cantelli lemma we conclude that if An is the event on the
left-hand side of (2.25) and N = [An i.o.], then P(N ) = 0 so that N ∈ A0. On
� \ N the sequence (ϕ(n) ◦ W )t (ω) converges uniformly in t . We thus define

(ϕ ◦ W )t (ω) =
{

limn→∞(ϕ(n) ◦ W )t (ω) if ω /∈ N ,

0 if ω ∈ N .
(2.26)

The definition is seen to be well posed. Due to the uniform convergence it
follows that t &→ (ϕ ◦ W )t (ω) is continuous, for each ω. Moreover, (ϕ ◦ W )t is
At -measurable (here we use that the filtration is enlarged) and for each t

lim
n→+∞(ϕ(n) ◦ W )t = (ϕ ◦ W )t in L2-norm,
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as follows at once from (2.23). It is then simple to check that the above properties
(b), (c) and (d) extend to all ϕ, ϕ̃ ∈ H0,T . In particular, for each ϕ ∈ H0,T and
y > 0

P

(
sup

0≤t≤T
|(ϕ ◦ W )t | ≥ y

)
≤ 1

y2
|||ϕ|||20,T . (2.27)

Proof of Lemma 2.18 (Sketch) The appearance of ds in the definition of |||·|||20,T
is due to the fact that (Wt )

2 − t is a martingale. This particularity simplifies the
proof compared to the case of general continuous martingales. (In the general
case, the class of integrands is slightly more restricted, cf. Proposition 2.8, Section
3.2 of [173].) The proof in the present case is adapted from Lemma 4.4, Section
4.2 of [203], omitting some details (see also Problem 2.5, Section 3.2 of [173]).

Let ϕ ∈ H0,T . We want to prove the existence, for k ≥ 1, of ϕ(k) ∈ S so that

lim
k→+∞

∫ T

0
E
∣∣∣ϕs − ϕ(k)

s

∣∣∣2 ds = 0. (2.28)

We first assume that ϕ is bounded and for convenience we set ϕt = 0 for any
t ≤ 0.

(i) Under the present conditions we first check that

lim
u↓0

∫ T

0
E |ϕs − ϕs−u |2 ds = 0. (2.29)

Observe that if ϕ is jointly measurable (not necessarily adapted) with P a.s. con-
tinuous trajectories, then (2.29) follows at once from the bounded convergence
theorem. On the other hand, given ϕ ∈ H0,T bounded, we may take a sequence of
jointly measurable processes ϕ̃

(n)
t with a.s. continuous trajectories, such that

lim
n→+∞

∫ T

0
E
∣∣∣ϕs − ϕ̃(n)

s

∣∣∣2 ds = 0. (2.30)

For this we may take ϕ̃
(n)
t := n

∫ t
t−1/n ϕsds (recall that ϕt = 0 if t ≤ 0). Given

δ > 0, we fix n so that |||ϕ̃(n)
t − ϕt |||0,T ≤ δ and use the triangle inequality for

|||·|||0,T (Minkowski inequality) to conclude that lim supu↓0
∫ T

0 E |ϕs − ϕs−u |2
ds ≤ 2δ.

(If we could guarantee the above ϕ̃(n) also to be adapted, the approximation of
ϕ by simple processes would follow at once. This requires more on the process ϕ

and it is part of the general procedure, beyond the Brownian case, see Section 3.2
of [173].)

(ii) We now consider the processes ϕ
(n,r)
s := ϕαn(s−r)+r , where

αn(s) =
∑
j∈Z

j

2n
1
(

j
2n

j+1
2n ](s), s ∈ R.
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For each r ≥ 0 and n ≥ 1, ϕ(n,r) ∈ S (for this observe that s − 2−n ≤ αn(s −
r)+ r < s), and one can verify that

lim
n→+∞

∫ T

0

(∫ 1

0
E
∣∣∣ϕs − ϕ(n,r)

s

∣∣∣2 dr

)
ds = 0. (2.31)

Inverting the order of integration in dr and ds in (2.31), we conclude the existence
of r ≥ 0 and of a sequence of integers nk ↑ +∞ so that (2.28) holds for ϕ(k) =
ϕ(nk ,r).

To lift the restriction of boundedness, let ϕ(n)
t (ω) := ϕt (ω)1{|ϕt (ω)|≤n}. These

are bounded, belong to H0,T , and applying the dominated convergence theorem
we get

lim
n→+∞

∣∣∣∣∣∣∣∣∣ϕ(n)
t − ϕt

∣∣∣∣∣∣∣∣∣2
0,T

= lim
n→+∞ E

(∫ T

0
(ϕt )

21{|ϕt (ω)|>n}
)
= 0,

which completes the proof. �

Definition 2.19 Given T > 0 and ϕ ∈ H0,T , the process (ϕ ◦ Wt : 0 ≤ t ≤ T ) is
called Ito’s stochastic integral of ϕ. The notation

∫ t
0 ϕsdWs is also used.

Remark 2.20 (i) Extension to the time interval [0,+∞). In the previous set-up,
if (ϕt ) is jointly measurable, adapted, with |||ϕ|||20,T < +∞ for each T > 0, and
we set ϕ

(n)
t = ϕt1{t≤n}, we see that P{(ϕ(n) ◦ W )t = (ϕ(n+1) ◦ W )t for all 0 ≤

t ≤ n} = 1, for each n. This consistency property allows us to define the stochas-
tic integral (ϕ ◦ W )t for all t > 0 in the obvious way.

(ii) Localization. If ϕ ∈ H0,T and τ ≤ τ ′ ≤ T are stopping times for the filtra-
tion (At ),

E((ϕ ◦ W )t∧τ ′ |Aτ ) = (ϕ ◦ W )t∧τ P a.s.

We have:

(ϕ ◦ W )t∧τ = (ϕ(τ) ◦ W )t P a.s.

where ϕ
(τ)
t := ϕt1{t≤τ } (for a proof see Proposition 2.10, Section 3.2 in [173]).

The extension to unbounded stopping times can be done according to the pre-
vious observation (i), provided

∫ T
0 E

∣∣ϕs1{s≤τ }
∣∣2 ds < +∞ for each T < +∞.

This procedure, called localization, is essential to eliminate assumptions on
square integrability, i.e. to go beyond the H0,T space. A more natural assumption
should be

∫ t
0 (ϕs)

2ds < +∞ a.s. for each t > 0; the extension can be done and it
provides a ‘local-martingale’ (see Part D, Section 3.2 in [173]).

Notation
∫ v

u ϕsdWs = (ϕ ◦ W )v − (ϕ ◦ W )u , for 0 ≤ u < v < +∞.

The extension of stochastic integration to higher dimensions is straightforward: let
Wt = (W (1)

t , . . . , W (�)
t ), t ≥ 0 be an �-dimensional standard Brownian motion,

and let (At ) be a filtration satisfying Assumptions 2.17, with (iii) modified to
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(iii)′ E(W (i)
t − W (i)

s |As) = 0 a.s., E(W (i)
t W ( j)

t − W (i)
s W ( j)

s )|As) = (t − s) δi, j

a.s., for 0 ≤ s ≤ t , and each i, j , where δi, j is Kronecker’s delta.
(As before, the enlarged Brownian filtration (ÃW

t ), cf. (2.19), satisfies the required
conditions.)

We consider matrix valued processes

ϕ(s, ω) = (ϕi, j (s, ω))1≤i≤d
1≤ j≤�

where � ≥ 1, and each ϕi, j ∈ H0,T . Then

(ϕ ◦ W )t =
∫ t

0
ϕ(s)dWs

is the d-dimensional process, whose i th coordinate is

(ϕ ◦ W )
(i)
t =

�∑
j=1

∫ t

0
ϕi, j (s)dW ( j)

s .

For ψ, ϕ as above, and i, k ∈ {1, . . . , d} we have:
(c)′ ((ϕ ◦ W )

(i)
t : 0 ≤ t ≤ T ) is a continuous martingale;

(d)′ (ϕ ◦ W )
(i)
t (ψ ◦ W )

(k)
t − ∫ t

0

∑�
j=1 ϕi, j (s)ψk, j (s) ds, 0 ≤ t ≤ T is a mar-

tingale.

Notation If d = 1 and ϕ(s) = (ϕ1(s), . . . , ϕ�(s)) we write∫ t

0
〈ϕ(s), dWs〉 =

�∑
i=1

∫ t

0
ϕi (s)dW (i)

s . (2.32)

It would be more proper to write W as a columm vector, but we refrain from
that.

Itô’s formula

Since the total variation of almost all Brownian paths is infinite, we get a different
rule for change of variables for Itô stochastic integrals. This is summarized below.

An Rd -valued stochastic process (Xt : 0 ≤ t ≤ T ) is called an Itô process if it
is given by

Xt = X0 +
∫ t

0
ϕ(s)dWs +

∫ t

0
ψ(s) ds, (2.33)

which we usually write as

d Xt = ϕ(t)dWt + ψ(t)dt, (2.34)

where X0 is Rd -valued and A0-measurable, (Wt ) is an �-dimensional stan-
dard Brownian motion, ϕ is a matrix-valued stochastic process and the stochas-
tic integral has been defined above. Moreover, ψ = (ψ1, . . . , ψd), where each
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coordinate ψ i is a measurable and adapted process, whose trajectories are inte-
grable on [0, T ].

Let f : [0, T ]× Rd → R be a bounded function for which the derivatives
(∂ f /∂t)(t, x), (∂2 f /∂xi∂x j )(t, x) (1 ≤ i, j ≤ d) exist, are continuous and
bounded. Then

d f (t, Xt ) =
�∑

j=1

d∑
i=1

∂ f

∂xi
(t, Xt )ϕi, j (t)dW ( j)

t

+
{
∂ f

∂t
(t, Xt )+

d∑
i=1

ψ i (t)
∂ f

∂xi
(t, Xt )

+1

2

�∑
j=1

d∑
i,k=1

ϕi, j (t)ϕk, j (t)
∂2 f

∂xi∂xk
(t, Xt )

}
dt.

(2.35)

We omit the proof of (2.35), but in order to see why we expect this formula to hold,
just take � = d = 1 and Xt = Wt a standard one-dimensional Brownian motion.
We write down f (Wt )− f (W0) =

∑2n−1
k=0 ( f (W(k+1)t/2n )− f (Wkt/2n )), expand

the telescopic sum using Taylor expansion, and recall the behaviour of the
quadratic variation, described by Theorem 2.15. Taking proper account of the lim-
its we get (2.35). For a proof see e.g. Theorems 3.3 and 3.6, Section 3.3 of [173].

Remark The assumption on the boundedness of f and of its derivatives may
be relaxed provided one has extended the stochastic integration beyond H0,T , as
mentioned in Remark 2.20(ii).

Examples Applying Itô’s formula to Xt = Wt , the standard one-dimensional
Brownian motion starting at 0 and f (x) = x2 we have (compare with Example
(1) after Definition 2.10)

(Wt )
2 = 2

∫ t

0
WsdWs + t.

Comment The development of stochastic integration beyond Brownian motion
was proven to be very convenient, as soon as the theory was established in the
1960s. In the context of square integrable martingales this was settled with the
article of Kunita and Watanabe [186], where a proper Hilbertian structure in
the space of such martingales provided an orthogonal decomposition, allowing
a square integrable martingale to be written as a sum of two (orthogonal) terms:
one which could be treated with Stieltjes integral and a square integrable contin-
uous martingale.

For M a square integrable continuous martingale, the delicate point in the ex-
tension of the stochastic integral to

∫ t
0 ϕsd Ms is the behaviour of its quadratic

variation; all follows as in the Brownian case if we take for granted the ex-
istence of a continuous increasing process 〈M〉t , with E(〈M〉T ) < +∞ and
such that (Mt )

2 − 〈M〉t is a martingale. The process 〈M〉t is associated with
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the limiting quadratic variation in a sense that can be made precise and this
result constitutes the classical Doob–Meyer decomposition of (Mt )

2 (see e.g.
Sections 1.4 and 1.5 in [173]). In particular, when t &→ 〈M〉t is absolutely contin-
uous, if we define the space H0,T as in (2.20), replacing the ds there by d〈M〉s
with the proper modification in |||·|||0,T , then the density of the subspace S is
checked in the same way, and the same procedure for defining the integral can
be followed. The extension to multidimensional processes is straightforward: if
M = (M (1), . . . , M (�)) one sets 〈M ( j), M ( j ′)〉t = 4−1[〈M ( j)+M ( j ′)〉t −〈M ( j)−
M ( j ′)〉t ], so that M ( j)

t M ( j ′)
t − 〈M ( j), M ( j ′)〉t is a martingale. The change of

variables formula, applied as before to a process given by an expression like
(2.33) where W = (W (1), . . . , W (�)) is replaced by M = (M (1), . . . , M (�)), is
obtained as in (2.35) by replacing dW ( j) by d M ( j) and the term with second
derivatives

1

2

�∑
j=1

d∑
i,k=1

ϕi, j (t)ϕk, j (t)
∂2 f

∂xi∂xk
(t, Xt ) dt

by

1

2

�∑
j, j ′=1

d∑
i,k=1

ϕi, j (t)ϕk, j ′(t)
∂2 f

∂xi∂xk
(t, Xt )d〈M ( j), M ( j ′)〉t .

This extension can be readly applied to give a proof of the following character-
ization of Brownian motion, initially proven by Lévy (see [197]), and which we
shall need later.

Using the notation of Proposition 2.11 one has the following.

Theorem 2.21 (Lévy) The law of a standard d-dimensional Brownian motion
starting at x is the unique probability measure Px on C([0,+∞),Rd) (with its
Borel σ -field B∞) under which:

(i) π
(i)
t and π

(i)
t π

( j)
t − δi, j t are martingales with respect to (B0

t ) for each 1 ≤
i, j ≤ d, where δi, j is the Kronecker delta;

(ii) Px (π0 = x) = 1.

Proof (Sketch) The validity of conditions (i) and (ii) for the standard d-
dimensional Brownian motion follows at once from Example (1) following Defi-
nition 2.10, and the independence of coordinates. The main point is the converse.
According to Remark 2.9 it suffices to prove that if Px verifies conditions (i) and
(ii), then for i = √−1, any s < t , and any ζ ∈ Rd :

Ex (exp 〈iζ, πt − πs〉 | B0
s ) = exp(−|ζ |2(t − s)/2) Px a.s.,

where Ex denotes the expectation with respect to the probability measure Px .
Considering the martingales (π

( j)
t ) and the stochastic integration as previously

discussed, we apply the change of variables formula, which due to (i) and (ii)
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is just as in (2.35). We apply it to the real and imaginary parts of the function
f (u) = exp i〈ζ, u〉. Recalling the martingale property of the stochastic integrals,
and performing some simplifications, for A ∈ B0

s , t > s, ζ ∈ Rd , we get

Ex (e
i〈ζ,πt−πs 〉1A) = Px (A)− 1

2
|ζ |2

∫ t

s
Ex (e

i〈ζ,πv−πs 〉1A) dv. (2.36)

For s and A fixed the unique solution to (2.36) on t ≥ s is Px (A)e−
1
2 |ζ |2(t−s),

which proves the statement (for full details see Theorem 3.16, Section 3.3 in
[173].) �

Remark 2.22 The previous proof shows that if (Mt ) is a continuous martingale
and (Mt )

2 − t is a martingale as well, then Mt − M0 is a standard Brownian mo-
tion starting at 0. The assumption of continuity cannot be eliminated, as we see if
Mt = Nt − t where (Nt ) is a unit rate Poisson process.

It follows that if W and (At ) satisfy Assumptions 2.17 and W is continuous,
then (Wt+s − Wt : s ≥ 0) is a Brownian motion independent of At , for each t
(analogously for the higher dimensional situation).

Girsanov theorem

In Chapter 1 we noticed that a useful tool in establishing large deviation prin-
ciples involves suitable changes between equivalent measures and control of the
Radon–Nikodym derivatives. For the present situation this is closely related to the
following analysis.

Let (Wt ) be a standard d-dimensional Brownian motion, with a filtration (At )

verifying Assumptions 2.17. Let T > 0 be given and let ϕ = (ϕ(1), . . . , ϕ(d)) be
a process with each coordinate ϕ(i) ∈ H0,T . Thus we may define, for 0 ≤ t ≤ T :

Zϕ
t = exp

{∫ t

0
〈ϕs, dWs〉 − 1

2

∫ t

0
|ϕs |2 ds

}
. (2.37)

If we apply (2.35) formally with f (t, x) = ex we get that Zϕ
t verifies the equation

Zϕ
t = 1+

∫ t

0
〈Zϕ

s ϕs, dWs〉. (2.38)

(We said ‘formally’ because of the boundedness restrictions under which we
stated (2.35). As we have pointed out before, the use of stopping times allows
us to go beyond H0,T relaxing such boundedness assumptions; in this case the
stochastic integrals yield only ‘local martingales’, see e.g. [173].)

We shall be particularly interested in situations when (Zϕ
t ) is really a martin-

gale (e.g. if ϕ is bounded). Since Zϕ
t ≥ 0 and Zϕ

0 = 1, we then have E Zϕ
T = 1 for
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each T , and the equation

P̃T (A) =
∫

A
Zϕ

T d P (2.39)

for A ∈ AT , defines a new probability on (�,AT ). (If T ≤ T ′, P̃T coincides with
the restriction of P̃T ′ to AT , i.e. we have a consistent family.)

At this point we need to recall the following basic and important result.

Theorem 2.23 (Cameron-Martin (1944), Girsanov (1960)) Let us assume that
(Zϕ

t : 0 ≤ t ≤ T ), defined through equation (2.37), is a martingale. Define P̃T by
(2.39), and set

W̃ (i)
t = W (i)

t −
∫ t

0
ϕ(i)

s ds (2.40)

i = 1, . . . , d. Under the new measure P̃T , the process (W̃t : 0 ≤ t ≤ T ) is a stan-
dard d-dimensional Brownian motion.

The Girsanov theorem is very important in a large range of problems. The proof,
due to Girsanov, is based on the martingale characterization of Brownian motion
(Proposition 2.11), but it will not be discussed here. We refer to Section 3.5 in
[173].

We shall only prove the very particular and simpler case of deterministic ϕ,
which is a classical result due to Cameron-Martin. This particular situation is ex-
actly what we need in the next section. It tells us that if

∫ T
0 |ϕs |2 ds < +∞ then

P̃0, the law of (Wt +
∫ t

0 ϕsds), is absolutely continuous with respect to P0, the law

of (Wt ) on C([0, T ],Rd) and dP̃0/dP0 = exp{∫ T
0 〈ϕs, dπs〉 − 1/2

∫ T
0 |ϕs |2 ds}

on B0
T . To understand ‘why’ we should get the above expression, consider two fi-

nite dimensional Gaussian distributions with identity covariance matrix and com-
pute the Radon–Nikodym derivative of one with respect to the other.

Cameron-Martin formula If ϕ : [0, T ] → Rd is measurable and
∫ T

0 |ϕ(u)|2
du < +∞, then Zϕ

t is a martingale and the statement in the Girsanov theorem
is true in this case.

Proof of the Cameron-Martin formula To simplify let us take At = ÃW
t , the

enlarged Brownian filtration cf. (2.19). The same proof applies under Assump-
tions 2.17 (see Remark 2.22).

Since ϕ is deterministic and (Wt+u − Wt : u ≥ 0) is independent of At , we
easily check that if 0 ≤ s < t ≤ T then (ϕ ◦ W )t − (ϕ ◦ W )s is independent of
As and its distribution is Gaussian with zero average and variance

∫ t
s |ϕ(u)|2 du

(first take ϕ simple, then pass to the limit). Thus:

E
(

e{(ϕ◦W )t−(ϕ◦W )s } | As

)
= e

1
2

∫ t
s |ϕ(u)|2du,

from which it follows at once that (Zϕ
t ) is a martingale with respect to (At ). We

may then define P̃T on AT through (2.39). Using Remark 2.9 or Proposition 2.11
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it suffices to show that for each ζ ∈ Rd , 0 ≤ s < t ≤ T , and A ∈ As :∫
A

exp
(〈ζ, W̃t − W̃s〉

)
d P̃ = exp

(
|ζ |2

2
(t − s)

)
P̃(A). (2.41)

Using (2.39) and (2.40) we write the left-hand side of (2.41) as

exp

(
−
∫ t

s
〈ζ, ϕ(u)〉du − 1

2

∫ t

s
|ϕ(u)|2du

)∫
A

exp(Mζ
t − Mζ

s )Zϕ
s d P,

where Mζ
t =

∫ t
0 〈ζ + ϕ(u), dWu〉. As just observed, under the measure P , Mζ

t −
Mζ

s is independent of As (and so of Zϕ
s 1A), and has Gaussian distribution with

zero average and variance
∫ t

s |ζ + ϕ(u)|2 du. From this, standard computations
give (2.41), proving the Cameron-Martin formula. �

Remark If ϕ ∈ H0,T the process Zϕ is a local martingale and a supermartingale.
It is a martingale if and only if E Zϕ

t = 1 for each t positive. An important suf-
ficient condition for this to happen is due to Novikov: under the previous usual
conditions on the filtration (At ), if the process ϕ is measurable, (At )-adapted and

E(e
1
2

∫ T
0 |ϕ(u)|2 du) < +∞, (2.42)

then (Zϕ
t : 0 ≤ t ≤ T ) is a martingale with respect to (At ) (see e.g. Proposition

5.12, Chapter 3 of [173]).

2.3 Itô’s equations
For the discussion of Freidlin and Wentzell theory in the next sections and its
application to metastability (Chapter 5) it is convenient to recall a few basic facts
on stochastic differential equations of the type

d X x
t = b(X x

t )dt + σ(X x
t )dWt ,

X x
0 = x,

(2.43)

where W is an �-dimensional standard Brownian motion on a given probability
space and the filtration (At ) is fixed as in Section 2.2 (Assumptions 2.17).

In (2.43), b(x) = (bi (x))1≤i≤d is a vector field on Rd , σ(·) takes values on
the space of d × � matrices with real entries σ(x) = (σi, j (x)) and the precise
meaning of equation (2.43) is, with probability one

X x
t = x +

∫ t

0
b(X x

s ) ds +
∫ t

0
σ(X x

s ) dWs, (2.44)

for each t ≥ 0, with X x being (At )-adapted and the integrals meaningful, with the
stochastic integral taken in Itô’s sense. This is usually called a ‘strong solution’.
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The coefficients bi (·) and σi, j (·) are assumed to satisfy a global Lipschitz con-
dition: there exists κ < +∞ such that

|b(x)− b(y)| + |σ(x)− σ(y)| ≤ κ |x − y| , (2.45)

for all x, y ∈ Rd . (For any k ≥ 1 and x ∈ Rk we use |x | to denote the Euclidean
norm and |σ | = (

∑
i, j σ

2
i, j )

1/2, if σ = (σi, j ) is a matrix.)
Under condition (2.45) it is not hard to prove existence and pathwise unique-

ness of the strong solution of (2.43). More precisely, the following is well known.

Theorem 2.24 (Itô) Let b(·) and σ(·) satisfy condition (2.45), and let W
be a standard �-dimensional Brownian motion on a given probability space
(�,A, P), with (ÃW

t ) its natural enlarged filtration (2.19). Then, for each
x ∈ Rd , there exists an Rd -valued process (X x

t ), with continuous trajectories,
(ÃW

t )-adapted and such that with probability one (2.44) holds. If X x , X̃ x are two
such (strong) solutions, then

P{ω : X x
t (ω) = X̃ x

t (ω), ∀t} = 1.

Moreover, for each t > 0 there exists a constant C < +∞ such that

E |X x
s |2 ≤ C(1+ |x |2)eCs, for each 0 ≤ s ≤ t. (2.46)

If ξ0 is an Rd -valued random variable, independent of AW∞, and E |ξ0|2 < +∞,

the initial condition x in (2.44) may be replaced by ξ0, provided the filtration
(ÃW

t ) is replaced by the larger (At ) verifying Assumptions 2.17. The previous
statements continue to hold, with |x |2 replaced by E |ξ0|2 in (2.46).

Sketch of the proof (Uniqueness) Consider two solutions defined in terms of the
same Brownian motion (Wt ). Applying the classical Gronwall inequality to their
difference the uniqueness follows very easily. (This argument works under local
Lipschitz conditions, i.e. if for each n there exists a constant κn so that (2.45)
holds for κ = κn if |x | ≤ n, |y| ≤ n.)

(Existence) Under condition (2.45) this can be achieved following the Picard
iteration method. Consider successive approximations given by X x

1,t = x , and for
k ≥ 1:

X x
k+1,t = x +

∫ t

0
b(X x

k,s)ds +
∫ t

0
σ(X x

k,s)dWs .

Each of these processes is clearly continuous and (ÃW
t )-adapted. According to

(2.45) we can take κ̃ < +∞ such that

|σ(x)|2 ∨ |b(x)|2 ≤ κ̃(1+ |x |2)
for all x . Using this linear growth condition one checks that (2.46) holds for all
the processes X x

k , with the same constant C .
Since X x

k+1,t − X x
k,t =

∫ t
0 (b(X x

k+1,s)− b(X x
k,s))ds + ∫ t

0 (σ (X x
k+1,s)−

σ(X x
k,s))dWs , we see that (2.45) and the validity of (2.46) for the approximating
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processes imply that the stochastic integral is indeed a square-integrable mar-
tingale. Using martingale inequalities, (2.45), and the Borel–Cantelli lemma,
one can prove the uniform convergence of the sequence X x

k,t in [0, T ], with
probability one. The validity of (2.46) follows from Fatou’s lemma (see Theorem
2.5 and Theorem 2.9, Chapter 5 of [173] for full details). �

Remark (i) From the independence of (Wt+s − Wt : s ≥ 0) and (At ) it is easy
to see that the processes X x are Markovian with respect to the fixed filtration.
The strong Markov property is also verified and these processes constitute the
basic examples of ‘diffusion processes’. (Itô’s integral was developed exactly for
the construction of diffusions; see the given references for the proof as well as
for historical comments.) The strong Markov property will be essential for the
analysis in Section 2.6, as well as in Chapter 5.

(ii) Markov processes may be constructed in a more analytical way, based on
semigroup theory and the Hille–Yosida theorem, starting from the infinitesimal
generator. Such constructions indeed preceded that based on Itô’s equations.

The infinitesimal generator L associated with the semigroup corresponding to
the solutions of (2.43), when acting on smooth functions f , is given by:

L f (y) = 1

2

∑
i, j

ai, j (y)
∂2

∂yi∂y j
f (y)+

∑
i

bi (y)
∂

∂yi
f (y), (2.47)

where a(x) = σ(x) · σT(x), with σT denoting the transpose matrix, i.e.

ai, j (x) =
�∑

k=1

σi,k(x)σ j,k(x), i, j = 1, . . . , d.

If (St : t ≥ 0) is a Markovian semigroup associated with a generator L , i.e. S0 f =
f , St+s f = St Ss f , for f bounded and continuous, and it satisfies the semi-
group equation (∂/∂t)St f (x) = St L f (x) ( f in the domain of L), the correspon-
dence with a (homogeneous) Markov process is through the relation E f (X x

s+t |
X x

u : u ≤ s) = St f (x) for bounded continuous functions f . This would determine
the finite dimensional distributions. The construction of a process with continu-
ous paths may be obtained by appealing to the Kolmogorov extension theorem
together with some criteria for the path continuity. This method (forward) usually
requires stronger conditions than (2.45); another classical analytical alternative
to obtain a semigroup is the so-called backwards equation, where one considers
the adjoint operator L∗ acting on measures, but one still needs stronger regularity
than (2.45). The main point of Itô’s equation is to provide directly a probabilistic
construction of a continuous process with the given local characteristics, in the
sense that

L f (X x
t ) = lim

h↓0
E

(
f (X x

t+h)− f (X x
t )

h
| X x

u : u ≤ t

)
a.s., (2.48)



90 Small random perturbations of dynamical systems

for a large class of smooth functions f . Assuming that we can take fi (x) = xi ,
fi, j = xi x j (though unbounded), for x = (x1, . . . , xd), we conclude the inter-
pretation of the coefficients bi (x) and ai, j (x). Due to this, the functions ai, j (·)
are usually called diffusion coefficients and a(·) the diffusion matrix; the function
b(·) is called the drift coefficient, extending the constant case. Lévy’s proposal, in-
volving (2.48) as probabilistic differentials obtained a precise formulation through
Itô’s method. For strong solutions this is done on the same probability space of a
basic standard Brownian motion and adapted to ÃW

t .
(iii) Another concept of existence and uniqueness of the solution for equation

(2.44) is through the law it induces on C([0, T ],Rd). This is called the weak
solution and it is particularly important because it allows us to go much beyond
condition (2.45). The main difference is that one does not fix the probability space
or the Brownian process (Wt ); they are part of the solution and one looks for
uniqueness in law. This was developed by Watanabe and Yamada (see [164]). We
shall not discuss this aspect, since (most of) our examples will fit into the previous
case (see Section 5.3 of [173]).

Closely related to the concept of weak solution is the construction of the
law of a diffusion process as the unique solution of a martingale problem in
C([0,+∞),Rd). This was formulated precisely by Stroock and Varadhan (see
[285]) and generalizes Lévy’s characterization of the law of Brownian motion
via martingale relations, as discussed in Section 2.1; in some sense, this is a
probabilistic way to see the semigroup equation since it determines that f (πt )−∫ t

0 L f (πs)ds is martingale under the given law, for a sufficiently rich class of test
functions f and where (πt ) is the canonical process on C([0,+∞),Rd). The
method allows the construction of diffusion processes under more relaxed regu-
larity conditions on the coefficients, provided a(·) is uniformly elliptic, i.e. if there
exists α > 0 so that

〈a(x)u, u〉 ≥ α|u|2 for all x, u ∈ Rd (2.49)

(see Chapter 5 of [173]). The relaxation of the ellipticity condition on a(·) is a
very delicate point. (See [252] for recent research.)

2.4 Basic Freidlin and Wentzell estimates
The simplest situation corresponds to diffusions on Rd , defined by the equation:

X x,ε
t = x +

∫ t

0
b(X x,ε

s ) ds + εWt , t > 0, (2.50)

where x ∈ Rd denotes the initial position, (Wt ) is a standard d-dimensional Brow-
nian motion starting at the origin, and b : Rd → Rd satisfies a global Lipschitz
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condition:

|b(x)− b(y)| ≤ κ|x − y|, for all x, y ∈ Rd , (2.51)

for some constant κ ∈ [0,+∞). Under such conditions (2.50) has a unique strong
solution, as stated in Theorem 2.24: this solution has continuous trajectories and
is adapted to the enlarged Brownian filtration (ÃW

t ), defined by (2.19); with such
properties the solution is a.s. unique.

By (X x,0
t ) we denote the unique solution of the deterministic equation

ϕ̇(t) = b(ϕ(t)) , t ≥ 0,

ϕ(0) = x,
(2.52)

and for ε > 0 small we may think of X x,ε as a small perturbation of X x,0 in the
sense that if T ∈ (0,+∞) is fixed and �T (ϕ, ψ) := sup0≤t≤T |ϕ(t)− ψ(t)| is the
uniform metric on C([0, T ],Rd), then for any δ > 0:

lim
ε↓0

sup
x

P(�T (X x,ε, X x,0) > δ) = 0.

Indeed, from equations (2.50), (2.51) and (2.52) we get

|X x,ε
t − X x,0

t | ≤ κ

∫ t

0
|X x,ε

s − X x,0
s | ds + εWt

and applying Gronwall’s inequality we have:

�T (X x,ε, X x,0) ≤ εeκT sup
0≤t≤T

|Wt |.

Since |Wt | ≤
√

d max1≤i≤d |W (i)
t | we may use Theorem 2.14 to write

P(�T (X x,ε, X x,0) > δ) ≤ 4d
∫ +∞

η

e−u2/2

√
2π

du,

where η = e−κT δ/ε
√

T d. Recalling the standard inequality (1.79) we have the
existence of C̃1, C̃2 ∈ (0,+∞), depending on d, T and κ , so that

sup
x

P(�T (X x,ε, X x,0) > δ) ≤ C1e−C2/ε
2
, (2.53)

for all 0 < ε ≤ 1, where C1 = C̃1/δ and C2 = C̃2δ
2. (See also (1.85).)

This brings us to the situation described in Section 1.2: denoting by Pε
x the

law of X x,ε, then for each T > 0, Pε
x converge weakly on C([0, T ],Rd) to the

Dirac point-mass on the deterministic trajectory X x,0, as ε → 0; the validity of a
l.d.p. on C([0, T ],Rd) with scaling ε−2 and a rate function which vanishes only
at X x,0 would be consistent with (2.53). This is the content of the next theorem,
for which we follow [122].



92 Small random perturbations of dynamical systems

Theorem 2.25 (Freidlin and Wentzell) Let X x,ε be the solution of equation
(2.50), and Pε

x its law, where b is assumed to satisfy equation (2.51). Then, for
each x, T the family (Pε

x ) satisfies a l.d.p. on C([0, T ],Rd) with scaling ε−2 and
(good) rate function I x

T , given by:

I x
T (ϕ) =

{ 1
2

∫ T
0 |ϕ̇(s)−b(ϕ(s))|2ds if ϕ is absolutely continuous and ϕ(0)= x,

+∞ otherwise.
(2.54)

Proof Consider first the case b ≡ 0, x = 0, which is Schilder’s theorem [264]. In
this case Pε

0 is the law of (εWt ), where (Wt ) is a standard d-dimensional Brown-
ian motion with W0 = 0, defined on some space (�,A, P). We check the validity
of a l.d.p. with (good) rate function:

I 0
T (ϕ) =

{ 1
2

∫ T
0 |ϕ̇(s)|2ds if ϕ is absolutely continuous, with ϕ(0) = 0,

+∞ otherwise.

We start by checking that I 0
T is lower semi-continuous. For this, let (ϕ(n)) be

a convergent sequence in C([0, T ],Rd), i.e. �T (ϕ
(n), ϕ)→ 0, for some ϕ ∈

C([0, T ],Rd). Without loss of generality we may assume that the sequence
I 0
T (ϕ

(n)) has a finite limit. On the other hand, letting

H (1)
0,T = {ϕ ∈ C([0, T ],Rd) :

ϕ is absolutely continuous and
∫ T

0 |ϕ̇(s)|2ds < +∞},
a classical result of Riesz tells us that ϕ ∈ H (1)

0,T iff

sup
0≤t1<···<tN≤T

N≥1

N−1∑
i=1

|ϕ(ti+1)− ϕ(ti )|2
|ti+1 − ti | < +∞.

Also, the supremum coincides with
∫ T

0 |ϕ̇(s)|2ds (see e.g. the lemma on p. 75 of
[254]). Thus,

I 0
T (ϕ) =

1

2
sup

0≤t1<···<tN≤T
N≥1

N−1∑
i=1

|ϕ(ti+1)− ϕ(ti )|2
|ti+1 − ti |

= 1

2
sup

0≤t1<···<tN≤T
N≥1

lim
n→+∞

N−1∑
i=1

|ϕ(n)(ti+1)− ϕ(n)(ti )|2
|ti+1 − ti |

≤ 1

2
lim

n→+∞ sup
0≤t1<···<tN≤T

N≥1

N−1∑
i=1

|ϕ(n)(ti+1)− ϕ(n)(ti )|2
|ti+1 − ti |

= lim
n→+∞ I 0

T (ϕ
(n)).
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This implies that the function I 0
T is lower semi-continuous, i.e. the level sets

F0
T (c) := {ϕ : I 0

T (ϕ) ≤ c} are closed. (The notation is modified slightly with re-
spect to Chapter 1 in order to avoid too many subscripts.) To check that I 0

T is a
good rate function observe that given c < +∞ the set F0

T (c) is uniformly bounded
and uniformly equi-continuous, as follows from the fact that if ϕ ∈ F0

T (c), ϕ(0) =
0 and for 0 ≤ s < t ≤ T

|ϕ(t)− ϕ(s)| =
∣∣∣∣∫ t

s
ϕ̇(u)du

∣∣∣∣ ≤ ((t − s)
∫ t

s
|ϕ̇(u)|2 du

)1/2

≤
√

2(t − s)c.

Applying the classical Arzelà–Ascoli theorem we see that I 0
T is a good rate func-

tion in this particular case.
We now check conditions (b)′ and (c)′ in Proposition 1.15.

(b)′ Lower bound. As in the proof of Theorem 1.23, we look for an absolutely
continuous modification of the measure for which the event under consideration
becomes typical. The Cameron-Martin formula (Theorem 2.23) furnishes a good
guess for the proof of the lower bound. (Notice that ϕ(t) here corresponds to∫ t

0 ϕ(s)ds in the Cameron-Martin formula.)

With this in mind let ϕ be such that I 0
T (ϕ) < +∞, i.e. ϕ ∈ H (1)

0,T and ϕ(0) = 0.

Since ϕ(t) = ∫ t
0 ϕ̇(s)ds and

∫ T
0 |ϕ̇(s)|2ds < +∞, by the Cameron-Martin for-

mula we may define, with T fixed, a probability measure P̃ε on (�,AW
T ) as

P̃ε(A) = ∫A Lε
T (ω)d P(ω), where

Lε
T (ω) = exp

{
−ε−1

∫ T

0
〈ϕ̇(s), dWs〉 − ε−2

2

∫ T

0
|ϕ̇(s)|2 ds

}
, (2.55)

and under P̃ε, the process W̃t := Wt + ε−1ϕ(t) , 0 ≤ t ≤ T , is a standard Brow-
nian motion, starting at 0. Thus

P (�T (εW, ϕ) < δ) = P̃ε
(
�T (εW̃ , ϕ) < δ

) = P̃ε

(
sup

0≤t≤T
|εWt | < δ

)

=
∫

[sup0≤t≤T ε|Wt |<δ]
Lε

T (ω)d P(ω) = exp{−ε−2 I 0
T (ϕ)}

×
∫

[sup0≤t≤T ε|Wt |<δ]
exp

(
−ε−1

∫ T

0
〈ϕ̇(s), dWs〉

)
d P.

(2.56)

Given δ > 0, limε↓0 P(sup0≤t≤T ε |Wt | < δ) = 1 by (2.53); we fix ε0 > 0 so that
for each 0 < ε ≤ ε0:

P

(
sup

0≤t≤T
ε |Wt | < δ

)
≥ 2

3
.

Unlike the situation in Theorem 1.23, we do not have uniform control of the
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variable in the exponent inside the integral on the right-hand side of (2.56), but
we apply the Markov inequality to get

P

(∫ T

0
〈ϕ̇(s), dWs〉 ≥ z

√
I 0
t (ϕ)

)
≤ P

((∫ T

0
〈ϕ̇(s), dWs〉

)2

≥ z2 I 0
T (ϕ)

)
≤ 2

z2
,

for any z > 0. Choosing z = √
6 we can write

P

(
sup
t≤T

ε |Wt | < δ, ε−1
∫ T

0
〈ϕ̇(s), dWs〉 < ε−1

√
6I 0

T (ϕ)

)
≥ 1

3
, (2.57)

for each ε ≤ ε0. From (2.56) and (2.57), given η > 0 we may take ε′0 so that if
ε ≤ ε′0:

Pε
0 {ψ : �T (ψ, ϕ) < δ} ≥ 1

3
exp

{
− 1

ε2
I 0
T (ϕ)−

1

ε

√
6I 0

T (ϕ)

}
≥ exp

{
− 1

ε2
(I 0

T (ϕ)+ η)

}
,

(2.58)

verifying condition (b)′ of Proposition 1.15. (It suffices to consider ϕ such that
I 0
T (ϕ) < +∞ while checking (b)′.) Given T and c finite, condition (b)′ holds

uniformly on F0
T (c) = {ϕ : I 0

T (ϕ) ≤ c}, i.e. ε′0 may be chosen independently of ϕ,
provided ϕ ∈ F0

T (c). It is also uniform on T ≤ T0, for any fixed T0.

(c)′ Upper bound. One useful tool is the consideration of a time discretiza-
tion, with linear interpolation of the original process; as we shall see, compared
with the exponential errors in the l.d.p. such approximations can be as good as
we want; in other words, with respect to the l.d.p. estimates, the interpolation
becomes ‘indistinguishable’ from the original process (see (2.61) below).

Let m ≥ 1 and consider, for each ε > 0, the stochastic process Y ε,m , whose
trajectories are polygonal lines connecting the points (kT/m, εWkT/m), k =
0, 1, . . . ,m. For each 0 < c < +∞, δ > 0 and m ≥ 1:

Pε
0 {ψ : �T (ψ,F0

T (c)) ≥ δ} ≤ P(I 0
T (Y

ε,m) > c)+ P(�T (εW, Y ε,m) ≥ δ).

(2.59)

We now estimate each term on the right-hand side of (2.59). Due to the polygonal
shape of Y ε,m :

P(�T (εW, Y ε,m) ≥ δ) ≤ P

(
max

1≤i≤m
max

i−1
m T≤s≤ i

m T

∣∣εWs − Y ε,m(s)
∣∣ ≥ δ

)

≤ m P

(
max

0≤s≤T/m

∣∣∣εWs − εs
m

T
WT/m

∣∣∣ ≥ δ

)
≤ m P

(
max

0≤s≤T/m
|εWs | ≥ δ

2ε

)
,
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where the first inequality is trivial, the second is a consequence of the property
that (WkT/m+u − WkT/m : u ≥ 0) has the same law as (Wu : u ≥ 0) and the shape
of Y ε,m , and the third is a simple observation. Now, as in the argument leading to
(2.53), we have

P

(
max

s≤T/m
|Ws | ≥ δ

2ε

)
≤ 4d

∫ +∞

η

e−u2/2

√
2π

du,

where η = δ
2ε

√
m
T d , and using (1.79) we get

P(�T (εW, Y ε,m) ≥ δ) ≤ ε
8d

δ

√
mT d

2π
e
− mδ2

8ε2T d .

Given c0 ∈ (0,+∞) let us fix m ≥ 8dT c0/δ
2. Having fixed such m, we may take

ε0 > 0 so that

P(�T (εW, Y ε,m) ≥ δ) ≤ 1

2
e
− c0

ε2 , (2.60)

for all ε ≤ ε0. Thus, the second term in (2.59) behaves as desired.

Remark We have seen that for each δ > 0,

lim
m→+∞ lim sup

ε→0
ε2 log P(�T (εW, Y ε,m) ≥ δ) = −∞. (2.61)

As for the first term on the right-hand side of (2.59) we observe that

I 0
T (Y

ε,m) = ε2

2

m∑
k=1

m

T

∣∣WkT/m − W(k−1)T /m
∣∣2 .

Since
√

m/T (WkT/m − W(k−1)T /m), 1 ≤ k ≤ m are i.i.d. random variables, dis-
tributed as d-dimensional Gaussian with zero average and identity covariance

matrix, we see that I 0
T (Y

ε,m) has the same law as ε2

2

∑dm
i=1 |Zi |2 where Z1, . . . ,

Zdm are i.i.d. real standard Gaussian random variables (average 0 and variance 1).
Thus, if ζ < 1

Eeζ Z2
1/2 = 1√

2π

∫
R

e
ζ−1

2 x2
dx := Cζ < +∞

and by the exponential Markov inequality:

P(I 0
T (Y

ε,m) > c) ≤ e
− ζc

ε2 (Cζ )
dm

= e
− c

ε2 e
1−ζ

ε2 c
(Cζ )

dm .

Having fixed m as before, and γ > 0, we take ζ so that 0 < 1− ζ < γ/2c0 and
we get, for any c ∈ (0, c0]:

P(I 0
T (Y

ε,m) > c) ≤ e−c/ε2
e

γ

2ε2 (Cζ )
dm .
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Taking ε′0 small we have (Cζ )
dm ≤ 1

2 eγ /2ε2
for all ε ∈ (0, ε′0]. Thus, if c ∈ (0, c0],

ε ∈ (0, ε′0]:

P(I 0
T (Y

ε,m) > c) ≤ 1

2
e
− c−γ

ε2 . (2.62)

Putting this together with (2.60) into (2.59) we get condition (c)′ of Proposition
1.15, completing the proof in this particular case b = 0, x = 0.

Under the global Lipschitz condition on b(·) the rest of the proof is simple.
Under such a condition we have a continuous map Tx on C([0, T ],Rd), given by
Txϕ = ψ , where ψ is the unique solution of

ψ(t) = x +
∫ t

0
b(ψ(s)) ds + ϕ(t), 0 ≤ t ≤ T . (2.63)

Indeed, using Gronwall’s inequality we have

�T (Txϕ,Tx ϕ̃) ≤ eκT �T (ϕ, ϕ̃), (2.64)

for any ϕ, ϕ̃ ∈ C([0, T ],Rd). Therefore we may apply the contraction principle
given by Theorem 1.19. Moreover, the map Tx is injective and if ψ belongs to its
range, T−1

x ψ is given by

T−1
x ψ(t) = ψ(t)− x −

∫ t

0
b(ψ(s)) ds,

from where we see that ψ is absolutely continuous if and only if T−1
x ψ is, and∫ T

0

∣∣ d
dt (T

−1
x ψ)(t)

∣∣2 dt = ∫ T
0

∣∣ψ̇(t)− b(ψ(t))
∣∣2 dt . The conclusion follows from

Theorem 1.19. �

Remark In situations like the present one, where the family of measures under
consideration depends on some extra parameter, it is natural to check the depen-
dence of the estimates on this parameter (the initial value x , here). It is then conve-
nient to change the notation slightly: let IT (ϕ) (without the superscript x) denote
the function on C([0, T ],Rd), defined by (2.54) but eliminating the condition on
ϕ(0), i.e. IT (ϕ) = I ϕ(0)T (ϕ), and if 0 ≤ c < +∞:

Fx
T (c) := {ϕ : ϕ(0) = x, IT (ϕ) ≤ c} = {ϕ : I x

T (ϕ) ≤ c}.
Corollary 2.26 (Freidlin and Wentzell) The estimates in Theorem 2.25 hold uni-
formly on x for fixed T , in the following sense.

(a)u IT (·) is lower semi-continuous and the set ∪x∈AFx
T (c) = {ϕ : ϕ(0) ∈

A, IT (ϕ) ≤ c} is compact, for each c < +∞ and A ⊆ Rd compact.
(b)′u For each c0 > 0, δ > 0, γ > 0 there exists ε0 > 0 so that

Pε
x {ψ : �T (ψ, ϕ) < δ} ≥ exp{−ε−2(IT (ϕ)+ γ )},

for all ε ∈ (0, ε0], all x and all ϕ ∈ Fx
T (c0).
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(c)′u For each c0 > 0, δ > 0, γ > 0 there exists ε0 > 0 so that

Pε
x {ψ : �T (ψ,Fx

T (c)) ≥ δ} ≤ exp(−ε−2(c − γ )),

for all ε ∈ (0, ε0], all c ≤ c0 and all x ∈ Rd .

Proof If restricted to Rd × {ϕ ∈ C([0, T ],Rd) : ϕ(0) = 0}, the map (x, ϕ) &→
Txϕ, where Tx is the unique solution of (2.63), is in fact a homeomorphism to its
image and (a)u follows at once from this. The validity of (b)′u , (c)′u is an immediate
consequence of the uniform continuity of the maps Tx as x varies (see (2.64)),
the uniformity in condition (b)′ for ϕ ∈ F0

T (c) and the uniformity in (c)′ in c ≤ c0

both in the case of b ≡ 0, x = 0. Details are left as an exercise. �

The next corollary is an immediate consequence of the proof of Proposition 1.15
and the previous corollary. (In fact, we only need (a)u and the uniformity in (b)′u
and (c)′u on compact sets in x .)

Corollary 2.27 Under the conditions of Theorem 2.25, for each T < +∞ and
each compact set A ⊆ Rd we have:

(b)u For each G ⊆ C([0, T ],Rd) open we have

lim inf
ε→0

ε2 log inf
x∈A

Pε
x (G) ≥ − sup

x∈A
inf
ϕ∈G

I x
T (ϕ);

(c)u for each F ⊆ C([0, T ],Rd) closed we have

lim sup
ε→0

ε2 log sup
x∈A

Pε
x (F) ≤ − inf

x∈A
inf
ϕ∈F

I x
T (ϕ).

Comments (i) Our exposition in this section has essentially followed that of
Freidlin and Wentzell in [122], with a construction given in [294, 295], in a more
general set-up. As already mentioned, the particular case of b = 0, x = 0 is due
to Schilder, cf. [264]. It may also be obtained as an application of the Cramér the-
orem in the separable Banach space M = C([0, T ],Rd): if µ is the Wiener mea-
sure, corresponding to the standard Brownian motion starting at the origin, then
the measure µn of Theorem 1.27 is the law of n−1∑n

i=1 W(i) where W(1), . . . ,

W(n) are independent standard Brownian motions. We check at once that µn co-
incides with the law of n−1/2W . It is easy to compute µ̂, and to determine the
rate function in this case, according to (1.87). Since Theorem 1.27 gives us only
a weak large deviation principle, one needs to prove exponential tightness. For
proofs along these lines see [7] or [87] (Lemma 1.3.8), where a result of Fernique
is used to verify exponential tightness.

(ii) The ‘superexponential estimate’ (2.61) is closely related to the concept
of two exponentially equivalent measures. Based on this, a proof of Theorem
2.25 can be obtained as an example of the so-called projective limit approach of
Dawson and Gärtner, cf. [72]: one first proves the validity of the l.d.p. for the
family of finite dimensional distributions; together with the exponential tightness
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on C([0, T ],Rd) one gets a l.d.p. for the uniform convergence (see e.g. Chapter
5 of [85]).

2.5 Freidlin and Wentzell basic estimates. Variable
diffusion coefficients1

For technical simplicity, our discussion of metastability in the Freidlin and
Wentzell set-up, to be done in Chapter 5, will be restricted to the case of a constant
diffusion matrix, though it is interesting to analyse more general situations and we
shall comment briefly on that. Already in their basic article [295], Freidlin and
Wentzell considered a wide class of diffusion processes on compact manifolds
and there exists a vast literature on this subject. To get an idea of the tools, let us
consider σ(·) and b(·) satisfying the simplest regularity conditions for existence
and uniqueness of the strong solution of Itô’s equation and let us examine the
validity of the l.d.p. for processes given by:

d X x,ε
t = b(X x,ε

t )dt + εσ (X x,ε
t )dWt ,

X x,ε
0 = x .

(2.65)

Throughout this section we assume that b : Rd → Rd is bounded and uni-
formly Lipschitz, that σ(·) takes values on the space of d × d matrices with real
entries σ(x) = (σi, j (x)), each σi, j being bounded and uniformly Lipschitz. More-
over, the diffusion matrix a(x) = σ(x) · σT(x), given by the product of σ(x) and
its transpose matrix σT(x) is assumed to be uniformly elliptic, i.e. we assume the
validity of (2.49) for some α > 0. Let a−1(x) = (a(x))−1.

Looking back at the argument in Section 2.4 the difficulty is the lack of conti-
nuity of the map which takes εW into X x,ε, preventing a mere application of the
contraction principle.

Remark One way to understand the lack of continuity is through the so called
‘Wong and Zakai correction’; in [297] the authors first establish the relation be-
tween the limit of solutions of equations like (2.65), with (Wt ) being replaced by
a family of bounded variation trajectories (W n

t ) such that �T (W n
t , Wt ) tends to

zero. For d = 1, they obtain the precise correction term that appears in the limit
and which corresponds to the difference between the solutions to (2.65) in Itô
and Stratonovich senses (see Section 5.2 in [173] and references therein). For a
class of approximations of Wt , including the linear interpolations of the previ-
ous section, the same convergence holds in higher dimensions. Since we have a
factor ε multiplying the noise term W this correction is O(ε2) and we may ex-
pect it not to disturb the large deviation estimates, but a more careful analysis is

1 This section may be omitted at a first reading.
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needed. Various procedures to deal with this can be used, as in Theorem 2.4 in
[7], Section 1 of [295], or Section 6 of [292].

One possible strategy could be to use a family of approximating processes
X x,ε,m (m →+∞) which are themselves continuous functions of εW , so that
the l.d.p. for each of them can be worked out as in Section 2.4, and such that
�T (X x,ε, X x,ε,m) becomes ‘negligible’ in terms of the large deviation estimates,
analogously to (2.61).

Following [292] in this discussion, we take the approximating processes as
solutions to equations analogous to (2.65), but with coefficients kept constant on
small time intervals. More precisely, for m ≥ 1 let rm(t) = [mt]/m, [·] denoting
the integer part, and consider the process X x,ε,m defined by:

d X x,ε,m
t = b(X x,ε,m

rm (t) )dt + εσ (X x,ε,m
rm (t) )dWt ,

X x,ε,m
0 = x .

(2.66)

Thus, if 0 ≤ t ≤ 1/m

X x,ε,m
t = x + b(x)t + εσ (x)Wt ,

and inductively, if k/m ≤ t ≤ (k + 1)/m:

X x,ε,m
t = X x,ε,m

k/m + b(X x,ε,m
k/m )(t − k/m)+ εσ (X x,ε,m

k/m )(Wt − Wk/m).

From the assumptions on b(·) and σ(·) we can see that X x,ε,m = Tm,x (εW ),
where the map Tm,x is continuous for the sup norm. In fact (x, ϕ) &→ Tm,x (ϕ) is
jointly continuous on Rd × C([0, T ],Rd). Applying the contraction principle, as
in Section 2.4, we get a l.d.p. for the laws of X x,ε,m , Pε,m

x := P̄ε
0 T−1

m,x where P̄ε
0

is the law of εW starting at 0. The scaling is ε−2 and the rate function is given by:

I x
T,m(ϕ) =


1
2

∫ T
0

〈
ϕ̇(t)− b(ϕ(rm(t))), a−1(ϕ(rm(t))) (ϕ̇(t)− b(ϕ(rm(t))))

〉
dt

if ϕ ∈ H (1)
0,T , ϕ(0) = x,

+∞ otherwise.
(2.67)

Moreover, for each fixed m ≥ 1, the estimates are uniform on x in the sense of
Corollary 2.26, with IT,m(ϕ) = I ϕ(0)T,m (ϕ).

To get a l.d.p. for X x,ε we want to see that �T (X x,ε,m, X x,ε) can be made
smaller than the errors which can be felt by the l.d.p. A way to make this precise
is through the following lemma. It also shows that the estimates are uniform on
the initial point.

Lemma 2.28 For any T < +∞ and δ > 0,

lim
m→+∞ lim sup

ε→0
ε2 sup

x
log P[�T (X x,ε,m, X x,ε) > δ] = −∞. (2.68)
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Before proving this lemma, usually called the ‘superexponential estimate’, we see
how it allows us to extend Theorem 2.25 to the present situation.

Theorem 2.29 Under the above conditions on b(·) and σ(·), let Pε
x be the law of

X x,ε, the solution of the Itô equation (2.65), on the space C([0, T ],Rd). The fam-
ily (Pε

x )ε>0 satisfies a l.d.p. (as ε → 0) with scaling ε−2 and good rate function
I x
T , given by:

I x
T (ϕ) =


1
2

∫ T
0 〈ϕ̇(t)− b(ϕ(t)), a−1(ϕ(t))(ϕ̇(t)− b(ϕ(t)))〉dt,

if ϕ ∈ H (1)
0,T , ϕ(0) = x,

+∞ otherwise.

(2.69)

Moreover, the estimates are uniform on the initial condition x, in the sense de-
scribed in Corollary 2.26, with IT (ϕ) = I ϕ(0)T (ϕ).

Proof of Theorem 2.29 We first check that IT satisfies condition (a)u in Corol-
lary 2.26. Since a(·) is uniformly elliptic and uniformly bounded we immedi-
ately see that a−1(·) is uniformly elliptic and we can take α̃ > 0 so that for any
ϕ ∈ H (1)

0,T

IT (ϕ) ≥ α̃

∫ T

0
|ϕ̇(t)− b(ϕ(t))|2 dt. (2.70)

On the other hand using the Cauchy–Schwarz inequality we get∫ T

0
|ϕ̇(t)− b(ϕ(t))|2 dt ≥

((∫ T

0
|ϕ̇(t)|2 dt

)1/2

−
(∫ T

0
|b(ϕ(t))|2 dt

)1/2)2

.

From (2.70), the boundedness of b(·) and the inequality (u + v)2 ≤ 2(u2 + v2)

we get: ∫ T

0
|ϕ̇(t)|2 dt ≤ 2

α̃
IT (ϕ)+ 2T sup

y
|b(y)|2 .

Thus, for given T and c < +∞, if ᾱ = 2c/α̃ + 2T supy |b(y)|2 we see that

⋃
x∈A

Fx
T (c) ⊆

{
ϕ ∈ H (1)

0,T : ϕ(0) ∈ A,

∫ T

0
|ϕ̇(t)|2 dt ≤ ᾱ

}
:= C̃ᾱ,A, (2.71)

implying the relative compactness of
⋃

x∈A Fx
T (c), if c < +∞ and A is compact.

Also

lim
m→+∞ sup

ϕ∈C̃ᾱ,A

∣∣IT,m(ϕ)− IT (ϕ)
∣∣ = 0. (2.72)

Since IT,m is lower semi-continuous, we get the compactness of
⋃

x∈A Fx
T (c).
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We now check condition (b)′u in Corollary 2.26. For this, we take c0 > 0, η >

0, γ > 0 and show the existence of ε0 > 0 so that

Pε
x {ψ : �T (ψ, ϕ) < η} ≥ exp{−ε−2(IT (ϕ)+ γ )}, (2.73)

for all ε ≤ ε0, all x , all ϕ ∈ Fx
T (c0). As in the proof of Theorem 2.25, we write

Pε
x {ψ : �T (ψ, ϕ)<η} ≥ P(�T (X x,ε,m, ϕ)<η/2)− P(�T (X x,ε, X x,ε,m) ≥ η/2),

(2.74)
and by Lemma 2.28 we take m0 ≥ 1, ε0 > 0 in such a way that if m ≥ m0, 0 <

ε ≤ ε0:

sup
x

P(�T (X x,ε, X x,ε,m) ≥ η/2) ≤ e−2c0/ε
2
. (2.75)

Using now the l.d.p. for X x,ε,m (ε ↓ 0) with fixed m ≥ 1 and the fact that for
ϕ ∈ H (1)

0,T ,

I x
T,m(ϕ) →

m→+∞ I x
T (ϕ)

uniformly on x , we can conclude the validity of (2.73). (Recall (2.72), where A
may be taken as Rd .)

To check condition (c)′u in Corollary 2.26, let c0 > 0, η > 0, and for 0 ≤ c ≤
c0 we write:

Pε
x {ψ : �T (ψ,Fx

T (c)) ≥ η} ≤ P(�T (X x,ε, X x,ε,m) ≥ η/2)

+ P(�T (X x,ε,m,Fx
T (c)) ≥ η/2).

Let us first take ε0,m0 so that (2.75) holds for all ε ∈ (0, ε0], all m ≥ m0,
thus controlling the first term. As for the second, since Cx := {ϕ : ϕ(0) =
x, �T (ϕ,Fx

T (c)) ≥ η/2} is a closed set, by the argument leading to (2.72) we may
take m̃0 > 0, η′ > 0 in such a way that for all m ≥ m̃0, x ∈ Rd

inf
ϕ∈Cx

I x
T,m(ϕ) ≥ c + η′,

implying that η′′ > 0 and m̃0 > 0 may be taken so that for each m ≥ m̃0 and each
x ,

Cx ⊆ {ϕ : ϕ(0) = x, �T (ϕ,Fx
T,m(c)) ≥ η′′}.

With this and the validity of condition (c)′u for the process X x,ε,m we conclude
the proof of Theorem 2.29. �

It remains to prove Lemma 2.28. This is a technical point and we sketch it.
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Proof of Lemma 2.28 Let Y x,ε,m
t := X x,ε

t − X x,ε,m
t . Considering equations

(2.65) and (2.66), we may write

Y x,ε,m
t =

∫ t

0
b̃ε,m(s)ds + ε

∫ t

0
σ̃ ε,m(s)dWs, (2.76)

where

b̃ε,m(s) = b(X x,ε
s )− b(X x,ε,m

rm (s) ),

σ̃ ε,m(s) = σ(X x,ε
s )− σ(X x,ε,m

rm (s) ).
(2.77)

Given η and ρ positive, let us consider the following stopping times:

τ ′x (η) = inf{s > 0:
∣∣Y x,ε,m

s

∣∣ ≥ η} ∧ T,

τ̃x (ρ) = inf{s > 0:
∣∣∣X x,ε,m

s − X x,ε,m
rm (s)

∣∣∣ ≥ ρ} ∧ T .

The statement to be proven is that for any η > 0:

lim
m→+∞ lim sup

ε→0
sup

x
ε2 log P(τ ′x (η) < T ) = −∞. (2.78)

But, given any η, ρ > 0, dropping their dependence from the notation we write:

P(τ ′x < T ) ≤ P(τ̃x < T )+ P(τ ′x < T, τ̃x = T );
the first term is estimated quite simply, since

P(τ̃x < T ) = P

(
max
i<mT

sup
i/m≤s<T∧(i+1)/m

∣∣∣X x,ε,m
s − X x,ε,m

i/m

∣∣∣ ≥ ρ

)
(2.79)

and since b and σ were assumed to be bounded, if C := supx {maxi, j d
∣∣σi, j (x)

∣∣ ∨
|b(x)|}, we have

sup
i/m≤s<(i+1)/m

∣∣∣X x,ε,m
s − X x,ε,m

i/m

∣∣∣ ≤ C/m + εC sup
i/m≤s<(i+1)/m

∣∣Ws − Wi/m
∣∣ ,

(2.80)
and consequently, for any ρ > 0, and m > C/ρ

P(τ̃x < T ) ≤ m T P

 sup
0≤s≤ 1

m

|Ws | ≥ ρ − C/m

εC


≤ C1 m T e−mC2(ρ−C/m)2/ε2C2

,

where C1,C2 just depend on the dimension d (cf. proof of (2.53)). We conclude
that for any ρ > 0,

lim
m→+∞ lim sup

ε→0
sup

x
ε2 log P(τ̃x < T ) = −∞.
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It now suffices to check that

lim
ρ↓0

lim
m→+∞ lim sup

ε→0
sup

x
ε2 log P(τ ′x (η) < T, τ̃x (ρ) = T ) = −∞. (2.81)

But, if s ≤ τ̄x := τ ′x ∧ τ̃x we use (2.77) and the uniform Lipschitz condition
on b(·) and σ(·) to see that∣∣b̃ε,m(s)

∣∣ ∨max
i, j

∣∣σ̃ ε,s
i, j (s)

∣∣ ≤ κ{∣∣Y x,ε,m
s

∣∣+ ρ}, (2.82)

for κ a suitable fixed constant.
Taking g(y) = (ρ2 + |y|2)1/ε2

and applying Itô’s formula (2.35) we write

g(Y x,ε,m
t ) = g(0)+

∫ t

0
αx (s)ds +

d∑
i, j=1

∫ t

0

∂g

∂yi
(Y x,ε,m

s )σ̃
ε,m
i, j (s)dW ( j)

s , (2.83)

where

αx (s) = 〈∇g(Y x,ε,m
s ), b̃ε,m(s)〉 + ε2

2
Trace(ãε,m(s)D2(g)(Y x,ε,m

s ))

with ãε,m(s) = σε,m(s)(σ ε,m(s))T, D2(g)(y) denotes the matrix of second order
derivatives of g at y (also called the Hessian of g at y) and we have the usual
product and trace of matrices. With standard (but a little lengthy) calculations one
gets for s ≤ τ̄x ,

αx (s) ≤ C̃ g(Y x,ε,m
s )

ε2
,

for some suitable constant C̃ that depends on κ and on the dimension d. Recalling
(2.83) (or applying Itô’s formula for f (t, y) = e−C̃ t/ε2

g(y)) and the classical
Doob optional sampling theorem we see that

e−C̃(τ̄x∧s)/ε2
g(Y x,ε,m

τ̄x∧s ), 0 ≤ s ≤ T,

is a supermartingale. Since its value at s = 0 is ρ2/ε2
, we get

E

(
e−C̃ τ̄x/ε

2
(ρ2 +

∣∣∣Y x,ε,m
τ̄x

∣∣∣2)1/ε2
)
≤ ρ2/ε2

.

But {τ ′x < T, τ̃x = T } ⊆ {
∣∣∣Y x,ε,m

τ̄x

∣∣∣ = η} and we get

e−C̃T/ε2
(ρ2 + η2)1/ε2

P(τ ′x < T, τ̃x = T ) ≤ ρ2/ε2
,

from which we conclude that

lim sup
ε→0

sup
x

ε2 log P(τ ′x < T, τ̃x = T ) ≤ C̃T + log
ρ2

ρ2 + η2

and (2.81) follows at once. �
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Remark Using a different method, Azencott extended the basic estimates of
Freidlin and Wentzell further beyond the hypotheses of Theorem 2.29, allow-
ing for explosions, and a(·) not necessarily elliptic. For a precise statement see
Proposition 2.3 and Theorem 2.4 in [7]. In this more general situation one loses
the simplified form of the action function as in (2.69). The above approximating
sequences X x,ε,m can also be used under these more general conditions (see Sec-
tion 5.6 in [85]). The situation is related to that mentioned in the remark following
Theorem 1.19.

Coefficients b(·) or σ(·) which might be discontinuous along some curves arise
naturally in some applications; see e.g. [28] for some results and discussion.

2.6 Exit from a domain
One of the classical applications of the large deviation estimates seen in Section
2.4 is to the problem of escape from a bounded domain D which under the action
of the deterministic system is attracted to a fixed point or a limit cycle. Due to
the presence of noise, the diffusion X x,ε will eventually escape from D, with
probability one. The basic questions are:

(i) through which points on ∂D will it typically escape?
(ii) what is the typical exit time?

(iii) is there a typical path which provides the escape?
Answers to such questions have been given by Freidlin and Wentzell. Hav-

ing in mind the metastability for these systems, to be discussed in Chapter 5,
it is convenient first to study these basic problems. We do it in this section for
the sake of completeness; the results are taken from Chapter 4 in [122]. They
are explained in various degrees of generality in several of the already quoted
monographs.

For simplicity we assume that X x,ε is given by (2.50), where the vector field
b(·) satisfies a global Lipschitz condition (cf. (2.51)). In this section we also make
the following assumptions.

Assumptions 2.30
(a) D is a bounded open domain in Rd , with a (smooth) boundary ∂D of class

C2 and 〈b(x), n(x)〉 < 0 for each x ∈ ∂D, where n(x) is the outward unit
normal vector to ∂D, at x .2

(b) x0 ∈ D is an asymptotically stable equilibrium point of the deterministic
system, i.e. for each G neighbourhood of x0 there is a neighbourhood G̃
of x0 so that G̃ ⊆ G and if x ∈ G̃ then X x,0

t → x0 as t →+∞, without
exiting from G.

(c) The set D = D ∪ ∂D is attracted to x0. For any x ∈ D, X x,0
t ∈ D for each

t > 0 and limt→+∞ X x,0
t = x0.

2 Domains D, G in this section and in Chapter 5 are taken as open.
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Remarks (i) Assumptions 2.30 correspond to the simplest situation. For the study
of metastability in Chapter 5, we need to consider domains that are not fully
attracted. An interesting case, not discussed here, and which presents delicate
features, is when D is attracted to a fixed point x0 ∈ D (or a cycle) but ∂D is not
(see eg. [75]). The regularity on ∂D can be somewhat relaxed but we do not dis-
cuss such extensions either. The reader will notice that the condition on the vector
field imposed in (a) can be relaxed provided (c) holds.

(ii) The restriction to constant diffusion coefficient stays for simplicity. This
discussion could be extended without further difficulties to the situation in Sec-
tion 2.5.

Notation To simplify the notation we shall eliminate the superscript x in X x,ε

and will instead write Px (Ex respectively) to indicate the condition X x,ε
0 = x , if

ε > 0. (We hope no confusion will come from this, due to the presence of a second
super index in our notation, indicating whether the noise is present or not.)

A crucial role in the treatment of the above basic questions is played by the quasi-
potential with respect to x0, V (x0, · ), defined as follows:

Definition 2.31 For x, y ∈ Rd set

V (x, y) = inf{IT (ϕ) : ϕ(0) = x, ϕ(T ) = y, T > 0},

where IT (·) is the rate function of Section 2.4, i.e.

IT (ϕ) =
{ 1

2

∫ T
0 |ϕ̇(t)− b(ϕ(t))|2 dt if ϕ is absolutely continuous,

+∞ otherwise.

Obviously V (x, y) ≥ 0; in some limiting sense (described by the l.d.p.)
V (x, y) represents the ‘cost’ for the stochastically perturbed system to move from
(nearby) x to y. It is very simple to see that under our assumptions V (·, ·) is jointly
continuous. Indeed, from the definition we see that V (x, z) ≤ V (x, y)+ V (y, z),
for each x, y, z, and moreover we have the following.

Lemma 2.32 If b(·) is continuous, then for each compact C ⊆ Rd we may take
L < +∞ so that for any x, y ∈ C there exists ϕ, a C∞ function, so that ϕ(0) =
x, ϕ(|x − y|) = y and I|x−y|(ϕ) ≤ L |x − y|; in particular V (x, y) ≤ L |x − y|.
The same L works over all Rd if b(·) is bounded.

Proof Just take a linear interpolation ϕ(t) = x + t
|y−x | (y − x). �

A first result concerning the basic questions tells us that the escape from D
must happen near a point on ∂D where V (x0, ·) is minimal. (For simplicity we
suppose that there is only one such point, but this is irrelevant.)



106 Small random perturbations of dynamical systems

Theorem 2.33 (Freidlin and Wentzell) Under the above conditions, i.e. Assump-
tions 2.30 and b(·) Lipschitz, and if there exits a unique y0 ∈ ∂D so that

V (x0, y0) = min
y∈∂D

V (x0, y), (2.84)

then, for each δ > 0 and each x ∈ D

lim
ε↓0

Px (
∣∣Xε

τε
− y0

∣∣ > δ) = 0, (2.85)

where τε = inf{t : Xε
t /∈ D} (with the convention that inf∅ = +∞).

The convergence in (2.85) is uniform on each compact set contained in D.

Notation (a) If A ⊆ Rd is open or closed, τε(A) denotes the hitting time to A,

τε(A) = inf{t ≥ 0: Xε
t ∈ A},

with the convention that inf∅ = +∞. Thus τε = τε(Dc), where Dc = Rd \ D.
(b) Br (x) = {y ∈ Rd : |y − x | < r}; B̄r (x) = {y ∈ Rd : |y − x | ≤ r};

Sr (x) = {y ∈ Rd : |y − x | = r}.
Before proving the previous theorem we verify the lemma below, which basically
says that Xε cannot stay wandering around in D \ Br (x0) for too long; this would
have a high ‘price’ in terms of the rate function, due to our conditions on the
deterministic system.

Lemma 2.34 Under the conditions of Theorem 2.33, given r > 0 we have:
(a) there exist c > 0, T0 > 0 so that IT (ϕ) ≥ c(T − T0) for any ϕ such that

ϕ(t) ∈ D \ Br (x0) for all t ∈ [0, T ];
(b) there exist c̃ > 0, T0 > 0 so that for any ε sufficiently small and any x ∈

D \ Br (x0)

Px (τε(Dc ∪ Br (x0)) > T ) ≤ exp{−ε−2c̃(T − T0)}.
Proof of Lemma 2.34 Of course (a) is relevant only for T ≥ T0. From Assump-
tions 2.30, the deterministic system X x,0 reaches Br/2(x0) in a finite time t (x),
for each x ∈ D. Since the map x &→ X x,0

t is continuous, we see that x &→ t (x) is
upper semi-continuous, so that T0 := supx∈D t (x) < +∞. Consequently, the set

F = {ϕ ∈ C([0, T0],Rd) : ϕ(t) ∈ D \ Br (x0), ∀t ∈ [0, T0]}
is closed and does not contain any path of the deterministic system. This implies,
by the lower semi-continuity of IT0 , that A := infϕ∈F IT0(ϕ) > 0. From the addi-
tivity of IT (ϕ) in T , it follows that if ϕ(t) ∈ D \ Br (x0) for all t ∈ [0, T ], then
IT (ϕ) ≥ A[T/T0] ≥ c(T − T0), with c = A/T0, proving (a).

To prove (b), from Assumptions 2.30 we may take 0 < α < r/2 small
enough, so that these assumptions continue to be valid for an α-neigbourhood
of D, D(α) := {y ∈ Rd : �(y, D) < α

}
, where �(y, D) = inf{|y − x | : x ∈ D}.

As in (a), there exist A > 0, T0 > 0 so that ϕ([0, T0]) ⊆ D(α) \ Br/2(x0) implies
IT0(ϕ) > A. In particular, if IT0(ϕ) ≤ A, and ψ([0, T0]) ⊆ D \ Br (x0) then we
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have �T0(ϕ, ψ) ≥ α. Thus, given h > 0 there exists ε0 > 0 so that

Px
(
τε(Dc ∪ Br (x0)) > T0

) ≤ Px

(
�T0(Xε,Fx

T0
(A)) ≥ α

)
≤ exp{−ε−2(A − h)},

for all x , all ε < ε0. Since this inequality holds for all x , using the Markov prop-
erty we get (b) with c̃ = (A − h)/T0. �

Proof of Theorem 2.33 The proof of Theorem 2.33 may be, as originally pre-
sented by Freidlin and Wentzell, split into two basic points.

(I) For each x ∈ D and each r > 0

lim
ε→0

Px (τε < τε(Br (x0))) = 0 (2.86)

(with uniform convergence on each compact C ⊆ D).
(II) Given δ > 0 we may find r > 0 sufficiently small so that

lim
ε→0

sup
y∈Sr (x0)

Py(
∣∣Xε

τε
− y0

∣∣ > δ) = 0. (2.87)

�

The proof follows at once from (I) and (II) above, since the path continuity and
strong Markov property imply that:

Px (
∣∣Xε

τε
− y0

∣∣ > δ) =Px (
∣∣Xε

τε
− y0

∣∣ > δ, τε < τε(Br (x0)))

+ Px (
∣∣Xε

τε
− y0

∣∣ > δ, τε ≥ τε(Br (x0)))

≤Px (τε < τε(Br (x0)))+ sup
y∈Sr (x0)

Py(
∣∣Xε

τε
− y0

∣∣ > δ).

(2.88)
The proof of (I) follows from (2.53) and the fact that under our assumptions

the deterministic system X x,0
t must visit Br/2(x0) in a finite time t (x), staying

at some positive distance α(x) from Dc during all the time interval [0, t (x)], so
that Px (τε < τε(Br (x0))) ≤ Px (�t (x)(Xε, X x,0) > α(x) ∧ r/2). (Also, if C ⊆ D
is compact, we may take supx∈C t (x) < +∞ and infx∈C α(x) > 0, from which
we get the uniformity on C .)

To prove (II), if r > 0 and B̄2r (x0) ⊆ D, write Su = Su(x0) for u ≤ 2r , and
consider the Markov chain imbedded in Xε through the stopping times ηn , defined
as follows:

η0 = 0,

σ0 = inf{t > 0: Xε
t ∈ S2r },

and inductively

ηi+1 = inf{t > σi : Xε
t ∈ Sr ∪ ∂D},

σi+1 = inf{t > ηi+1 : Xε
t ∈ S2r },

for i ≥ 0, with the usual convention that inf∅ = +∞. Starting at any x ∈ Sr we
then consider the imbedded Markov chain Z ε

n = Xε
ηn

, n ≥ 0 (see Remark 2.35
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below) whose state space is Sr ∪ ∂D and let ν = min{n ≥ 1 : Z ε
n ∈ ∂D}. In this

way, (2.87) becomes

lim
ε→0

sup
x∈Sr

Px (
∣∣Z ε

ν − y0
∣∣ > δ) = 0. (2.89)

Taking r sufficiently small (depending on δ) we check that (2.89) holds.

Remark 2.35 In principle we may have ηm(ω) = +∞ which would make the
above definition of Z ε

m meaningless. Nevertheless, except for a null set, in order
to get ηm = +∞ we need that Xε

ηn
∈ ∂D for some n < m, which allows the pro-

cess never to come back to Sr , yielding σn+1 = ηn+1 = · · · = +∞. One solution
would be to modify b(·) outside D in such a way that it keeps returning to D
(and so to Sr ). Since b(·) is unchanged in D, the probabilities in the statement of
Theorem 2.33 are not affected. Alternatively, one could add an extra point ‘ς ’ to
the state space and define Z ε

n = ς if ηn = +∞. Since Z ε cannot go to ς without
passing by ∂D, this does not interfere with the events of interest.

To verify (2.89), since τε (and so ν) is a.s. finite and the event {ν ≥ n} = {Z ε
j ∈

Sr ,∀ j ≤ n − 1} belongs to the σ -field generated by Z ε
1, . . . , Z ε

n−1, the Markov
property gives us, for each x ∈ Sr :

Px (
∣∣Z ε

ν − y0
∣∣ > δ)

=
∑

n

Ex (1(ν≥n)PZε
n−1

(Z ε
1 ∈ ∂D \ Bδ(y0)))

≤
∑

n

Ex (1(ν≥n)PZε
n−1

(Z ε
1 ∈ ∂D)) sup

z∈Sr

Pz(Z ε
1 ∈ ∂D \ Bδ(y0))

Pz(Z ε
1 ∈ ∂D)

= sup
z∈Sr

Pz(Z ε
1 ∈ ∂D \ Bδ(y0))

Pz(Z ε
1 ∈ ∂D)

.

(2.90)

It suffices to prove that the last term on the right tends to zero provided r > 0
is properly chosen. For this let χ := miny∈∂D\Bδ(y0) V (x0, y)− V (x0, y0), which
is positive, by assumption. If L is given by Lemma 2.32, let us also require that
r ∈ (0, χ/20L), and for such a choice let us prove that for ε sufficiently small:

inf
x∈Sr

Px (Z ε
1 ∈ ∂D) ≥ exp{−ε−2(V (x0, y0)+ 4χ/10)}, (2.91)

sup
x∈Sr

Px (Z ε
1 ∈ ∂D \ Bδ(y0)) ≤ exp{−ε−2(V (x0, y0)+ 5χ/10)}. (2.92)

The proof will then follow due to (2.90). For (2.91) it is enough to con-
struct, for suitable T < +∞ and each x ∈ Sr , a trajectory ϕx ∈ C([0, T ],Rd),
with ϕx (0) = x , IT (ϕ

x ) ≤ V (x0, y0)+ 3χ/10 and such that whenever ψ ∈
C([0, T ],Rd) and �T (ψ, ϕx ) < r then, after hitting S2r , ψ leaves D before re-
turning to Sr . In such a case the lower estimate (b)′u in Corollary 2.26 gives (2.91),
provided ε is small enough. The construction of ϕx is done in four pieces: the main
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one is obtained from any trajectory ϕ̃ ∈ C([0, t0],Rd) which connects x0 to y0

and has action slightly above V (x0, y0) (say less than V (x0, y0)+ χ/10). We call
t1, x1 the last time and position where ϕ̃ hits S2r . We use Lemma 2.32 and inter-
polate between x to x0 and x0 to x1. From x1 we follow ϕ̃ until hitting y0, and then
we make another interpolation to a point ỹ /∈ D(r), |ỹ − y0| = r in order to exit
from D(r). These interpolation pieces contribute very little; according to Lemma
2.32 their contribution is at most 4Lr < 2χ/10, and T = t0 − t1 + 4r , giving us
equation (2.91). (Interpolating between x and x0 and then to x1 gave a constant
time for all trajectories; this is not important and if instead we had trajectories in
intervals [0, t̃(x)] with supx∈Sr

t̃(x) = T < +∞ we would continue by the deter-
ministic path in the time interval [t̃(x), T ], to fit exactly in the form of (b)′u of
Corollary 2.26.)

The argument for (2.92) is analogous, using instead (c)′u of Corollary 2.26. By
path continuity and the strong Markov property:

sup
x∈Sr

Px
(
Z ε

1 ∈ ∂D \ Bδ(y0)
) ≤ sup

y∈S2r

Py

(
Xε

τε(Sr∪∂D) ∈ ∂D \ Bδ(y0)
)
. (2.93)

Now, given t0 > 0 we decompose the event on the right-hand side of (2.93) ac-
cording to τε(Sr ∪ ∂D) ≤ t0 or τε(Sr ∪ ∂D) > t0. Lemma 2.34 tells us that the
second part can be made negligible, i.e. we may take t0 so that

sup
y∈S2r

Py(τε(Sr ∪ ∂D) > t0) ≤ exp{−ε−2(V (x0, y0)+ χ)}, (2.94)

for all ε sufficiently small. It remains to consider

sup
y∈S2r

Py(Xε
τε(Sr∪∂D) ∈ ∂D \ Bδ(y0), τε(Sr ∪ ∂D) ≤ t0).

Take c0 = V (x0, y0)+ 6χ/10 and observe that if F = {ϕ ∈ C([0, t0],Rd) :
ϕ(0) ∈ S2r , It0(ϕ) ≤ c0} then for each ϕ ∈ F and t ∈ [0, t0], ϕ(t) must be at dis-
tance at least r from ∂D \ Bδ(y0). Indeed, if this were not the case there would
exist t1 ≤ t0 and z ∈ ∂D \ Bδ(y0) so that |ϕ(t1)− z| ≤ r , and in such case we
could, after interpolating x0 to ϕ(0), following ϕ up to ϕ(t1) and then interpolat-
ing ϕ(t1) to z, obtain a function ψ connecting x0 to ∂D \ Bδ(y0) in some finite
time and with action function at most V (x0, y0)+ 3χ/4 contradicting the choice
of χ . Thus,

sup
y∈S2r

Py(Xε
τε(Sr∪∂D) ∈ ∂D \ Bδ(y0), τε(Sr ∪ ∂D) ≤ t0)

≤ sup
y∈S2r

Py(�t0(Xε,F
y
t0(c0)) ≥ r).

Applying (c)′u of Corollary 2.26 and recalling (2.94), we get (2.92) for ε suffi-
ciently small. This ends the proof of Theorem 2.33. �

Remark 2.36 The previous proof extends at once when the fixed point x0 is
replaced by an attracting limit cycle. The situation of several attractors in D is
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highly relevant for the problem of metastability and will be discussed partially in
Chapter 5. Another comment refers to the uniqueness of minimizing y0. The proof
of Theorem 2.33 shows that if C := {y ∈ ∂D : V (x0, y) = minz∈∂D V (x0, z)}
then limε→0 Px (Xε

τε
/∈ C(δ)) = 0 where C(δ) is the δ-neighbourhood of C . It

does not say anything with respect to different points in C ; this is beyond the
‘rough’ large deviation estimates used in the proof. Except for special situations,
e.g. if symmetry provides uniform distribution in C , a more refined analysis is
required.

Before proceeding with the basic questions raised above, let us discuss briefly the
determination of V (x0, · ), as required for the application of Theorem 2.33. Since
V (x0, · ) is defined through a variational problem, its differentiability would be
useful at this point, due to the Jacobi equation. Though V (x0, · ) is Lipschitz, it
is not necessarily differentiable. The simplest case, where no difficulty occurs, is
that of a gradient system

b(x) = −∇U (x), x ∈ Rd , (2.95)

for U : Rd → R which we assume to have continuous and bounded derivatives
up to second order. In particular, b(·) satisfies (2.51). (Considering the process
stopped upon its escape from D, it would suffice to have U (·) of class C2, cf.
proof of Theorem 2.24.) The characterization of V (x0, · ) in this case is very
simple and the next proposition gives at least one reason for the name ‘quasi-
potential’.

Remark Under (2.95), proper growth conditions on U (·) at infinity guarantee the
existence of a reversible probability measure for Xε. In this case, the exit times
can be analysed by exploiting more the reversibility instead of the l.d.p. This will
be seen in Chapter 5.

Proposition 2.37 Besides the assumptions of Theorem 2.33, let us suppose that
(2.95) holds (everywhere), for some U : Rd → R of class C2. Then, for each
y ∈ D

V (x0, y) = 2 (U (y)−U (x0)) . (2.96)

Moreover, given T > −∞ and y ∈ D, the reversed deterministic trajectory

ψ(t) = X y,0
T−t , −∞ < t ≤ T,

is the unique trajectory which attains the minimum

V (x0, y) = inf

{∫ T

−∞
|ϕ̇(t)− b(ϕ(t))|2 dt : ϕ(−∞) = x0, ϕ(T ) = y

}
.
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Proof Let ϕ be such that IT (ϕ) < +∞. Using the identity |u − v|2 = |u + v|2 −
4〈u, v〉, u, v ∈ Rd , and (2.95) we have:

IT (ϕ) = 1

2

∫ T

0
|ϕ̇(s)− b(ϕ(s))|2 ds

= 1

2

∫ T

0
|ϕ̇(s)+ b(ϕ(s))|2 ds − 2

∫ T

0
〈ϕ̇(s), b(ϕ(s))〉 ds

= 1

2

∫ T

0
|ϕ̇(s)+ b(ϕ(s))|2 ds + 2

∫ T

0
〈ϕ̇(s),∇U (ϕ(s))〉 ds

= 1

2

∫ T

0
|ϕ̇(s)+ b(ϕ(s))|2 ds + 2(U (ϕ(T ))−U (ϕ(0))).

(2.97)

From (2.97) we immediately get that for any y ∈ Rd :

V (x0, y) ≥ 2(U (y)−U (x0)). (2.98)

On the other hand, if y ∈ D and ψ is the time reversed orbit of X y,0 such that
ψ(T ) = y (i.e. ψ(t) = X y,0

T−t , 0 ≤ t ≤ T ), then ψ̇(s) = −b(ψ(s)) and the first
term on the right-hand side of (2.97) vanishes, implying that IT (ψ) = 2(U (y)−
U (X y,0

T )).

Letting T →+∞, we have X y,0
T → x0 under Assumptions 2.30, and we get

equality in (2.98), for each y ∈ D. As for the uniqueness, (2.97) implies that∫ T

T1

|ϕ̇(s)− b(ϕ(s))|2 ds ≥ 2(U (ϕ(T ))−U (ϕ(T1))),

with equality if and only if ϕ is absolutely continuous in (T1, T ) and∫ T
T1
|ϕ̇(s)+ b(ϕ(s))|2 ds = 0, namely ϕ̇(t) = −b(ϕ(t)) for T1 < t < T . Since

b(·) is Lipschitz the uniqueness follows, given ϕ(T ) = y. Allowing T1 to be taken
as −∞, we get the uniqueness of the extremal trajectory, given ψ(T ) = y. �

Remark 2.38 The previous argument shows that the infimum in Definition 2.31
might not be attainable (along finite intervals). On the other hand, allowing semi-
infinite trajectories (ψ(t) : −∞ ≤ t ≤ T ), Freidlin and Wentzell prove that the
infimum is indeed reached under the more general conditions of Theorem 2.33
(see [295]). Here T > −∞ is arbitrary; nothing changes under the time shift.

Concerning the last statement of Proposition 2.37, its main importance is to go
beyond the result of Theorem 2.33, giving not only Xε(τε) but also the ‘final
excursion’ leading to ∂D. Typically, this will be near the extremal trajectory for
y = y0 (if this is unique up to translations in time). To turn this into a precise
statement one needs to take a neighbourhood G0 of x0 such that the extremal
trajectory leaves G0 in a ‘regular’ fashion (without infinitely many oscillations
around its boundary). Freidlin and Wentzell have proven that after its last visit to
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G0 the perturbed trajectory will follow closely the extremal one, until time τε. For
a precise statement see Theorem 2.3, Chapter 4 in [122]. In Chapter 6 we shall
discuss a similar problem in another set-up.

Remark 2.39 Under the assumptions of the previous proposition, x0 is the point
of minimum of U (·) and its unique critical point in D. For simplicity we have
imposed too restrictive conditions. They may be relaxed to:

b(x) = −∇U (x)+ b̃(x), x ∈ D,

where
(a) 〈∇U (x), b̃(x)〉 = 0 for all x ∈ D,
(b) U (x) > U (x0) and ∇U (x) �= 0 for all x ∈ D \ {x0}.
Under these last conditions, (2.96) still holds for each y ∈ D such that U (y) ≤

minz∈∂D U (z). Here it suffices that U (·) is of class C1. When U (·) is of class C2

the second statement of the previous proposition also holds. Fixing ψ(T ) = y,
the extremal trajectory is the unique solution of ψ̇(t) = ∇U (ψ(t))+ b̃(ψ(t)) for
t < T , with ψ(T ) = y.

The assumption of class C2 guarantees the uniqueness of such ψ . The fact that
limt→−∞ ψ(t) = x0 follows quite easily from the assumption that U (·) does not
have other critical points in D, after observing that ∂U (ψ(t))/∂t = |∇U (ψ(t))|2.

The statement follows once we verify that 1
2

∫ T
t

∣∣ψ̇(s)− b(ψ(s))
∣∣2 ds =

2 (U (y)−U (ψ(t))) and that V (x0, y) ≥ 2(U (y)−U (x0)) for y ∈ D such that
U (y) ≤ minz∈∂D U (z). To see this, use (a) to rewrite IT (ϕ) analogously to (2.97);
if ϕ(t) ∈ D for all 0 ≤ t ≤ T , one has

IT (ϕ) = 1

2

∫ T

0

∣∣ϕ̇(s)− ∇U (ϕ(s))− b̃(ϕ(s))
∣∣2 ds + 2

∫ T

0
〈ϕ̇(s),∇U (ϕ(s))〉ds.

The existence of the above orthogonal decomposition of b(·) is indeed equiva-
lent to the continuous differentiability of V (x0, · ). (See Theorem 3.1 and further
analysis in Chapter 4 of [122].)

Example To exemplify the content of the previous observations let us take a
quadratic potential U (x) = 1

2 〈Bx, x〉, where B is a d × d matrix with real entries.
In this case, ∇U (x) = Ax where A = (B + BT)/2, a symmetric real matrix. If
b(x) := −Ax we have a gradient system and if A is positive definite we can use
Proposition 2.37 with x0 = 0.

If we now let b̃(x) = 1
2 (BT − B)x then−∇U (x)+ b̃(x) = −Bx and the con-

dition 〈∇U (x), b̃(x)〉 = 0 for all x is equivalent to |BTx |2 = |Bx |2 for all x . Thus
we assume that B BT = BT B. If moreover (B + BT)/2 is positive definite (eigen-
values of −B with negative real part), the asymptotic stability of x0 = 0 is en-
sured. We can apply the previous result for b(x) := −Bx and x0 = 0. In this case
X x,0

t → 0, for any x . If the domain D satisfies the conditions in Theorem 2.33 and
y0 is the unique point of minimum of U (·) on ∂D, the ‘final part’ of the escape
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will be (modulo a time shift) near the solution of ψ̇(t) = BTψ(t) for t < 0 with
ψ(0) = y0, with large probability.

Concerning the order of magnitude of τε, the following is a basic result.

Theorem 2.40 (Freidlin and Wentzell) If b(·) is Lipschitz, Assumptions 2.30 hold
true, and V0 := infy∈∂D V (x0, y), then for any x ∈ D :

(i) limε→0 ε2 log Ex (τε) = V0;
(ii) limε→0 Px

(
e(V0−ζ )/ε2

< τε < e(V0+ζ )/ε2
)
= 1, for any ζ > 0.

Moreover, both convergences hold uniformly in x , on each compact subset
of D.

Proof Before getting started with the proof, we may observe that V0 > 0 under
Assumptions 2.30. This can be seen from Remark 2.38, which we have not proven
in general. It is useful to observe that for the upper bounds for τε this will not play
any role in the proof below. On the other hand, the lower bounds become quite
simple if V0 = 0 (see also Remark 2.41 below).

We first prove the following (uniform) upper estimate:

lim sup
ε→0

ε2 sup
x∈D

log Ex (τε) ≤ V0. (2.99)

This will follow once we check that for any ζ > 0 there exists a constant T < +∞
and ε0 > 0 so that for all 0 < ε < ε0

min
x∈D

Px (τε < T ) ≥ 1

2
e
− V0+2ζ/3

ε2 . (2.100)

Indeed, the Markov property and (2.100) imply that for 0 < ε < ε0 and all x ∈ D:

Ex (τε) ≤ T
+∞∑
n=0

Px (τε ≥ nT ) ≤ T
+∞∑
n=0

(
sup
y∈D

Py(τε ≥ T )

)n

≤ T

miny∈D Py(τε < T )
≤ 2T e

V0+2ζ/3

ε2 .

Since ζ > 0 is arbitrary we get (2.99). Now, to check (2.100) we recall two ob-
servations from the proof of Theorem 2.33.

(a) With the construction used in the proof of (2.91) we may find r > 0,
T1 < +∞ with the property that for any y ∈ B̄2r (x0) there exists a function
ϕy ∈ C([0, T1],Rd) such that ϕy(0) = y, ϕy leaves the set D(r) before time T1,
and moreover IT1(ϕ

y) ≤ V0 + ζ/2. Thus, ε0 > 0 may be taken so that for any
ε ∈ (0, ε0] and any y ∈ B̄2r (x0):

Py(τε < T1) ≥ Py(�T1(Xε, ϕy) < r) ≥ e
− V0+2ζ/3

ε2 , (2.101)

where the first inequality is immediate and the second follows from (b)′u of Corol-
lary 2.26.
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(b) With r > 0 small chosen as in (a), we use Assumptions 2.30 to find T2 <

+∞ so that for each x ∈ D the deterministic path X x,0
t arrives at Br (x0) before

T2. Thus

Px (τε(B̄2r (x0)) < T2) ≥ Px (�T2(Xε, X x,0) ≤ r),

which tends to one uniformly in x as ε → 0, according to (2.53).
By the strong the Markov property, for any x ∈ D we have:

Px (τε < T1 + T2) ≥ Px (τε(B̄2r (x0)) < T2) inf
y∈B̄2r (x0)

Py(τε < T1)

and the previous observations yield (2.100) with T = T1 + T2 and ε small
enough. This completes the proof of (2.99), to which we apply the Markov
inequality and see that

lim
ε→0

Px

(
τε > e

V0+ζ

ε2

)
= 0,

for any ζ > 0 and x ∈ D, verifying the upper bound in the statement (ii).
Concerning the lower estimates, it suffices to prove that if x ∈ D and ζ > 0,

then

lim
ε→0

Px

(
τε < e

V0−ζ

ε2

)
= 0. (2.102)

Indeed, rewriting the Markov inequality Ex (τε) ≥ e
V0−ζ

ε2 Px

(
τε ≥ e

V0−ζ

ε2

)
we see

that

lim inf
ε→0

ε2 log Ex (τε) ≥ V0 − ζ,

which would conclude the proof.
To check (2.102) we first recall the imbedded Markov chain used in the proof

of Theorem 2.33 and verify that given 0 < ζ < V0, if r > 0 is small enough, one
has

sup
x∈Sr

Px (ν = 1) ≤ e
− V0−ζ

ε2 , (2.103)

provided ε is sufficiently small. Indeed, using the strong Markov property at σ0

we can write, for 0 < T < +∞:

sup
x∈Sr

Px (ν = 1) = sup
y∈S2r

Py(τε = τε(Sr ∪ ∂D))

≤ sup
y∈S2r

Py(τε = τε(Sr ∪ ∂D) < T )

+ sup
y∈S2r

Py(τε = τε(Sr ∪ ∂D) ≥ T ).

(2.104)
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For the last term we use Lemma 2.34: if r > 0 and B̄2r (x0) ⊆ D we can take
T = Tr < +∞ so that

sup
y∈S2r

Py(τε = τε(Sr ∪ ∂D) ≥ T ) ≤ e
− V0

ε2 ,

provided ε is small enough.
For the first term on the right-hand side of (2.104) we argue as in the proof

of (2.92): given ζ > 0 we may take r > 0 small enough so that the level set⋃
y∈S2r

F
y
T (V0 − ζ/2) is at positive distance from the set of trajectories which

start at S2r and hit ∂D before time T . From the upper estimate (c)′u of Corollary
2.26 we get that for such an r > 0, and ε sufficiently small:

sup
y∈S2r

Py(τε = τε(Sr ∪ ∂D) < T ) ≤ e
− V0−2ζ/3

ε2 ,

which together with the last two inequalities gives (2.103) provided r > 0 is suit-
ably small (depending on ζ ) and then ε is small enough.

There is a uniform lower bound tr > 0 (independent of ε > 0) for the time that
the deterministic paths X y,0 with y ∈ S2r need in order to reach B3r/2(x0) and
we can assume (since r is small) that all such paths keep distance larger than r/2
from Dc. Using the strong Markov property as before and (2.53), we get, for ε

sufficiently small,

inf
y∈Sr

Py(η1 ≥ tr ) ≥ inf
y∈S2r

Py(�tr (Xε, X y,0) < r/2) ≥ 2

3
. (2.105)

Given ζ > 0 we take r > 0 as above. If x ∈ D and nε ≥ 1 we write

Px

(
τε < e

V0−2ζ

ε2

)
≤ Px (τε ≤ τε(Sr ))+ sup

y∈Sr

(
Py(ν ≤ nε)+ Py(ηnε < e

V0−2ζ

ε2 )

)
,

where we have used the strong Markov property and the fact that {ν ≥ nε} ⊆
{τε ≥ ηnε }.

We already know that the first term on the right-hand side of the above equation
vanishes as ε → 0. To take care of the second term, with a proper choice of nε,
notice that (2.103) and the Markov property of Z ε imply that

inf
x∈Sr

Px (ν > n) ≥ (1− e
− V0−ζ

ε2 )n,

for all n ≥ 1, with r and ε as in (2.103). Setting nε = [exp{ε−2(V0 − 3ζ/2)}]+ 1,
we have:

sup
y∈Sr

Py(ν ≤ nε) ≤ 1− (1− e
− V0−ζ

ε2 )nε ,
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which tends to zero as ε → 0. It remains to check that for this choice of nε we
have

lim
ε→0

sup
y∈Sr

Py(ηnε < e
V0−2ζ

ε2 ) = 0.

From the definition of nε we write Py(ηnε < e(V0−2ζ )/ε2
) ≤ Py(ηnε /nε <

e−ζ/2ε2
). We now check that this vanishes as ε → 0. But ηn ≥

∑n
j=1

tr1(η j−η j−1≥tr ), so that recalling (2.105) and using the strong Markov property
we have, for ε sufficiently small and n ≥ 1:

sup
y∈Sr

Py

(
ηn

n
< e

− ζ

2ε2

)
≤ P

(
Rn

n
<

1

tr
e
− ζ

2ε2 )

)
, (2.106)

where Rn represents the number of successes in n independent Bernoulli tri-
als with probability of success being 2/3. Since t−1

r e−ζ/2ε2 ≤ 1/3 for ε small
enough, the conclusion follows at once and we get (2.102) with ζ replaced
by 2ζ . This holds for ζ > 0 arbitrarily small, thus completing the proof of (i)
and (ii).

The statement on the uniformity follows from the proof and previous observa-
tions, according to Corollary 2.26. �

Remark 2.41 The asymptotic stability of x0 implies that given r > 0 we may
take r1 ∈ (0, r/2) so that for any y ∈ Br1(x0), X y,0

t converges to x0, as t →+∞,
without ever leaving Br/2(x0). Using this, the rough estimate (2.53), and the
Markov property, we see that c1 > 0 can be taken so that

sup
y∈Br1 (x0)

Py
(
τε(Sr (x0)) < e

c1
ε2
) ≤ e

− c1
ε2 , (2.107)

for all ε > 0 small enough. (In particular, this shows that V0 > 0 in Theorem
2.40.)

To check (2.107), notice that we can also take r2 < r1/2 such that the de-
terministic orbits starting in Br2(x0) never leave Br1/2(x0). Now, we take t1 fi-

nite so that X y,0
t hits Br2(x0) during [0, t1], for any y ∈ Br1(x0); in particular

X y,0
t1 ∈ Br1/2(x0). For ti = i t1, i = 0, 1, . . . , we say that the interval [ti , ti+1] is

regular if: X y,ε
t ∈ Br1(x0), for t = ti , ti+1 and the trajectory does not exit from

Br (x0) during [ti , ti+1]. Then, (2.53) implies that

inf
y∈Br1 (x0)

Py([0, t1] is regular) ≥ inf
y∈Br1 (x0)

Py(�t1(X y,ε, X y,0) ≤ r1/2) ≥ 1− e
− C

ε2 ,

for suitable C positive (depending on r1, t1, κ, d) and ε > 0 small. Using the
Markov property and repeating this for i = 1, . . . , [eC/2ε2

] we get (2.107) if
c1 < C/2 and ε is small.
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The study of the asymptotic distribution of τε/Exτε is postponed to Chapter 5.
The basic l.d.p. of Freidlin and Wentzell is useful in providing information on

the asymptotic behaviour of the stationary measure. Clearly, proper conditions on
the vector field b(x) for |x | large are needed to guarantee that Xε has a (unique)
stationary probability measure µε (see [176]).

Just to get a feeling of the problem, let us recall the gradient case b(x) =
−∇U (x), with U (·) having a unique global minimum at x0. Proper growth con-
ditions on U (e.g. if U grows at least linearly at infinity) guarantee the ergodicity.
In this case µε is explicitly known, given by

µε(A) =
∫

A e−ε−22U (x) dx∫
Rd e−ε−22U (x) dx

.

We see that the Laplace–Varadhan method, cf. Theorem 1.18, is applicable and
under the conditions of Theorem 2.40 we have, as ε → 0:

1

ε2
lnµε(A) ∼ −2 inf

x∈A
(U (x)−U (x0)).

Freidlin and Wentzell estimates can be applied to generalize this description
to non-gradient cases, with the quasi-potential V (x0, y) playing the fundamental
role; see Chapter 4 in [122].



3

Large deviations and statistical
mechanics

Having in mind the discussion on metastability, we need a brief introduction to
statistical mechanics. This will be done in Section 3.3. Considerations on the con-
nection between large deviation theory and the statistical description of (equi-
librium) thermodynamical systems appear naturally and are the content of Sec-
tion 3.4, focusing on basic aspects rather than generality, with references to more
advanced literature.

Apart from such motivations, the extension of the results of Chapter 1 beyond
independent variables is natural in many contexts. We discuss the Gärtner–Ellis
method briefly and apply it to finite Markov chains, as the simplest situation to
start with. While discussing large deviations for (equilibrium) statistical mechan-
ics models, it is important to stress the role of subadditivity and convexity, already
illustrated in Section 1.5, where the Ruelle–Lanford method was considered in the
context of i.i.d. variables. Some basic results are taken from Section 3 of Pfister’s
lecture notes [243], simplified for our situation.

3.1 Large deviations for dependent variables.
Gärtner–Ellis theorem

Examining the proof of the Cramér theorem in Section 1.4, we are naturally led
to allow a moderate dependence among the Xi variables. This extension is due
to Gärtner [132] and Ellis [108]. To describe it briefly, we consider Rd -valued
variables Wn (replacing the previous X̄n), n ≥ 1. Let µn be the law of Wn on Rd

and µ̂n its moment generating function:

µ̂n(ζ ) = Ee〈ζ,Wn〉, ζ ∈ Rd ,

where 〈·, ·〉 denotes the Euclidean inner product. The first basic assumptions in-
volve the limiting behaviour of µ̂n .

118
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Assumptions 3.1 There exists an ↗ +∞ so that
(i) ϕ(ζ ) := limn→+∞ a−1

n log µ̂n(anζ ) exists in (−∞,+∞], for each ζ ;

(ii) 0 ∈ D◦
ϕ , the interior of Dϕ := {ζ ∈ Rd : ϕ(ζ ) < +∞}.

In the Cramér theorem, an = n and a−1
n log µ̂n(anζ ) = log µ̂(ζ ) ∈ (−∞,

+∞] for all n. As in that case we may consider the Fenchel–Legendre trans-
form of ϕ:

ϕ∗(x) = sup
ζ∈Rd

(〈ζ, x〉 − ϕ(ζ )). (3.1)

Basic properties of ϕ and ϕ∗ to be needed below are the following.

Lemma 3.2 Under Assumptions 3.1 we have:
(a) ϕ : Rd → (−∞,+∞] is convex;
(b) ϕ∗ : Rd → [0,+∞] is convex and satisfies Definition 1.13;
(c) If y = ∇ϕ(ζ ) for some ζ ∈ D◦

ϕ , then

ϕ∗(y) = 〈ζ, y〉 − ϕ(ζ ) (3.2)

and y ∈ E(ϕ, ϕ∗) has ζ as exposing hyperplane, according to the next def-
inition.

Definition 3.3 A point y ∈ Rd is said to be ϕ∗-exposed if there exists ζ ∈ Rd

such that

ϕ∗(z) > ϕ∗(y)+ 〈ζ, z − y〉, for any z �= y.

In this case, we say that ζ is (determines) an exposing hyperplane and set

E(ϕ, ϕ∗) := {y ∈ Rd : ∃ ζ ∈ D◦
ϕ exposing hyperplane}.

Proof of Lemma 3.2 (a) The convexity of ϕ follows at once from that of log µ̂n ,
seen in Section 1.1.

(b) The lower semi-continuity, convexity and the fact that ϕ∗(x) ≥ −ϕ(0) = 0
follow at once from the definition, just as in Section 1.1. We now check that
under Assumptions 3.1 the function ϕ∗ has bounded level sets: for that we start
by taking δ > 0 so that the closed Euclidean ball B̄δ(0) ⊆ D◦

ϕ . Being convex, ϕ
is continuous on D◦

ϕ so that supζ∈B̄δ(0) ϕ(ζ ) = a < +∞. Consequently (with | · |
the Euclidean norm)

ϕ∗(x) ≥ sup
ζ∈B̄δ(0)

(〈ζ, x〉 − ϕ(ζ )) ≥ δ|x | − a

from which the conclusion follows.
(c) The identity (3.2) follows as part (iii) of Proposition 1.22. To check the last

statement we assume that ϕ∗(x) ≤ ϕ∗(y)+ 〈ζ, x − y〉 for some x ∈ Rd and show
that x = y. Indeed, together with (3.1) and (3.2), this assumption implies that for
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each τ ∈ Rd :

ϕ(ζ ) = 〈ζ, y〉 − ϕ∗(y) ≤ 〈ζ, x〉 − ϕ∗(x) ≤ −〈τ, x〉 + ϕ(ζ + τ),

from which, replacing τ by δτ with δ > 0 and letting δ → 0, we see that

〈τ, x〉 ≤ lim
δ→0

ϕ(ζ + δτ)− ϕ(ζ )

δ
= 〈τ,∇ϕ(ζ )〉 for each τ ∈ Rd .

Consequently x = ∇ϕ(ζ ) = y. �

We may now state the following basic theorem.

Theorem 3.4 (Gärtner–Ellis theorem) Under Assumptions 3.1 we have:
(a) lim supn→+∞ a−1

n log µn(C) ≤ − infx∈C ϕ∗(x) for any closed set C ⊆
Rd;

(b) lim infn→+∞ a−1
n log µn(G) ≥ − infx∈G∩E ϕ∗(x) for any open set G ⊆

Rd , where E = E(ϕ, ϕ∗).
(c) If, besides Assumptions 3.1, we suppose:

(i) ϕ is lower semi-continuous on Rd and differentiable on D◦
ϕ ,

(ii) either Dϕ = Rd or ϕ is steep (at ∂Dϕ), i.e. limζ∈D◦ϕ,ζ→∂Dϕ |∇ϕ(ζ )|
= +∞,

then we may replace G ∩ E by G in item (b) above, yielding the validity of
a l.d.p for (µn), with scaling an and good rate function ϕ∗.

The greater involvement of convex analysis in part (c) is the delicate point. It
is easy to give examples of probability measures µ on R so that log µ̂ is not
steep (see below). The proofs of the Cramér theorem in Sections 1.4 and 1.5 have
avoided this.

Proof (a) This is quite similar to the proof of the upper bound in Theorem 1.23.
Applying the Markov inequality, if C is a Borel set, n ≥ 1 and ζ ∈ Rd we have:

µn(C) ≤ e− infy∈C 〈ζ,y〉µ̂n(ζ ).

Taking logarithms, dividing by an and minimizing in ζ , we can write:

1

an
log µn(C) ≤ − sup

ζ∈Rd

(
inf
y∈C

〈ζ, y〉 − 1

an
log µ̂n(an ζ )

)
. (3.3)

Let C be a compact set. The upper bound in (i) is trivial if infx∈C ϕ∗(x) = 0.
Otherwise, take 0 < a < infx∈C ϕ∗(x). In particular, if y ∈ C we may find ζy ∈
Rd and δ > 0 so that 〈ζy, y〉 − ϕ(ζy) = a + δ. This implies that ϕ(ζy) < +∞
and that ny ∈ N may be taken so that

〈ζy, y〉 − 1

an
log µ̂n(an ζy) > a + δ/2, for each n ≥ ny .
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Thus, if δy |ζy | < δ/2, (3.3) gives that

1

an
log µn(Bδy (y)) ≤ −a, for each n ≥ ny .

Since C is compact, we may cover it with finitely many balls Bδyi
(yi ) and, as in

the proof of Theorem 1.23, we conclude that

lim sup
n→+∞

1

an
log µn(C) ≤ −a.

Since a may be taken arbitrarily close to infy∈C ϕ∗(y), the proof of (a) for compact
sets is complete. It does not require 0 ∈ D◦

ϕ .
For the extension to closed sets it suffices to verify the exponential tightness

(see remark (i) after Definition 1.17). This again goes as in Theorem 1.23: we first
take r > 0 so that B̄r (0) ⊆ Dϕ and apply the exponential Markov inequality to

the coordinates W (i)
n = 〈ei , Wn〉 (with e1, . . . , ed denoting the canonical unitary

vectors), to write

µn(R
d \ [−k, k]d) ≤ e−rank

d∑
i=1

(µ̂n(rane j )+ µ̂n(−rane j )),

so that

lim sup
n→+∞

1

an
log µn(R

d \ [−k, k]d) ≤ −rk + max
i=1,...,d

(ϕ(rei ) ∨ ϕ(−rei )).

Sending k →+∞we conclude the exponential tightness and the proof of part (a).
(b) As in Proposition 1.15, it suffices to check that

lim inf
n→+∞

1

an
logµn(Bδ(x)) ≥ −ϕ∗(x)

for each x ∈ E and δ > 0. Having fixed x ∈ E we may find ζ ∈ D◦
ϕ , exposing

hyperplane for ϕ∗ at x . In particular, an ζ ∈ Dµ̂n for large n (say n ≥ nx ) in which
case we may consider the new measures

νn(dy) = 1

µ̂n(an ζ )
ean〈ζ,y〉µn(dy). (3.4)

Proceeding as in the proof of Theorem 1.23, if 0 < δ′ < δ:

1

an
log µn(Bδ(x)) ≥ 1

an
log µn(Bδ′(x))

= 1

an
log µ̂n(an ζ )+ 1

an
log
∫

Bδ′ (x)
e−an〈ζ,y〉νn(dy)

≥ 1

an
log µ̂n(an ζ )− 〈ζ, x〉 − δ′|ζ | + 1

an
log νn(Bδ′(x))
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so that

lim inf
n→+∞

1

an
log µn(Bδ(x)) ≥ ϕ(ζ )− 〈ζ, x〉 + lim

δ′↓0
lim inf
n→+∞

1

an
log νn(Bδ′(x)).

Since ϕ(ζ )− 〈ζ, x〉 ≥ −ϕ∗(x) it suffices to show that

lim
δ′↓0

lim inf
n→+∞

1

an
log νn(Bδ′(x)) = 0. (3.5)

In the proof of Theorem 1.23 this followed from the weak law of large numbers.
Here instead, we use part (a) and the property of E . For this let ν̂n be the moment
generating function of νn , so that from (3.4), and if τ ∈ Rd :

lim
n→+∞

1

an
log ν̂n(an τ) = ϕ(ζ + τ)− ϕ(ζ ) =: ψ(τ).

Assumptions 3.1 hold for the modified measures, so that

ψ∗(x) = sup
τ∈Rd

(〈τ, x〉 − ψ(τ)) = ϕ∗(x)− 〈ζ, x〉 + ϕ(ζ )

defines a good rate function. By part (a):

lim sup
n→+∞

1

an
log νn(R

d \ Bδ′(x)) ≤ − inf
z∈Rd\Bδ′ (x)

ψ∗(z) = −ψ∗(y),

for some y ∈ Rd \ Bδ′(x). But

ψ∗(y) = ϕ∗(y)− 〈ζ, y〉 + ϕ(ζ ) ≥ (ϕ∗(y)− 〈ζ, y〉)− (ϕ∗(x)− 〈ζ, x〉) > 0,

since x ∈ E and ζ is an exposing hyperplane. Thus, for each δ′ > 0:

lim sup
n→+∞

1

an
log νn(R

d \ Bδ′(x)) < 0.

Since νn(R
d) = 1, we get limn→+∞ νn(Bδ′(x)) = 1 and (3.5) follows, prov-

ing (b).
For part (c) we need a result from convex analysis. First a basic and useful

notion: if C ⊆ Rd is non-empty and convex, its relative interior, ri(C), is defined
as

ri(C) := {x ∈ C : ∀y ∈ C, x − ε(y − x) ∈ C for some ε > 0}.
Clearly C◦ ⊆ ri(C), but they might differ (e.g. for C = {x}, ri(C) = {x}, C◦ =
∅). ri(C) is the interior of C with respect to its affine hull, {∑αi xi : ∀i, xi ∈
C,
∑

αi = 1}. Basic properties include:
� C non-empty and convex ⇒ ri(C) �= ∅;
� z ∈ ri(C), y ∈ C ⇒ εz + (1− ε)y ∈ ri(C),∀ε ∈ (0, 1];
� g : Rd → (−∞,+∞] convex⇒ g continuous on ri(Dg), where Dg :=
{x : g(x) < +∞}.



3.1 Large deviations for dependent variables 123

In our considerations g = ϕ∗ and C = Dϕ∗ which, under Assumptions 3.1, is a
non-empty convex set. (Part (a) and the lower semi-continuity imply that ϕ∗(x) =
0 for some x .)

We need the following lemma whose proof we omit (see Corollary 26.4.1 in
[255]):

Lemma 3.5 ri(Dϕ∗) ⊆ E, under the assumptions in part (c) of Theorem 3.4.

A comment on the proof of Lemma 3.5: given y ∈ ri(Dϕ∗), one shows the exis-
tence of ζ ∈ D◦

ϕ so that (3.2) holds and y = ∇ϕ(ζ ) (thus y ∈ E by Lemma 3.2).
This has basically two steps: (1) show the existence of ζ ∈ Dϕ for which (3.2)
holds; this suffices if Dϕ = Rd ; (2) using the steepness at ∂Dϕ show that ζ may
be taken in D◦

ϕ . Together with the maximality condition in (3.2) this will imply
that y = ∇ϕ(ζ ).

Proof of part (c). Due to part (b) and Lemma 3.5, it remains to prove that for
any open set G ⊆ Rd :

inf
x∈G∩ri(Dϕ∗ )

ϕ∗(x) ≤ inf
x∈G

ϕ∗(x).

We may suppose that G ∩Dϕ∗ �= ∅, otherwise the statement is trivial. But, if
z ∈ ri(Dϕ∗), and y ∈ G ∩Dϕ∗ , then εz + (1− ε)y ∈ G ∩ ri(Dϕ∗) for ε > 0 suf-
ficiently small, as previously observed (and since G is open). Letting ε ↓ 0 and
using the convexity of ϕ∗:

inf
x∈G∩ri(Dϕ∗ )

ϕ∗(x) ≤ lim
ε↓0

ϕ∗(εz + (1− ε)y) ≤ ϕ∗(y),

from which the conclusion follows. �

Examples To relate Theorem 3.4 and Theorem 1.23 it is useful to provide exam-
ples of probability measures µ on Rd such that 0 ∈ D◦

µ̂
, with log µ̂ not steep. One

such example would be µ with density f (x) = ce−|x |/(1+ |x |d+2). See Chap-
ter 2 of [85] for more examples and discussion. In the i.i.d. case we have seen that
steepness can be avoided.

Comments (i) An interesting class of examples, suitable for application of The-
orem 3.4, comes from empirical averages X̄n of moderately interacting variables
Xi , as for instance moving averages Xi =

∑
j bi+ jξ j , where the ξi are i.i.d. with

a finite moment generating function, and
∑

i |bi | < +∞,
∑

i bi = 1.
(ii) It is easy to see examples where the assumptions of part (c) in the above

theorem fail but a l.d.p. holds, with ϕ∗ as rate function. Here is a trivial one: let
Wn be exponentially distributed with rate an ↑ +∞. Then ϕ(ζ ) = +∞1{ζ≥1};
ϕ∗(x) = +∞ for x < 0 and ϕ∗(x) = x otherwise. The verification of a l.d.p.
with scaling an and rate function ϕ∗ is direct, but the information coming from
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Theorem 3.4 is rather trivial, since E = {0}. For more interesting examples see
e.g. Exercise 2.3.24 in [85] or the beginning of Section 3.4.

(iii) A classical application of Theorem 3.4 is related to the so-called ‘mod-
erate deviations’: let X̄n be the empirical averages of an i.i.d. Rd -valued se-
quence (Xi ). On their common law µ assume that it has an invertible covari-
ance matrix A, E X1 = 0, and 0 ∈ D◦

µ̂
. Since n1/2 X̄n converges in law to a

centred d-dimensional Gaussian with covariance matrix A, if Wn = nα X̄n with
0 < α < 1/2 then Wn → 0 in probability. Applying the Gärtner–Ellis theorem
one gets a l.d.p. for (Wn), with rate function I (x) = 1

2 〈x, A−1x〉, and scaling
an = n1−2α . The proof is direct application; a simple expansion of µ̂ around
ζ = 0 shows that ϕ(ζ ) = 1

2 〈Aζ, ζ 〉. For further discussion and applications see
e.g. Section 3.7 in [85].

(iv) An earlier reference related to Theorem 3.4 is due to Sievers, cf. [278],
see also [246]. In [132], Gärtner stated and proved the above theorem for the case
Dϕ = Rd and applied such methods to prove a l.d.p. for the occupation measures
of a class of Markov (diffusion) processes, thus obtaining an extension of the
Sanov theorem. For a more general class of Markov processes, this problem was
considered by Donsker and Varadhan in a fundamental series of articles [93–96]
which settled the main results.

(v) Let P(Wn = 1) = 1/2 = P(Wn = −1) for all n. Assumptions 3.1 hold for
any an ↗ +∞, with

ϕ(ζ ) = |ζ |, for any ζ ; ϕ∗(x) = +∞1{|x |>1}.

But P(Wn ∈ (−1, 1)) = 0, and the lower bound in part (c) fails, in this case.
We see that a l.d.p. holds (for any such scaling an) with rate function I (x) =
+∞1{|x |�=1}. This trivial example shows that the lower bound in part (c) of
Theorem 3.4 may fail without the differentiability assumption, even if Dϕ = Rd .
As in the example, this does not prevent a l.d.p. with a rate function I �= ϕ∗, typi-
cally non-convex. Indeed, if a l.d.p. holds and Theorem 1.18 is applicable to each
Fζ (·) := 〈ζ, ·〉 (e.g. Wn uniformly bounded), then

ϕ(ζ ) = sup
x∈Rd

(〈ζ, x〉 − I (x)) = I ∗(ζ ),

so that ϕ∗ = (I ∗)∗. This is the closed convex hull of I , i.e. the largest convex and
lower semi-continuous function, pointwise less than or equal to I (·) (see [255],
p. 104).

Non-convex rate functions arise quite naturally in the context of mean field
models, as we discuss later in Section 4.1.

(vi) Under Assumptions 3.1, ϕ(·) is differentiable at the origin if and only if
ϕ∗(·) vanishes at the unique point x0 = ∇ϕ(0). In such a case, by part (a) in
Theorem 3.4, P(|Wn − x0| > δ) decays exponentially in an , as n →+∞, for any
δ > 0. (For a converse see Theorem II.6.3 in [108].) In the context of statistical
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mechanics this is closely related to first order phase transitions, to be addressed
in Section 3.4.

(vii) Various versions of the Gärtner–Ellis theorem in infinite dimensional
topological vector spaces have been obtained by several authors (e.g. [12]); see
Chapter 4 in [85] for discussion and references. In a very abstract set-up (leaving
aside convexity) this brings us to the converse of the Varadhan lemma (cf. [39])
already mentioned in Section 1.2.

3.2 Large deviations for Markov chains
In order to capture the basic points with simplicity, we restrict the discussion to
the easiest non-trivial situation: a set-up analogous to that in Section 1.3 replacing
the assumption of i.i.d. by that of a finite ergodic Markov chain.

Let S be a finite or countable set. A transition (or stochastic) matrix q on S
means any function q : S × S → [0, 1] such that

∑
y∈S q(x, y) = 1, for each

x ∈ S. A sequence of random variables (Xn : n ≥ 1) on a given probability space
(�,A, P) is said to be a Markov chain with transition matrix q if for any k ≥ 1

P(Xk+1 = xk+1|X1 = x1, . . . , Xk = xk) = q(xk, xk+1),

whenever P(X1 = x1, . . . , Xk = xk) > 0.

Assuming such a property, the distribution of the variables (Xn) is determined
once we give the initial distribution, i.e. the probabilities P(X1 = x) for each
x ∈ S. Px refers to the conditional probability given X1 = x , and more generally
if ν is a probability measure on S (νx = ν{x}):

Pν(X1 = x1, . . . , Xk = xk) = νx1q(x1, x2) · · · q(xk−1, xk),

k ≥ 1, x1, . . . , xk ∈ S.
(3.6)

It might be convenient (though not necessary) to take the canonical construction
of (Xn), i.e. � = SN, A = B(SN) the usual product σ -field with Xn the nth coor-
dinate and Pν the unique probability on A that verifies (3.6), also called the law
of the chain. (Since q is a transition matrix, (3.6) verifies the consistency condi-
tion (in k) and Pν is the unique extension to SN, according to the Kolmogorov
extension theorem, cf. [20].)

Definition 3.6 A probability measure µ on S is said to be stationary for the
chain if ∑

x∈S

µx q(x, y) = µy, for any y ∈ S. (3.7)

If µ is stationary we see that (3.7) holds for any power qk (k ∈ N) of the ma-
trix q, from which we easily see that µ is stationary if and only if Pµ(Xk =
x1, . . . , Xk+m−1 = xm) does not depend on k, for any m ≥ 1 and x1, . . . , xm in S.



126 Large deviations and statistical mechanics

In other words, µ is stationary if and only if Pµ is invariant under the shift
θ : (ω j ) &→ (ω j+1) on SN, that is, Pµ ∈Mθ

1(SN) in the notation of Section 1.3.
In commonly used terminology we say that (Xn) is stationary under Pµ. (q0 is
the identity matrix).

Definition 3.7 The transition matrix q is called irreducible if for any pair (x, y)
there exists n = n(x, y) so that qn(x, y) > 0. This definition applies as well to
any matrix with non-negative entries, with S countable or finite.

It is a well known fact that if S is finite and q is an irreducible stochastic matrix,
it admits a unique stationary probability measure µ and µx > 0 for each x (see
Theorem 3.10 below). Such chains are also called ergodic (since Pµ is ergodic
under θ ).

In what follows we assume:

Assumption 3.8 (Xn) is a Markov chain with values on S = {1, . . . , r} and
irreducible transition matrix q = (q(x, y))x,y∈S .

An extension of the Sanov theorem for finite ‘alphabets’ goes as follows.

Theorem 3.9 Under Assumption 3.8, let Q(1)
n be the law of the empirical mea-

sure Ln = Ln[X1, . . . , Xn] := 1
n

∑n
i=1 δXi on M1(S), where the initial distribu-

tion ν is omitted in the notation. For any ν, the sequence (Q(1)
n ) satisfies a l.d.p.

with scaling n and rate function

I (1)(α) = sup
u>0

r∑
y=1

αy log

(
uy

(uq)y

)
, α ∈M1(S), (3.8)

where u > 0 means u : S → (0,+∞) and (uq)y :=∑r
x=1 ux q(x, y), for each

y ∈ S.

Remark We identify M1(S) with the simplex �r ⊆ Rr , and consider the same
metric as in Section 1.3. Notice that if u > 0 and q is irreducible, then uq > 0
and (3.8) makes sense.

Before proving (3.8), let us compare it with the i.i.d. case, when the rate func-
tion had a closed expression H(α|µ), the relative entropy of α with respect to the
underlying measure µ (cf. (1.49)). The present variational expression is not eas-
ily computable in general. We must understand how a more detailed description
(‘higher level’) will come to a closed expression, (3.8) resulting by a contrac-
tion principle, as the variational form suggests. We shall discuss it in this simple
situation.

Proof As the results for Ln in Section 1.3 can be obtained from the Cramér
theorem on Rr , one possibility consists in applying the Gärtner–Ellis theo-
rem. With this in mind and keeping the notation from Section 1.3, we consider
Wn = Ln . They take values on M1(S), naturally identified with the simplex �r ⊆
Rr , i.e. Ln = (Ln(1), . . . , Ln(r)) where Ln(x) = 1

n

∑n
k=1 1{Xk=x}. According to
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Assumptions 3.1 and letting f : S → Rr given by f (x) = ex , the x th canonical
unitary vector, we first need to compute, for any initial state x = x1 in S and any
ζ ∈ Rr :

ϕn(nζ ) = Ex

(
e〈nζ,Ln〉

)
=

∑
x2,...,xn

n−1∏
k=1

q(xk, xk+1)e
∑n

k=1〈ζ, f (xk )〉

=
∑

y

eζx qn−1
ζ (x, y)

(3.9)

where the matrix q ζ is defined as q ζ (x, y) = q(x, y)eζy , and q n
ζ denotes its nth

power. The matrix q ζ has non-negative entries and it is irreducible if so is q.
Thus, we may use the following classical result. �

Theorem 3.10 (Perron–Frobenius) Let A = (A(x, y))x,y∈S be a finite, ir-
reducible matrix with non-negative entries. Its spectral radius r(A) :=
max{|u| : u is eigenvalue of A} satisfies:

(a) r(A) is an eigenvalue of A which admits left and right eigenvectors for A
with positive coordinates; the (left and right) eigenspaces corresponding to
r(A) have dimension one;

(b) for every x ∈ S and every v ∈ Rr with positive coordinates

lim
n→+∞

1

n
log

r∑
y=1

An(x, y) vy

= lim
n→+∞

1

n
log

r∑
y=1

vy An(y, x) = log r(A).

Proof Part (a) is a classical result whose proof we omit (see e.g. [115] or [275]);
(b) follows quite easily from (a). Indeed, if w is a right eigenvector corresponding
to r(A) and has positive coordinates, we may find c > 0 such that c−1wy ≤ vy ≤
cwy for all y. Thus

c−1 An(x, y)wy ≤ An(x, y)vy ≤ cAn(x, y)wy

and since
∑r

y=1 An(x, y)wy = (r(A))nwx for each x , we get the first part of (b).
Similarly for the second. �

If A is a finite irreducible stochastic matrix, it then follows that r(A) = 1. The left
eigenvector w with positive coordinates, normalized to

∑
x wx = 1 corresponds

to the unique stationary probability measure for the chain. For probabilistic proofs
of this (based on couplings) see e.g. [201] and references therein.

Conclusion of the proof of Theorem 3.9 The Perron–Frobenius theorem tells
us that lim n−1 log ϕ(nζ ) = log r(q ζ ) for each ζ ∈ Rr , so that Assumptions 3.1
hold. In order to apply Theorem 3.4 it remains to know that ζ &→ log r(q ζ ) is
differentiable. By part (a) of Theorem 3.10, r(q ζ ) is an eigenvalue of multiplicity
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one, that is, a simple root of the characteristic equation det( q ζ − zI) = 0. The
differentiability follows by the implicit function theorem. (In fact, r(q ζ ) is ana-
lytic in ζ , see e.g. Theorem 7.7.1 in [187].)

Applying Theorem 3.4 we get a l.d.p. for the distributions of Ln on Rr under
each Px , with scaling n and a good rate function, given by

I (α) = sup
ζ∈Rr

(〈ζ, α〉 − log r(q ζ )
)
. (3.10)

But �r is closed and Px (Ln ∈ �r ) = 1, so that I (α) = +∞ if α /∈ �r , by con-
dition (b) of Definition 1.12. We need to verify that I (α) = I (1)(α), cf. (3.8), for
α ∈ �r . It suffices to show that given u ∈ (0,+∞)r we can find ζ ∈ Rr for which

r∑
x=1

αx log

(
ux

(uq)x

)
= 〈ζ, α〉 − log r(q ζ ) (3.11)

and conversely. Given u ∈ (0,+∞)r , let ζx = log (ux/(uq)x ) for each x . The
sum on the left-hand side of (3.11) coincides with 〈ζ, α〉; on the other side
u q ζ = u and thus u q n

ζ = u for each n. Since u ∈ (0,+∞)r , we apply part (b) of
Theorem 3.10 concluding that r(q ζ ) = 1 and that (3.11) holds. Conversely, given
ζ ∈ Rr we take u ∈ (0,+∞)r such that u q ζ = r(q ζ )u, according to part (a) of
Theorem 3.10. Thus, r(q ζ ) = (u qζ )x/ux = (uq)x eζx /ux for each x and

log r(q ζ ) =
∑

x

αx log

(
(uq)x

ux
eζx

)
=
∑

x

αx log

(
(uq)x

ux

)
+ 〈ζ, α〉

implying (3.11) and concluding the proof. �

Beyond the empirical measure; words of length 2

Let us go back to compare (3.8) and (1.49). The simplicity of (1.49) can be
credited to the fact that for X1, . . . , Xn i.i.d., S-valued, their joint distribu-
tion P(X1 = x1, . . . , Xn = xn) is itself a function of the empirical measure
Ln[x1, . . . , xn] := n−1∑n

i=1 δxi , which counts occurrences of each digit x ∈ S in
the sequence (x1, . . . , xn). This reduced the large deviation estimation to a com-
binatorial one, bringing into play the entropy function. In the present situation,

Pν(X1 = x1, . . . , Xn = xn) = νx1

n−1∏
i=1

q(xi , xi+1) = νx1

∏
(i, j)∈S2

(q(x, y))nx,y

(3.12)
where nx,y is the number of appearances of (x, y) as (xi , xi+1)

for i = 1, . . . , n − 1 and we use the convention that 0 0 = 1. Since
nx,y/(n − 1) = L̃(2)

n [x1, . . . , xn](x, y), with

L̃(2)
n [x1, . . . , xn] := 1

n − 1

n−1∑
i=1

δ(xi ,xi+1), (3.13)
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we rewrite (3.12) as (with 0 log 0 = 0)

Pν(X1 = x1, . . . , Xn = xn) = νx1e(n−1) g(L̃(2)
n [x1,...,xn ]),

where g(α) =∑x,y α(x, y) log q(x, y) for each α ∈M1(S2).
Thus, instead of the occupation measure Ln[x1, . . . , xn], due to the one-step

dependence given by the transition matrix, the main role (leaving aside the initial
measure) is now played by the occupation measure for words of length 2, and we
are led to study the l.d.p. for L̃(2)

n := L̃(2)
n [X1, . . . , Xn].

Keeping the same notation as in Section 1.3, we also set L(2)
n :=

L(2)
n [X1, . . . , Xn] as

L(2)
n [x1, . . . , xn] = 1

n

n∑
i=1

δ(xi ,xi+1), with xn+1 = x1. (3.14)

Remark Since |L(2)
n − L̃(2)

n |1 ≤ 2/n, it does not matter which choice we make;
each one has its conveniences. Due to the periodic extension L(2)

n takes values
on M̂1(S2), the set of probability measures on S2 with equal marginals (both
marginals give Ln). Since this is a closed subspace of M1(S2), the choice allows
us to formulate the l.d.p. on M̂1(S2).

Let us start with the following further simplification.

Extra assumption q(x, y) > 0 for each x, y ∈ S; νx > 0 for each x ∈ S.

Under this assumption Pν(X1 = x1, . . . , Xn = xn) > 0 and (3.12) may be rewrit-
ten as:

Pν(X1 = x1, . . . , Xn = xn) = νx1

q(xn, x1)
en g(L(2)

n [x1,...,xn ]), (3.15)

with the same g as above.
The previous observations show that the combinatorial argument discussed

briefly in Section 1.3 provides an explicit form for the rate function for the distri-
bution of L(2)

n .
In fact, a useful shortcut reducing the present situation to the i.i.d. case is pro-

vided by the method of tilting. For that we must see that the distribution of L(2)
n for

the Markov chain has a Radon–Nikodym derivative with respect to that in some
i.i.d. case that fits into the Varadhan lemma (see remark (ii) following Theorem
1.18).

Let µ be the stationary probability measure (µx > 0 for each x) and µn the
product measure on Sn :

µn(x1, . . . , xn) = µx1 . . . µxn = en h(L(2)
n [x1,...,xn ]) (3.16)

where h(α) =∑x,y α(x, y) log µy . Putting (3.15) and (3.16) together:

Pν(X1 = x1, . . . , Xn = xn) = νx1

q(xn, x1)
en F(L(2)

n [x1,...,xn ])µn(x1, . . . , xn)

(3.17)
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where F(α) = g(α)− h(α) =∑x,y α(x, y) log q(x, y)/µy .
We have:
� the distributions of L(2)

n under µn satisfy a l.d.p. on M̂1(S2); the (good) rate
function is the relative entropy H(α|ᾱ × µ), cf. (1.60), ᾱ being the marginal
of α;

� the factor νx1/q(xn, x1) (not a function of L(2)
n ) is uniformly bounded away

from zero and infinity; consequently it does not interfere in the logarithmic
equivalence;

� the previous items together with (3.17) entitle us to use remark (ii) after
Theorem 1.18 in Section 1.2, to get the following.

Theorem 3.11 Let Q(2)
n be the distribution of L(2)

n on M̂1(S2), under Pν . Under
the extra assumption the sequence (Q(2)

n ) satisfies a l.d.p. with scaling n and good
rate function given by

I (2)(α) = H(α|ᾱ × µ)− F(α) =
∑
x,y

α(x, y) log

(
α(x, y)

ᾱx q(x, y)

)
, α ∈ M̂1(S2).

(3.18)
In other words, I (2)(α) = H(α|ᾱ × q) where (ᾱ × q)(x, y) := ᾱx q(x, y).

Proof From the previous observations, if Q̃(2)
n denotes the distribution of L(2)

n

under the product measure µn , positive constants c1, c2 may be found so that for
any Borel set A in M̂1(S2)

c1

∫
A

en F(α) Q̃(2)
n (dα) ≤ Q(2)

n (A) ≤ c2

∫
A

en F(α) Q̃(2)
n (dα).

The result then follows at once from the i.i.d. case ((1.60) in Section 1.3) and
Varadhan lemma, cf. remark (ii) after Theorem 1.18 in Section 1.2 (here 1/c2 ≤
Zn ≤ 1/c1). �

Remarks (i) In (3.18), (ᾱ × q)(x, y) = 0 ⇒ α(x, y) = 0 under the extra
assumption; such a term is omitted, with the usual convention 0 log 0 =
0 log(0/0) = 0.

(ii) If α ∈ M̂1(S2) we have I (2)(α) = 0 if and only if α(x, y) = ᾱx q(x, y) for
each x, y. Since both marginals of α coincide we see that ᾱy =

∑
x ᾱx q(x, y),

for each y, i.e. ᾱ = µ. Thus:

I (2)(α) = 0 ⇔ α(x, y) = µx q(x, y), for all x, y ∈ S.

This implies the exponential convergence of L(2)
n .

(iii) Another proof of Theorem 3.11. The variables Yi = (Xi , Xi+1),

i = 1, 2, . . . constitute a Markov chain on S2, with transition matrix:

q(2)((x, y), (x ′, y′)) = δy,x ′ q(x ′, y′), (x, y), (x ′, y′) ∈ S2, (3.19)
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which is irreducible under the extra assumption of q(x, y) > 0 for each (x, y). On
the other hand L̃(2)

n [X1, . . . , Xn] = Ln−1[Y1, . . . , Yn−1]. Theorem 3.9 applied to
the chain (Yn) yields a l.d.p. for the distribution of L̃(2)

n under Pν for any initial
measure ν. It has scaling n and rate function given by:

Ĩ (2)(α) = sup
u>0

∑
(x,y)∈S2

α(x, y) log

(
u(x, y)

(uq(2))(x, y)

)
, α ∈M1(S2).

Since |L̃(2)
n − L(2)

n |1 ≤ 2/n, applying Theorem 3.11 and the uniqueness of the
rate function, we see that Ĩ (2)(α) = +∞ if α /∈ M̂1(S2) and Ĩ (2)(α) = I (2)(α) =
H(α|ᾱ × q), cf. (3.18).

Instead, one may verify the last identity directly, yielding an alternative proof
for Theorem 3.11 (see e.g. Section 3.1 in [85].)

(iv) Another proof of Theorem 3.9. Due to the contraction principle and the
uniqueness of the rate function, Theorems 3.9 and 3.11 provide the following
identity, for α ∈M1(S):

inf{I (2)(η) : η ∈ M̂1(S2), η̄ = α} = sup
u>0

r∑
x=1

αx log

(
ux

(uq)x

)
. (3.20)

Nevertheless, a direct proof of (3.20) is not hard, so that Theorem 3.9 may be
recovered from Theorem 3.11 (proven so far under the extra assumption). We
now outline it.

We first let α ∈M1(S) with αx > 0 for each x . Thus g(u) :=∑r
x=1 αx log (ux/(uq)x ) is well defined and smooth on (0,+∞)r , attaining its

supremum at a critical point, as we see from its form. We check that u′ is critical
if and only if

r∑
x=1

αx
u′y q(y, x)

(u′q)x
= αy, for all y,

i.e. α is the stationary measure for the transition matrix q̄u′(x, y) =
u′yq(y, x)/(u′q)x . Setting

η′(x, y) := αyq̄u′(y, x), for any (x, y) ∈ S2,

simple computations, using η′(x, y)/αx q(x, y) = αyu′x/αx (u′q)y and (3.18),
show that:

� η′ ∈ M̂1(S2), it has marginal α, and I (2)(η′) =∑x αx log (u′x/(u′q)x );
� I (2)(η) = I (2)(η′)+H(η|η′) whenever η ∈ M̂1(S2) has marginal α.

Since H(η|η′) ≥ 0, with equality if and only if η = η′, we verify (3.20) di-
rectly, for such α. For general α, replace S by {x : αx > 0} in the definition of
g(·), and all goes just the same.
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(v) The rate function in (3.20) may also be expressed as follows:

inf{I (2)(η) : η ∈ M̂1(S2), η̄ = α} = sup
u>0

r∑
x=1

αx log

(
ux

(qu)x

)
.

This is checked similarly as for (3.20): if αx > 0 for each x , one considers the
function h(u) :=∑r

x=1 αx log (ux/(qu)x ); its supremum on (0,+∞)r is again
attained at a critical point ũ > 0, and this solves

r∑
x=1

αx
q(x, y)ũ y

(qũ)x
= αy, ∀y ∈ Rd ,

i.e. α is the stationary measure for the transition matrix q̃ũ(x, y) := q(x, y)ũ y/

(qũ)x . Let η̃(x, y) = αx q̃ũ(x, y). η̃ has marginals α and simple computations
as before show that I (2)(η̃) =∑x αx log (ũx/(qũ)x ), as well as that I (2)(η) =
I (2)(η̃)+H(η|η̃) for any η ∈ M̂1(S2) with marginal α. The rest goes as before,
including the passage to general α ∈M1(S) (for further discussion see [108] or
[157]).

(vi) Theorem 3.11 holds under Assumption 3.8, for any initial measure. To
achieve this elimination of the extra assumption, one needs a little modification
of the previous proofs.

The proof based on the Gärtner–Ellis theorem, cf. previous remark (iii), ap-
plies to any initial measure. To relax the extra assumption of q(·, ·) > 0 to the ir-
reducibility condition, it suffices to replace S2 by S̃(2) = {(x, y) ∈ S2 : q(x, y) >

0}; (Yn) may be thought of as taking values on S̃(2), on which the transition matrix
given by (3.19) is irreducible.

One may also extend the proof of Theorem 3.11 based on the tilting argument,
but we omit such considerations.

Empirical process

For any fixed k ≥ 2, let L(k)
n = L(k)

n [X1, . . . , Xn] be the empirical measure cor-
responding to words of length k, i.e.

L(k)
n [x1, . . . , xn] = 1

n

n∑
i=1

δ(xi ,...,xi+k−1), where xn+ j = x j for 1 ≤ j ≤ k − 1.

Let (Q(k)
n ) ((Q̃(k)

n )) denote the distributions of L(k)
n under Pν (under µn , respec-

tively). These are probability measures on the space M̂1(Sk), defined in (1.57).
Under the conditions of Theorem 3.11, for any Borel set A in M̂1(Sk), we have:

c1

∫
A

en Fk (α) Q̃(k)
n (dα) ≤ Q(k)

n (A) ≤ c2

∫
A

en Fk (α) Q̃(k)
n (dα)

where Fk(α) =
∑

(x1,...,xk )
α(x1, . . . , xk) log (q(xk−1, xk)/µxk ), and c1, c2 are as

in Theorem 3.11. Thus, a l.d.p. for the family (Q(k)
n ) follows from that in the i.i.d.
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case, using the Varadhan lemma. The scaling is n and, recalling (1.60), the rate
function becomes:

I (k)(α) =
∑

(x1,...,xk )∈Sk

α(x1, . . . , xk) log

(
α(x1, . . . , xk)

ᾱ(x1, . . . , xk−1) q(xk−1, xk)

)
= H(α|ᾱ × q),

(3.21)
where (ᾱ × q) (x1, . . . , xk) := ᾱ(x1, . . . , xk−1) q(xk−1, xk) and

ᾱ(x1, . . . , xk−1) :=
∑

j

α(x1, . . . , xk−1, j) = πk−1α(x1, . . . , xk−1).

(This may be extended to the situation of Assumption 3.8, as previously dis-
cussed.)

Given the previous discussion, and proceeding as in Section 1.3 one may
extend the previous results to a l.d.p. for the full empirical process. Given
X1, . . . , Xn a realization of the Markov chain, let X (n) ∈ SN be obtained by re-
peating X1, . . . , Xn periodically over and over, and define

Rn = 1

n

n∑
j=1

δθ j (X (n)), (3.22)

where θ j denotes the shift by j to the left, given by (θ j y)i = yi+ j for i ∈ N,
y ∈ SN.

The variable Rn takes values on Mθ
1(SN), the set of shift invariant probability

measures on SN. Let Qn denote its law under Pν . Under Assumption 3.8, the
same approximation argument used in the proof of Theorem 1.21 yields a l.d.p.
for (Qn), with scaling n and rate function given by:

I (N)(α) = sup
k≥2

I (k)(πkα) = sup
k≥1

H(πkα|πk−1α × q), α ∈Mθ
1(SN), (3.23)

where (πk−1α × q)(x1, . . . , xk) = (πk−1α)(x1, . . . , xk−1) q(xk−1, xk).

Comments (i) An earlier reference related to Theorem 3.9 is [218]. Miller ob-
tained tail estimates for n−1∑n

i=1 Xi , when (Xn) is a finite, irreducible and ape-
riodic Markov chain. Combined with ideas from [21] in the i.i.d. case, the relation
with the Perron–Frobenius theorem is made clear and applied.

(ii) Our discussion has been restricted to the simplest situation. On more gen-
eral spaces S there are, roughly speaking, two types of results: under a uniform
ergodicity assumption one might get uniform estimates, analogous to those in the
finite case; non-uniform estimates are possible under less restrictive conditions.
This theory has been settled in the series of articles by Donsker and Varadhan [93–
96], and extended in many directions by several authors. A few basic references
include the articles of Iscoe, Ney and Nummelin [169], de Acosta [1], Ellis [109],
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Ellis and Wyner [110], Bolthausen and Schmock [25]. For a detailed account and
further references see [85].

(iii) Donsker and Varadhan theory also applies to continuous time Markov pro-
cesses. In Section 3.4 we shall discuss extensions related to statistical mechanical
models.

3.3 A brief introduction to equilibrium statistical mechanics
This brief discussion follows closely ideas in the text of Gallavotti [129], to which
the reader may refer for a more in depth analysis.

Statistical mechanics was introduced between the end of nineteenth century
and the beginning of twentieth century, especially by the work of Boltzmann and
Gibbs. It aims to explain the macroscopic behaviour of thermodynamic systems
at equilibrium in terms of the interaction between their microscopic, elementary
constituents.

The object of the analysis of statistical mechanics is, typically, a system of
N identical point particles enclosed in a box ( ⊆ R3 (for instance a cube) with
volume |(| ≡ V . The number N is very large, typically of the order of Avogadro’s
number, namely N ∼ 1023. The microscopic states are specified by the values of
positions and momenta, identified as the points x ≡ (q, p) = {qi , pi }i=1,...,N of
the phase space ) := (N × R3N . Assuming the interaction to be among pairs,
the Hamiltonian of the system is taken of the form:1

H(x) =
N∑

i=1

|pi |2
2m

+ 1

2

N∑
i, j=1
i �= j

φ(|qi − q j |), (3.24)

where m represents the mass of the particles, and φ satisfies some conditions
described below. Such systems are here called a one-component system of point
particles (OCSPP).

The time evolution is described by Hamilton equations inside (, and elas-
tic reflections with the walls of the container. It preserves the total energy H . It
is possible to show (see [208]) that under quite general regularity conditions on
the pair potential φ and on the boundaries of (, the above described problem
of motion admits a unique solution, global in time, for λ-almost all initial con-
ditions in ), where λ denotes the Lebesgue measure on R6N . Such evolution,
denoted by Xt , will then determine a measurable flow on (), λ). As proven in
[208], Liouville theorem generalizes to this situation, i.e. the Lebesgue measure
restricted to ) is invariant under Xt (see [5]). As a corollary, if µ is a measure
of the form µ(dx) = ρ(x)λ(dx), where ρ(x) = ρ(Xt x) (λ-a.e.) (λ almost every-
where), then it is invariant under Xt .

1 Due to the factor 1/2, the last term in (3.24) is the sum of φ(|qi − q j |) over unordered pairs.
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Given E, 0 < DE ≤ E , the set

)E := {x ∈ ) : E − DE ≤ H(x) ≤ E}, (3.25)

as well as the restricted normalized Lebesgue measure

dλE (x) := (λ()E ))
−11)E (x)dλ(x), (3.26)

are invariant under the time evolution, so that we may consider Xt as a measurable
flow on ()E , λE ). The quantity DE is assumed to be ‘macroscopically small’ so
that )E represents a ‘thick’ (but not too much) version of the manifold of constant
energy which, in turn, is given by )̃E := {x ∈ ) : H(x) = E}.

On the other hand, since )̃E is also invariant under time evolution, the proce-
dure in [208] constructs a probability measure µE on (the Borel sets of) )̃E which
is invariant under Xt . More precisely, let

dµE (x) := dσ(x)

|∇H(x)|
/∫

)̃E

dσ(y)

|∇H(y)| (3.27)

where dσ(x) represents the uniform measure on the surface )̃E . The invariance
of µE , at least formally, follows from the decomposition of λ:

dλ = dσd� = dσd E/|∇H(x)|
where d� represents length on the direction orthogonal to )̃E , and since we al-
ready know that dλ and d E are invariant under Xt . For a proof of the invariance
see e.g. [208] or [250].

A basic idea of equilibrium statistical mechanics consists in associating to any
given thermodynamic equilibrium state an invariant measure for the flow Xt on
the space of microscopic states. The important concept is that of ensemble, which
is a family (µα) of invariant measures parametrized by the ‘intensive’ external
parameters α = (α1, . . . , αn). For the OCSPP one has n = 2; for instance, the
energy per particle u, and the specific volume v, are the relevant intensive quan-
tities for a large system which is thermally and mechanically isolated (cf. (3.28)
below). From thermodynamics it is known that thermodynamic fluids consisting
of an OCSPP are described completely by three thermodynamic parameters, such
as the entropy per particle s, together with u and v, or by the pressure P, together
with v and the absolute temperature T. But only two of them are independent, due
to a link s = s(u, v) or P = P(v,T), called the equation of state.

In his original formulation, Boltzmann worked with a discrete system, but
apart from this difference, the family of invariant measures defined by (3.26)
corresponds to what he called ergode, and Gibbs later named microcanonical
ensemble. One might prefer to take the microcanonical ensemble defined on the
surfaces )̃E ; in such a case, since λ()̃E ) = 0, one would take the orthogonal
projection µE , or in more probabilistic terms, the regular conditional distribution
given H = E , defined by (3.27). The choice of the ‘thick’ manifold avoids some
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technical problems. The important parameters, as N →+∞, are

u := E

N
and v := V

N
, (3.28)

which represent, in this case, the external control parameters α. (That is, in the
above limit, the dependence on DE is negligible, provided it is kept macroscopi-
cally finite, DE = N Du with 0 < Du ≤ u, see (3.41).)

A thermodynamic transformation consists in a (continuous) sequence of equi-
librium states corresponding to different values of the external control parameters.
Which kind of parameters we should use is suggested by the specific experimen-
tal situation; for instance u, v are suitable for describing a system without thermal
and mechanical exchanges whereas v and T are the correct parameters for a sys-
tem without mechanical exchanges in contact with a reservoir at temperature T.

Boltzmann postulated that the microcanonical ensemble is the correct system
to describe thermodynamic equilibrium states of isolated systems. A possible jus-
tification for the introduction of the microcanonical ensemble is the so-called
‘ergodic hypothesis’. It says that the dynamical system ()̃E , µE , Xt ) is ergodic
(see for instance [6]) in the sense that Borel subsets of )̃E which are invariant
under Xt must have measure zero or one.

Given an observable, that is a function f ∈ L1()̃E , µE ), its (asymptotic) time
average is given by:

f̄t ime(x) = lim
t ′→+∞

1

t ′

∫ t ′

0
f (Xt x)dt; (3.29)

its µE -a.s. existence is guaranteed by the Birkhoff theorem (see [6]). Clearly, the
ergodicity assumption implies that f̄t ime is µE -a.e. constant on )̃E , thus coincid-
ing with the phase average

f̄ :=
∫
)̃E

f (x)µE (dx). (3.30)

In this framework, the ergodic hypothesis asserts that the time averages can be
replaced by phase averages f̄ with respect to the microcanonical measure. This
point of view poses various problems: first of all many simple physical systems,
like the free system with no interaction, any system of coupled harmonic oscilla-
tors, or more generally any integrable system (see [128]), are not ergodic; general
results on ergodicity of significant systems with many degrees of freedom are
still missing (see however interesting results in [40]). Moreover, ergodicity pro-
vides only a weak approach to equilibrium (in the sense that time averages tend
to forget the initial state and to converge to equilibrium averages). It is a strong
condition since it involves the consideration of any L1 observable f , thus includ-
ing functions which are sensitive to the details of microscopic configurations. On
the basis of Poincaré recurrence theorem (see [6]) one could estimate the typical
time needed for the time averages to be reasonably well approximated by phase
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averages: if D is a domain in )̃E , the time average of its indicator function 1D , i.e.
the empirical or occupation measure of D, is expected to stabilize to its limiting
value, µE (D), only after many visits to D.

For a realistic situation, such as one mole of hydrogen under normal condi-
tions, such an estimate for the return time to a reasonably small cell of the phase
space is much larger than the age of the Universe! (see [129]).

On the other hand we are not really interested in the approach to equilibrium
of any L1 function; rather, we are interested in some global functions, such as
the mean energy, i.e. observables given by (empirical) spatial averages; their be-
haviour is usually much better than that of a generic function, as one can foresee.
For the much simpler situation of lattice spin systems, we shall discuss this in
relation to large deviation theory.

Comment The consideration of a system of point particles in the continuum
simplifies the treatment. The original formulation by Boltzmann involved a dis-
crete system, with the volume ) divided in small cubes, or cells, 0, of volume
h3N , where h > 0 would be a parameter. Considering such a discrete system one
would have to be more careful when determining its evolution, since the cells
0 are not preserved by the dynamics. The discrete time evolution corresponds
to Xnτ , n ≥ 1, where τ is a suitable small time. The scales involved are chosen
so that an approximation for the time evolution consists of permutations of the
cells. (See Section 1.3 in [129] for a discussion on this delicate point and for the
formulation in terms of the discrete model.)

3.3.1 Orthodicity. Ensembles

Concerning the possibility of interpreting an ensemble as a thermodynamic sys-
tem, Boltzmann introduced the fundamental notion of orthodicity. Before dis-
cussing this here, we need some definitions and notation:

(1) v = V/N , the ‘specific volume’;
(2) T (x) := N−1∑N

i=1 |pi |2/2m, the ‘kinetic energy per particle’;
(3) U(x) := N−1 H(x), the ‘total energy per particle’;
(4) P(x), the momentum transferred to the walls of the container per unit sur-

face and per unit time, starting from x .
We should make a comment about item (4). Let t ′ > 0; observing the system

during an interval of duration t ′, one might try to measure the force necessary
to exert on the walls to prevent them from moving due to the collisions of the
particles with them. Dividing this quantity by t ′ and by the total surface |∂(| we
would have an experimental quantity with the above description, and which would
depend on t ′ and on the microscopic state x at the time the measurement started.
Since 2〈pi , n〉 is the contribution of a single collision, with incoming momentum
pi , whose component with respect to n (the outer normal to ∂() is 〈pi , n〉 > 0,
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we would be led to consider

P(x, t ′) = 1

t ′
∑

0≤t≤t ′

1

|∂(|
∑

qi∈Xt x,
qi∈∂(

2|〈pi , n〉|.

Arguments in [208] prove that the above sum is well defined and finite for a set
of full measure under µE (see also [248]). Moreover, due to the invariance of the
measure it follows that the integral of P(·, t ′) with respect to µE does not depend
on t ′ (thus t ′ is omitted from the notation, cf. (3.33)).

Given an ensemble {µα} consider the phase averages of the above observables:

T(α) :=
∫

T (x)µα(dx), (3.31)

u(α) :=
∫

U(x)µα(dx), (3.32)

P(α) :=
∫

P(x)µα(dx). (3.33)

We say that a family µα of invariant measures on the phase space ) is an
orthodic ensemble if

du + Pdv

T
≡
∑

i
∂u
∂αi

dαi + P(α)
∑

i
∂v
∂αi

dαi

T(α)
(3.34)

is an exact differential, that is, if there exists a function s = s(α) such that

ds ≡ du + Pdv

T
. (3.35)

The importance of such a concept is that an orthodic ensemble gives rise to a
microscopic model of thermodynamics, provided T(α) is identified with the ab-
solute temperature (multiplied by a universal constant) and the function s(α) with
the thermodynamic entropy.

In this way, we recover the first and second principles of thermodynamics. In
addition, for a specific thermodynamic fluid, whose potential energy function is
known, we are also able to find, at least in principle, the equation of state: s =
s(u, v). Once we know s(u, v), using thermodynamic relations it is possible to
derive the more familiar expression P = P(v,T). Indeed from the above definition
of the form ds we have:

∂s(u, v)

∂u
= 1

T(u, v)
,

∂s(u, v)

∂v
= P(u, v)

T(u, v)
. (3.36)

Solving the first equation in (3.36) in u, and then inserting its expression in terms
of v and T in the second equation, we get the desired relation P = P(v,T).

Since we want to give a description of macroscopic systems containing an
enormous number of microscopic constituents, we are indeed interested in the
asymptotic regime called the thermodynamic limit. In the present situation, this
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amounts to considering a sequence of regions ( = (N invading, in a regular way,
the whole space R3, with V ≡ |(| → +∞ in such a way that V/N → v and
E/N → u, as N →+∞, where v and u are constants. Here, ‘regular’ means a
regular ratio between surface and volume (van Hove regular, cf. Definition 3.19),
as for instance a sequence of growing cubes or spheres.

In order for our OCSPP to exhibit correct thermodynamic behaviour (see
[258]) we have to make suitable hypotheses on the potential. These hypotheses
are very different, in nature, with respect to those needed to guarantee the exis-
tence of a global solution of the Hamilton equations and rather are related to the
extensive behaviour of the energy.

In this connection, let us now give some definitions.

Definition 3.12 The potential energy associated with the configuration
(q1, . . . , qN ) ∈ R3N is of the form

�(q1, . . . , qN ) := 1

2

N∑
i, j=1
i �= j

φ(|qi − q j |), (3.37)

and in such a situation the potential φ is called:
(i) stable, if there exists a real constant B such that

�(q1, . . . , qN ) ≥ −B N , for all (q1, . . . , qN ) ∈ R3N ; (3.38)

(ii) tempered, if there exist c > 0, r0 > 0, ε > 0 such that

|φ(r)| ≤ c

r3+ε
, for all r > r0; (3.39)

(iii) short range, if there exists r0 < +∞ such that φ(r) = 0 for r > r0;
(iv) hard core, if there exists r1 > 0 such that φ(r) = +∞ for r ≤ r1, i.e the

region |qi − q j | ≤ r1 is not accessible, cf. (3.37).

Examples (a) If there exist c < +∞ and 0 < r1 < r0 < +∞, so that
φ(r) = +∞ for r ≤ r1; φ(r) = 0 for r ≥ r0, and φ is continuous on (r1, r0], with
φ(r) ≥ −c for all such r , then φ is stable.

(b) Hard core may be replaced by sufficient divergence at the origin: if there
exist c < +∞ and 0 < r1 < r0 < +∞ such that φ(r) is positive, continuous and
decreasing on (0, r1), with φ(r) ∼ r−(3+ε) at the origin, with ε > 0, and φ(r) =
−c if r1 ≤ r ≤ r0, then φ is stable. It is easy to check (3.38). (See Section 3.2 in
[258]; cf. also Chapter 9 in [250].)

Remark Assumptions of stability and temperedness play a very important role
in the existence of the thermodynamic limit; their violation could produce catas-
trophic situations. Coalescence is one example, with particles staying too close to
each other if, for instance, stability is lost due to an attractive interaction near the
origin ((3.38) fails if φ is continuous and φ(0) < 0). On the other hand, forces
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with too long range (attractive or repulsive) breaking the temperedness condition,
might also cause the particles not to occupy the volume properly. (For a discussion
see Section 4.1 of [129].)

In order to obtain a microscopic model of thermodynamics, it suffices that an
ensemble become orthodic in the thermodynamic limit. If we find two different
orthodic ensembles the problem of their equivalence is immediately posed.

To conclude the above brief discussion, we must say that ergodicity by no
means implies orthodicity. At this level, we simply leave ergodicity as a justi-
fication behind the assumption of the microcanonical ensemble as the basis of
statistical mechanics but, rather, try to prove its orthodicity.

Let us use different notation for the choice of microcanonical ensemble given
by (3.26) to make it coherent with (3.36): this is the family of measures µ̃(,u,v

given by

µ̃(,u,v( f ) = 1

N(
u,v,Du

∫
Nu−N Du≤H(q,p)≤Nu

f (q, p)dqdp, (3.40)

where ( = (N as before, dqdp = dq1 · · · dqN dp1 · · · dpN ; Nu = E is the total
energy, DE = N Du and the normalization factor N(

u,v,Du , given by the volume
of the region )E in (3.25), is called the microcanonical partition function.

It can be shown, for instance under the hypotheses of short range and hard core
potential, that the following limit exists:

s(u, v) = lim
N→+∞

1

N
log

(
1

N !
N(N

u,v,Du

)
, (3.41)

does not depend on Du, and that the microcaconical ensemble is orthodic in the
thermodynamic limit, with

lim
N→+∞

du + Pdv

T
= ∂s

∂u
du + ∂s

∂v
dv. (3.42)

For a proof of this see Section 2.3 of [129]. In other words, in the thermodynamic
limit, the logarithm of the microcanonical partition function per unit particle con-
verges to the thermodynamic entropy per unit particle. From (3.42) we get the
relations (3.36) directly, where T,P are the thermodynamic limits of the quanti-
ties defined in (3.31), (3.33), in the case of a microcanonical ensemble.

Remark The factor 1/N ! in (3.41) is due to the indistinguishability of the par-
ticles. To understand why the dependence on Du disappears in the above limit
in (3.41), let us look at the simplest possible situation, i.e. the ideal gas (� ≡ 0).
Using polar coordinates in (p1, . . . , pN ) to compute the volume of the region )E

we see that:

1

N !
N(

u,v,Du =
|(|N

N !

(
(2mNu)3N/2 − (2mN (u − Du))3N/2

) πd/2

)(3N/2)
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where )(x) denotes the usual gamma function of Euler ()(k) = (k − 1)!, if k is
a positive integer). Using the Stirling formula, cf. (1.5), we easily get (3.41).

For a proof of (3.41) in the interacting case see Section 2.3 of [129]: if the
( are cubes of side 2n (with 23n/N → v) a subadditivity argument is employed,
taking into account the assumptions on the potential; one then sees that the limit
is the same under van Hove regularity. The argument is analogous to that sketched
for Proposition 3.13.

We now want to introduce the canonical ensemble, which turns out to be orthodic
even in finite volume. It is suited to describing a thermodynamic system with
fixed volume, temperature, and number of particles. We may think of it as useful
for treating a large subsystem A of a very large isolated system B. It is the family
of measures µ(,β,v given by:

µ(,β,v( f ) := 1

Z((, β, N )

∫
)

f (q, p)e−βH(q,p)dqdp, (3.43)

where ) = (N × R3N , β ≥ 0, and

Z((, β, N ) :=
∫
)

e−βH(q,p)dqdp (3.44)

is called the canonical partition function.
The description of the canonical ensemble, as that of a large subsystem A

of a very large isolated system B, i.e. immersed in a heat bath, may be made
rigorous as a limit theorem. As an exercise consider the ideal gas (� ≡ 0); the
essential point is to prove that if (Y (k)

1 , . . . , Y (k)
k ) are uniformly distributed on

the k-dimensional sphere {∑k
i=1 y2

i = ck}, where 0 < c < +∞, then for each

fixed j ∈ N, (Y (k)
1 , . . . , Y (k)

j ) converge in law to a vector of i.i.d. coordinates,
distributed as centred Gaussian with variance c, as k →+∞; see Section 2.1 of
[215].

Remark Except for the non-interacting case, � ≡ 0, the partition function given
by (3.44) depends on the shape of (, not only on (β, V, N ). The expression
(3.47) for the pressure P((, β, N ) will keep such a dependence. This tells us
that the correct correspondence with thermodynamics is expected only as N →
+∞. Moreover, it is important that in this limit, and if ( = (N invades R3

in a regular way, this dependence becomes negligible, for a reasonable class of
potentials �.

The orthodicity in finite volume follows from the identities:

T(N , β, v) := µ(,β,v

(
1

N

N∑
i=1

|pi |2
2m

)
= 3

2β
=:

3

2
kT (3.45)
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where k is a universal constant and T is the absolute temperature,

u((, β, v) = − 1

N

∂ log Z((, β, N )

∂β
, (3.46)

P((, β, v) = 1

β

∂ log Z((, β, N )

∂V
. (3.47)

Indeed, in this case we define:

s((, β, v) := k

(
β u((, β, v)+ 1

N
log Z((, β, N )

)
and simple verification shows (3.35). As for the above identities, (3.45) follows
from simple calculations, since the momenta are independent Gaussian random
variables under µ(,β,v , and this shows that the average kinetic energy depends
only on β; (3.46) is trivial; a proof of (3.47) is sketched briefly below (see [215]).

Considering the particular case of an ideal gas (� ≡ 0) we identify k with the
Boltzmann constant (given by k = R/N , R being the ideal gas constant and N
Avogadro’s number), so that

β = 1

kT
. (3.48)

Identifying s with the entropy, (3.46), (3.47), and (3.48) imply the following rela-
tion of the Helmholtz free energy per particle f (β, v, N ) with the partition func-
tion:

f := u − Ts = − 1

βN
log Z((, β, N ). (3.49)

Sketch of the proof of (3.47) Let us start by computing the variation of log Z
with a small variation in (, assuming ∂( to be smooth. We may write Z = Zp Zq

where Zp is the integral on the momenta, and setting dq = dq1 · · · dqN ,

Zp = (2πm/β)3N/2 Zq =
∫
(N

e−β�(q1,...,qN )dq.

We easily get:

, log Z = 1

Zq

[∫
((∪,()N

e−β�(q1,...,qN )dq−
∫
(N

e−β�(q1,...,qN )dq

]
+ o(|,(|)

= 1

Zq

[
N
∫
,(

dq1

∫
(()N−1

e−β�(q1,...qN )dq2, . . . , dqN

]
+ o(|,(|)

=:
∫
,(

h(q1)dq1 + o(|,(|)

(the last integral is the probability of finding a particle in ,(). Thus,

, log Z = |,(|
|∂(|

∫
∂(

h(q)dσ + o(|,(|),
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where dσ refers to the orthogonal projection of the Lebesgue measure on ∂(; we
then conclude that

lim
,V→0

, log Z

,V
= 1

|∂(|
∫
∂(

h(q)dσ. (3.50)

We now relate the right-hand side of (3.50) to the average of P with respect to the
canonical measure µ(,β,v , cf. (3.33). At this level we make some approximations:
if ( is a cube, we neglect what happens at the corners, so that we have a sum
over a finite number of flat walls, and in the small time interval ,t we neglect, for
those particles which are about to collide with the wall, the interactions with other
particles, i.e. their velocities are assumed to be constant over ,t . For a particle at
q ∈ ( which may collide with one flat wall during ,t , let p = 〈p, n〉, where n is
the outer normal, r the distance to ∂(. Summing over the various flat walls we
are led to approximate P((, β, v) by

1

|∂(|
1

|,t |
∫
(

h(q)dq
∫ +∞

mr/|,t |
e−

βp2

2m√
2πm/β

2pdp

for |,t | small. Using simple calculations on Gaussian distributions, letting
|,t | → 0, and recalling (3.50) we would obtain (3.47). (If ∂( is smooth, we
may do a similar approximation.) �

Another ensemble, in which the number of particles is not fixed, called a grand
canonical ensemble, can also be proven to be orthodic in the thermodynamic limit
(see [248]).

To introduce the grand canonical ensemble we have to generalize some previ-
ously introduced notions. The grand canonical ensemble can be seen as describ-
ing a large subsystem of a very large system, with which is possible not only an
exchange of energy but also an exchange of particles. The new, enlarged phase
space is

X( = ∪n≥0X n
(,

where, for n ≥ 1

X n
( := (n × R3n

is the phase space of a system containing exactly n particles and X 0
( just contains

one isolated point representing the empty state.
The grand canonical measure ν = ν(,β,ϑ is given by:

ν(X 0) := 1

.((ϑ, β)
, (3.51)

ν|X n
(

:= 1

.((ϑ, β)

eβϑn

n!
e−βH((q)n ,(p)n)d(q)nd(p)n, (3.52)
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where the parameter ϑ is called the chemical potential and we use (q)n, (p)n to
denote (q1, . . . , qn), (p1, . . . , pn), respectively. The quantity:

.((ϑ, β) :=
∞∑

n=0

eβϑn

n!

∫
(n×R3n

e−βH((q)n ,(p)n)d(q)nd(p)n (3.53)

is called the grand canonical partition function. As in (3.41), the factor 1/n! is
introduced to take into account the indistinguishability of particles. By integrating
over the momenta we get:

.((ϑ, β) := 1+
∑
n≥1

zn

n!

∫
(n

e−β�((q)n)d(q)n, (3.54)

where

z := eβϑ
(

2πm

β

)3/2

(3.55)

is called the fugacity.
.((ϑ, β) is defined via an infinite series and, even in a finite volume, we need

some conditions on the interaction potential in order for this series to be conver-
gent. It is clear that the stability condition (3.38) suffices for the convergence.

In the grand canonical ensemble the number of particles n is not fixed, but
rather is a random variable with mean

〈n〉 = 1

.((ϑ, β)

∞∑
n=0

neβϑn

n!

∫
(n×R3n

e−βH((q)n ,(p)n)d(q)nd(p)n . (3.56)

It is possible to show (see [248]) that the grand canonical ensemble is orthodic
in the thermodynamic limit, which in this case consists in taking (↗ R3 in a
regular way.

Let us consider the grand canonical pressure Pg c, that is the ensemble average
of the momentum P(x) transferred to the walls of the container per unit surface
and per unit time by the system in the microscopic state x . Under suitable condi-
tions on the interactions ((3.38) and (3.39) are sufficient), and on the sequence of
regions (↗ R3 (for instance a sequence of increasing spheres) it is possible to
show that the following limits exist, and so define the grand canonical pressure in
the thermodynamic limit:

Pg c(ϑ, β) := lim
(↗R3

ν(,β,ϑ (P) = lim
(↗R3

1

β|(| log .((ϑ, β). (3.57)

For a proof of the existence of the limit in the right-hand side of (3.57) see Section
3.4 of [258]. To get a partial justification of (3.57) consider for a moment the
free case (ideal gas) corresponding to a vanishing interaction potential: � ≡ 0. In
this simple situation the measure ν = ν(,β,ϑ corresponds to a Poisson system of
points, with constant intensity on ( and independent Gaussian momenta, i.e. n is
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distributed as a Poisson random variable with average z|(|; given n, the positions
are i.i.d. and uniformly distributed on (, and the momenta are i.i.d. Gaussian
variables on R3, with zero average and covariance matrix m

β
I, where I denotes the

identity matrix. In particular,

z = 1

|(| log .((ϑ, β), ρ := 〈n〉
|(| = z

so that

1

β|(| log .((ϑ, β) = kTρ = kT
ngN

V
, (3.58)

where V is the volume, N is Avogadro’s number, ng is the number of moles so
that ngN is the number of molecules; but, as we saw before, kN = R, the perfect
gas constant and we know from the perfect gas equation that ng RT/V = P, the
pressure.

Let us now discuss briefly the problem of the equivalence between canonical and
grand canonical ensembles, in the thermodynamic limit. Similarly, one could dis-
cuss the equivalence between canonical and microcanonical ensembles, which
turns out to be more complicated; we refer to [129], as well as [215].

In order to perform the thermodynamic limit in the canonical ensemble, just as
in the microcanonical case, we need to take into account the indistinguishability
of particles, so that:

Zc
n((, β) := 1

n!
Z((, β, n), (3.59)

where Z((, β, n) is the previously defined canonical partition function. (We mul-
tiply and divide by n! the right-hand side of (3.43).) There exists a thermodynamic
limit of the canonical free energy per particle

fc(ρ, β) := − lim
N ,V→+∞, N

V =ρ

1

βN
log Zc

N ((, β) (3.60)

and letting V = |(|, the volume of ( = (N , we may write

.((ϑ, β) =
∞∑

n=0

eβϑn Zc
n((, β) =

∞∑
n=0

eVβρn(ϑ− fc(ρn ,β)+ε(n)), (3.61)

where ρn = n/V is the density, and ε(n) is an infinitesimal quantity as n →+∞.

Before going on with the equivalence of ensembles let us discuss some purely
thermodynamic relations between some thermodynamic functions, obtained via
Legendre transform.

Given a specific thermodynamic system let f = f (ρ,T) denote the Helmholtz
free energy per particle expressed in terms of the density ρ and the temperature
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T: f = u − Ts with u the internal energy per particle, and s the entropy per par-
ticle. Writing v = 1/ρ for the specific volume, the first and second principles of
thermodynamics imply

d f = du − Tds − sdT = du − (du + Pdv)− sdT, (3.62)

from which we get the following relation between the pressure P and the
Helmholtz free energy f :

P = −∂ f

∂v
. (3.63)

Let

g(ρ) = g(ρ,T) := ρ f (ρ,T) (3.64)

be the Helmholtz free energy per unit volume, where the temperature T is assumed
to be fixed once and for all, and omitted from the notation. As we now check, the
pressure P may be expressed as the Fenchel–Legendre transform of g(·):

P̃(ϑ) = g∗(ϑ) := sup
ρ

(ϑρ − g(ρ)) , (3.65)

using ϕ∗ to denote the Fenchel–Legendre transform of a function ϕ.
Let us first suppose that g is of class C2, with g′′(ρ) > 0. In this case, g is

strictly convex, and we see at once that for each ϑ in the range of g′ the supremum
in (3.65) is attained at a unique ρ = ρ0(ϑ), the unique solution of

ϑ = g′(ρ). (3.66)

(This solution is unique since g′(·) is assumed to be strictly increasing.) Thus

P̃(ϑ) = ϑρ0(ϑ)− g(ρ0(ϑ)) (3.67)

and from (3.66):

P̃(g′(ρ)) = g′(ρ)ρ − g(ρ) = −∂ f

∂v

∣∣∣∣
v= 1

ρ

≡ P(ρ), (3.68)

or equivalently P(ρ0(ϑ)) = P̃(ϑ), whenever ϑ belongs to the range of g′.

Remark. With an abuse of notation, in this case we may write P in place of P̃.
The meaning of the Legendre conjugated variable ϑ can be easily understood.

In the present case

ϑ = g′(ρ) = f − ∂ f

∂v
v = f + Pv = u − Ts + Pv, (3.69)

usually called the chemical potential or still Gibbs free energy.
Before proceeding to the general case, let us recall the geometric interpretation

of the Fenchel–Legendre transform, as seen in Chapter 1: considering plane co-
ordinates (ρ, η) (ρ horizontal, η vertical) g∗(ϑ) represents the maximal vertical
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(signed) distance between the straight line η = ϑρ and the graph of the function
ρ &→ g(ρ), as in Figure 1.2. (If g : Dg → R is convex, we may set g(ρ) = +∞
for ρ /∈ Dg .)

Equation (3.66) asserts that if ϑ belongs to the range of g′ the vertical distance
is maximal where the slope of the tangent to the graph of g is exactly ϑ . If g′′ > 0
everywhere, there is exactly one such point. Being the pointwise supremum of
linear functions, g∗ is always convex. Moreover, if g is of class C2 and strictly
convex, we easily see that:

(1) its Legendre transform P̃ = g∗ is C2 and strictly convex;
(2) (g∗)∗ = g, i.e.

g(ρ) = sup
ϑ

(
ϑρ − P̃(ϑ)

)
. (3.70)

Remark. As mentioned in Chapter 1 and earlier in this chapter, (g∗)∗ = g if and
only if g is convex and lower semi-continuous; generally (g∗)∗ gives the largest
lower semi-continuous, convex function whose graph is below that of g. (Of
course, one may also define g∗ for non-convex g.)

Let us now consider the case when g, though convex, is not strictly convex, i.e.
its graph contains a straight segment. As we shall see, the physical meaning for
this is the presence of a first order phase transition. Indeed, if there exist constants
a > 0, b ∈ R, 0 < ρ1 < ρ2 such that

g(ρ) = −a + bρ, for all ρ ∈ [ρ1, ρ2], (3.71)

from (3.63), after recalling that f (ρ) = 1
ρ

g(ρ) = vg( 1
v
), we get:

P(ρ) = a, if ρ ∈ [ρ1, ρ2], (3.72)

namely, the graph of P has a ‘plateau’ in the interval [ρ1, ρ2], which is character-
istic behaviour for a liquid/gas phase transition.

In other terms, let us suppose that besides being linear in [ρ1, ρ2], g is C2 and
strictly convex outside [ρ1, ρ2]. Let ϑ̄ = g′(ρ) for ρ ∈ (ρ1, ρ2). We easily solve
the previous geometrical problem on the plane (η, ρ), and we get:

(1) maxρ(ϑ̄ρ − g(ρ)) is achieved in the whole interval [ρ1, ρ2];
(2) ϑ &→ P̃(ϑ) is C2 and strictly convex on D◦

P̃
\ {ϑ̄} (since it is convex, it is

continuous on D◦
P̃
);

(3) P̃ is not differentiable at ϑ̄ ; its right and left derivatives (which exist by the
convexity) are different, i.e. the graph of P̃(·) has a ‘kink’ at ϑ̄ :

dP̃

dϑ−
(ϑ̄) = lim

ϑ→ϑ̄−
P̃
′
(ϑ) = ρ1,

dP̃

dϑ+
(ϑ̄) = lim

ϑ→ϑ̄+
P̃
′
(ϑ) = ρ2. (3.73)

Conversely, given a convex function P̃ : R+ → R+ with a ‘kink’ at ϑ̄ but C2

and strictly convex otherwise, we may again solve, on the plane (ϑ, η), the ge-
ometrical problem of finding, for a given ρ > 0, the maximum of the vertical
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distance between the straight line η = ρϑ and the graph of the function P̃(ϑ). If
ρ1 and ρ2 are, respectively, the left and right derivatives of P̃ at ϑ̄ , it is easily
seen, by simple geometric argument, that for ρ < ρ1, ρ > ρ2 in the range of P̃′

the maximum is achieved in a unique point ϑ = ϑ0(ρ) with ϑ0(ρ) being invert-
ible outside [ρ1, ρ2], whereas for every ρ ∈ [ρ1, ρ2] the maximum is constantly
achieved at ϑ̄ , and it varies linearly in ρ for ρ ∈ [ρ1, ρ2].

From the above discussion it is clear that even in the presence of a first order
phase transition g and P are related by Legendre transform but in this case g(ρ) is
not strictly convex, as it contains an affine branch describing coexistence of liquid
and vapour; P̃(ϑ) is not differentiable and many different densities (representing
different fractions of our fluid being in the liquid phase) correspond to the same
value ϑ̄ of the chemical potential where P̃(ϑ) is singular.

After the above, purely thermodynamical considerations, let us now go back to
the problem of equivalence of canonical and grand canonical ensembles.

We shall see in Proposition 3.13, that under quite general conditions on the
interaction potential, the canonical free energy (thermodynamic limit):

gc(ρ, β) = lim
N ,V→+∞, N

V =ρ

− 1

βV
log Zc

N ((N , β), (3.74)

is convex in ρ.
Let us suppose that, as a function of ρ (fixed β), gc is of class C2 and strictly

convex; in such a case, for any ϑ in the range of g′c, the quantity ϑρ − gc(ρ, β)

reaches its absolute maximum at a unique value ρ0 = ρ0(ϑ, β); as in the proof of
Theorem 1.18,

.((ϑ, β) =
∞∑

n=0

enβϑ Zc
n(β, V ) =

∞∑
n=0

eVβ
(
ϑρn−gc(ρn ,β)+o(n)

)
,

should be well approximated, for large V , by the term corresponding to the max-
imum of ϑρ − gc(ρ, β), in the sense that

1

V
log .((ϑ, β) ∼ β max

ρ
(ϑρ − gc(ρ, β)) as V →+∞. (3.75)

The value ρ0(ϑ, β) is the unique solution of ϑ = ∂gc
∂ρ

(ρ, β), as in (3.66), so that

ϑ = fc(ρ0, β)+ ρ0
∂ fc

∂ρ

∣∣∣∣
ρ=ρ0

= fc(ρ0, β)− ρ0
∂ fc

∂v

∣∣∣∣
v= 1

ρ0

1

ρ2
0

.

The parameter ϑ has the meaning of chemical potential computed for ρ =
ρ0(ϑ, β) and T = 1/kβ, as we see after writing the last equation as

ϑ = fc(ρ0(ϑ, β), β)+ Pc(ρ0(ϑ, β), β)
1

ρ0(ϑ, β)
, (3.76)
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that is, ϑ = u − Ts + Pv. Here we are using the thermodynamic limit for the
canonical ensemble; the smoothness assumption allows us to say that Pc is ob-
tained from fc via (3.63).

Under strict convexity of gc(·, β), the maximizer ρ0(ϑ, β) has the meaning of
‘grand canonical density’, in the sense that

ρg c(ϑ, β) ≡
∑∞

n=0
n
V exp(V (βϑρn − βgc(ρn, β)+ o(n)))∑∞

n=0 exp(V (βϑρn − βgc(ρn, β)+ o(n)))
1 ρ0(ϑ, β) (3.77)

using the above mentioned approximation as V →+∞. The equivalence of the
canonical and grand canonical ensembles, as far as the pressure is concerned, is
expressed by the relation:

Pc(ρ0(ϑ, β), β) ≡ Pg c(ϑ, β), (3.78)

that is, the grand canonical pressure coincides with the thermodynamic limit of
the canonical one, as previously defined. To see this, in the case of strict convex
gc(·, β), we recall the expression (3.57) for the grand canonical pressure, and
(3.75) to write:

Pg c(ϑ, β) 1 ϑρ0(ϑ, β)− ρ0(ϑ, β) fc(ρ(ϑ, β), β)

which together with (3.76) leads to (3.78). It is clear that with a similar proce-
dure we can verify the complete equivalence; more precisely, one can show that
all grand canonical thermodynamic functions, when expressed in terms of the pa-
rameters (ϑ, β), coincide with the corresponding canonical quantities computed
for (ρ0(ϑ, β), β).

The above brief discussion can be made completely rigorous, showing that
a complete and satisfactory equivalence between canonical and grand canonical
ensembles is possible in the regime of uniqueness of thermodynamic phase, corre-
sponding to strict convexity of the Helmholtz free energy. In contrast, this equiv-
alence breaks down for values of thermodynamic parameters corresponding to
first order phase transitions: when P̃(ϑ) has a kink at ϑ̄ there are many possible
canonical ensembles corresponding to the same value of the chemical potential ϑ ,
those with ρ ∈ [ρ1, ρ2]. A complete equivalence can be recovered by introducing
the ‘extended grand canonical ensembles’ (see [129]) corresponding to assigning
particular boundary conditions outside our box (.

A satisfactory description of the phenomenon of phase transitions requires the
introduction of more sophisticated concepts like the Gibbs measure. Before pro-
ceeding to the introduction of the theory of Gibbs measures in the simplified set-
up of lattice gases, let us sketch a proof of the convexity of the Helmholtz free
energy in the context of OCSPP.

Proposition 3.13 Consider an OCSPP with the potential energy as in Defini-
tion 3.12, with φ stable and tempered. Let {(n} be the sequence of cubes centred
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at the origin with edge 2n. Then the following limit exists

gc(ρ, β) = lim
N→+∞,n→+∞, N

|(n | =ρ

− 1

β|(n| log Zc
N ((n, β) (3.79)

and defines a convex function of the density ρ. Moreover, the same limit in (3.79)
is obtained if (n is replaced by a van Hove sequence (̃N (cf. Definition 3.19)
invading R3, with N/|(̃N | → ρ.

Sketch of the proof We sketch the proof for φ as in example (a), after Definition
3.12. For the full proof, and for more generality, see [117, 258]. Recalling (3.44),
(3.59) and integrating over the momenta:

Zc
N ((, β) = (2πm/β)3N/2 Z̃ c

N ((, β), (3.80)

where

Z̃ c
N ((, β) := 1

N !

∫
(N

e−β�((q)N )d(q)N . (3.81)

The stability condition (3.38) implies that Z̃ c
N ((, β) ≤ eβB N |(|N/N !, and since

log N ! ≥ N log N − N we see that

1

|(| log Z̃ c
N ((, β) ≤ ρ(Bβ + 1− log ρ)

if N/|(| = ρ ∈ (0,+∞). (The left-hand side above could be−∞; indeed, if ρ is
large, due to the hard core condition one has Z̃ c

N ((, β) = 0 and the limit in (3.79)
will be +∞.)

We now consider (n ((′
n) the cube centred at the origin, with side 2n (2n − r0,

respectively), with Nn = ρ|(n| = ρ23n . Thus,

1

|(n| log Z̃ c
Nn

((′
n, β) ≤

1

|(n| log Z̃ c
Nn

((n, β).

On the other hand, since 2n+1 − r0 = 2(2n − r0)+ r0 we may decompose (′
n+1

as the union of 23 cubes which are translates of (′
n , separated from each other by

‘corridors’ of width r0 (see Figure 3.1); the short range condition and translation
invariance give:

Z̃ c
Nn+1

((′
n+1, β) ≥ Z̃ c

Nn
((′

n, β)
8, (3.82)

as follows by restricting to the configurations with Nn particles in each of the
eight translates of (′

n , since Nn+1 = 8Nn . But |(n+1| = 8|(n|, and (3.82) gives
that

1

|(n| log Z̃ c
Nn

((′
n, β)

is non-decreasing in n. From the previous observations, we see promptly that the
limit in (3.79) exists for such a sequence (′

n . The same limit as for the previous
special cubes is obtained along any van Hove sequence ( invading R3, provided



3.3 Introduction to equilibrium statistical mechanics 151

r0     2

r0

n+1

n+1

Figure 3.1

N/|(| = ρ. This involves covering ( with the special cubes (n of the previous
case, properly controlling the interaction among them, and taking into account
Definition 3.19. This is similar to, but more involved than, the argument below.
We refer to [117, 258], or [286] for all this.

Already assuming the existence of the limit in (3.79), we now sketch a proof of
the convexity in ρ. We may consider the cubes (, of side L , and N = ρ|(|. Let us
suppose we divide ( into two equal parallelepipeds ,1,,2 with sides L , L , L/2;
given ρ1, ρ2 two possible densities, so that N1 = ρ1|,1|, N2 = ρ2|,2|, are in-
tegers, and N = N1 + N2; in particular ρ = (ρ1 + ρ2)/2, since |,1| = |,2| =
|(|/2.

From (3.80), (3.81) we get:

Z̃ c
N ((, β) ≥ 1

N1!N2!

×
∫
,

N1
1

d(q)N1

∫
,

N2
2

d(q′)N2 e−β�((q)N1 )e−β�((q′)N2 )e−βW ((q)N1 ,(q
′)N2 )

(3.83)

where W ((q)N1 , (q
′)N2) is the interaction between the N1 particles in ,1 and the

N2 particles in ,2 given by

W ((q)N1 , (q
′)N2) :=

N1∑
i=1

N2∑
j=1

φ(|qi − q′j |). (3.84)

From the short range and hard core properties of the interaction we easily get, for
L sufficiently large,

Zc
N ((, β) ≥ Zc

N1
(,1, β)Zc

N2
(,2, β)e

−const|∂(|. (3.85)
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Indeed, the hard core properly implies that within a distance r1 from the com-
mon boundary ∂,1 ∩ ∂,2, the number of particles is at most of order of
const ×|∂,1 ∩ ∂,2| and, since φ(r) is assumed to be bounded from below on
r > r1, we get (3.85), which then implies

1

|(| log Zc
N ((, β) ≥ 1

|(| log Zc
N1

(,1, β1)+ 1

|(| log Zc
N2

(,2, β)+ O

( |∂(|
|(|

)
.

This, together with the existence of the thermodynamic limit for the canonical
free energy along van Hove sequences, as stated above, would give

gc

(
ρ1 + ρ2

2
, β

)
≤ gc(ρ1, β)+ gc(ρ2, β)

2

concluding the sketch of the proof of convexity. �

Besides showing the usefulness of convexity, the preceding discussion had a
similarity with arguments used in large deviation analysis. These are indeed
closely related, and large deviations are important in the connection between
thermodynamics and the statistical behaviour of macroscopic observables of the
system. On the one hand, we have argued the equivalence between the grand
canonical and canonical ensembles under strict convexity of the free energy per
particle. On the other hand, it seems natural that such equivalence should be
closely connected with a concentration on the distribution of the observed density
of particles around the grand canonical average. This can be rephrased in terms
of a large deviation statement, if the rate function has a unique point of minimum,
leading to the previously mentioned exponential convergence. The point is then
to see that the free energy per particle yields a rate function for the density of
particles. An analogous argument applies to the full equivalence between the
canonical and the microcanonical, where we need the exponential convergence
of N−1 H((q)N , (p)N ). All this applies for a reasonable class of interaction
potentials �, which includes those in example (a), following Definition 3.12.

In Section 3.4 we shall look at this again in the simpler situation of lattice spin
systems.

3.3.2 Lattice systems: Gibbs measures, thermodynamic limit

Statistical mechanics not only provides a microscopic model for thermodynam-
ics and allows (at least in principle) deduction of the equation of state from the
microscopic Hamiltonian; it also gives the possibility to describe the ‘equilib-
rium fluctuations’, and to compute non-thermodynamical quantities like correla-
tion functions.

One of the most interesting achievements of equilibrium statistical mechanics
is the microscopic description of phase transitions.
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Lattice gases and lattice spin systems are extremely simplified statistical me-
chanical models, which however exhibit many interesting properties. In this con-
text we wish to outline the previously described programme.

To define the lattice gas we partition Rd into cubes of unitary side-length, we
suppose that in each unit cube there is at most one particle, and that the inter-
action between particles does not change significantly inside a unit cube. This
corresponds to choosing the unit of length of the same order of magnitude as the
range of a hard core exclusion, and sufficiently shorter than the range of inter-
molecular forces.

In the continuous case the grand canonical phase space was:

∪∞n=0(
n × Rdn

moreover the momenta did not play any role since it was possible to integrate
them out, cf. (3.54). Indistinguishability of particles implies that two configura-
tions obtained from each other by a permutation have to be identified; in other
words a configuration is given once the number and the positions of the particles
are given, independently of the order. In the simplified lattice gas model, beyond
assuming that in each unit cube there is at most one particle, we give up specify-
ing its position inside the cube; thus a configuration is given just by assigning the
‘occupation number’ (0 or 1) in each unit cube. The centre of each cube belongs
to the lattice Zd .

Notation In this and the next section ( ⊂⊂ Zd means that ( is a non-empty
finite subset of Zd , in which case |(| = �( denotes its cardinality. For i ∈ Zd , |i |
denotes the Euclidean norm in Rd . We use O to denote the origin in Zd .

A configuration in ( ⊂⊂ Zd is a function on ( with values in {0, 1}. We may
write it as n( = {ni }i∈(, where ni = 0 or 1 is the occupation number at the site
i ∈ (, and we might identify n( with the set {i : ni = 1}, i.e. the set of cubes
where a particle is present.

The states2 of the lattice gas are thus identified with probability measures ρ

on the finite set X( = {0, 1}(. Let us assume the interaction between particles at
sites i and j in Zd to be of the form φi, j = φ(|i − j |), where φ : R+ → R satisfies∑

i∈Zd

|φ(|i |)| <∞.

The role of the Hamiltonian is now played by the (potential) energy, given by (cf.
(3.37)):

H((n() = 1

2

∑
i, j∈(
i �= j

φ(|i − j |)ni n j ,

2 We also use state to designate a configuration, a possible value of a stochastic process. No confusion
should arise.
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and the grand canonical partition function (see (3.54)) becomes:

.((β, ϑ) =
∑

n(∈X(

expβ

(
ϑ
∑
i∈(

ni − 1

2

∑
i, j∈(
i �= j

φ(|i − j |)ni n j

)
.

Another interesting case, isomorphic to the lattice gas, is that of Ising-like spin
systems, which may be seen as a simplified model for describing magnetic
systems: one thinks of a magnetic moment sitting at each site of Zd and taking
only two possible orientations: up and down [127].

To each site i ∈ Zd we associate a spin variable σi taking values in {−1,+1}.
Thus, for ( ⊆ Zd non-empty, a configuration in ( is a function σ( : (→
{−1,+1}.

X( = {−1,+1}(

is the configuration space for Ising spin systems. If ( ⊂⊂ Zd , the energy associ-
ated with a configuration σ( ∈ X( is set as

H((σ() = −1

2

∑
i, j∈(
i �= j

J (|i − j |)σiσ j −
∑
i∈(

hiσi , (3.86)

where hi represents the local magnetic field and J (·) describes the interaction
among spins (assumed to be translationally invariant and ‘isotropic’).

The isomorphism with the lattice gas comes from the identification ni = (1+
σi )/2. Indeed:

ϑ
∑
i∈(

ni − 1

2

∑
i, j∈(
i �= j

φ(|i − j |)ni n j

= ϑ
∑
i∈(

1+ σi

2
− 1

2

∑
i, j∈(
i �= j

φ(|i − j |)1+ σi

2

1+ σ j

2

= ϑ

2
|(| − 1

2

∑
i, j∈(
i �= j

1

4
φ(|i − j |)+ ϑ

2

∑
i∈(

σi − 1

4

∑
i∈(

σi

∑
j∈(\{i}

φ(|i − j |)

− 1

2

∑
i, j∈(
i �= j

1

4
φ(|i − j |)σiσ j ,

from which we get

hi = ϑ

2
− 1

4

∑
j∈(\{i}

φ(|i − j |), J (|i − j |) = −1

4
φ(|i − j |).

We want now to develop a formalism which will allow us to describe infi-
nite volume thermodynamic equilibrium and, in particular, to give mathematically



3.3 Introduction to equilibrium statistical mechanics 155

precise definitions concerning phase transitions. The physical interest of introduc-
ing the thermodynamic limit (whose importance was already clear when we intro-
duced orthodic ensembles and their equivalence) comes mainly from the require-
ment that thermodynamic properties are independent of the size of the sample,
provided it is macroscopic.

Moreover, it is possible to show that in a finite volume the thermodynamic
functions (pressure, free energy etc.) are analytic in the thermodynamic parame-
ters and then, from this point of view, we cannot give an acceptable definition of
phase transition without passing to the thermodynamic limit.

The thermodynamic limit of the state corresponds to the infinite volume equi-
librium measure; it is related to the study of the statistical properties (e.g. the
correlation functions) of our thermodynamic system far away from the bound-
aries of the container. In other words we are interested in the study of observables
which are localized well inside the bulk, trying to show that their behaviour is
weakly dependent on the size of the box, provided it is sufficiently large.

We shall now give some definitions using the language of spin systems. The
lattice gas is, as we saw before, isomorphic to an Ising spin system.

The space of infinite volume configurations is:

X = XZd := ×i∈ZdXi

where each Xi is a copy of the same XO = S, a finite set which represents the
configuration space of a single spin. XO = {−1,+1} in the particular case of the
Ising spin systems. If ( ⊆ Zd is non-empty, let X( = ×i∈(Xi = S(, endowed
with the product topology, where on XO all sets are assumed to be open (discrete
topology). The family of ( finite dimensional) cylinder sets, as defined below, con-
stitutes a basis of open sets.

Definition 3.14 Given , ⊂⊂ Zd , let π, denote the projection on X,: π,(σ) =
σ |,, the restriction of σ to ,. The sets of the form

π−1
, (A) = {σ ∈ X : σ |, ∈ A}, (3.87)

with A ⊆ X, and , ⊂⊂ Zd are called (finite dimensional) cylinder sets. Given
a cylinder C , its support, denoted by ,(C), is the smallest , for which C =
π−1
, (A) for some A ⊆ X,. A function f on X is called cylinder if and only if

there exist , ⊂⊂ Zd and a function g on X,, so that f (σ ) = g(σ |,) for each σ ;
its support ,( f ) is defined accordingly. The set of real valued cylinder functions
on X is denoted by Floc.

Notation A change of notation with respect to Section 1.3: for brevity, on that
occasion we wrote πk for π{1,...,k}.

The cylinder functions are evidently continuous, and an extension of (1.64)
provides a metric for the product topology on X . This is a compact space. There-
fore, any continuous function must be uniformly continuous, and we see that
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f : X → R is continuous if and only if

lim
n→+∞ sup

σ |(n=σ ′|(n

| f (σ )− f (σ ′)| = 0

where (n = {−n, . . . , n}d . Taking e.g. fn(σ ) := f (σ ◦(n τ) for a fixed τ ∈ X ,
cf. (3.88) below, we see that Floc is dense in C(X ), the space of continuous (real
valued) functions with the sup-norm ‖ · ‖∞. (See also [253].)

Notation As in Section 1.3, M1(X ) denotes the space of probability measures
on B = B(X ), the Borel σ -field of X , which in the present case coincides with
the σ -field generated by the cylinder sets. If ( ⊆ Zd is non-empty, B( = B(X()

denotes both the Borel σ -field of X( for the product topology, and the σ -field on
X generated by the projection π( : X → X(, i.e. {π−1

( (B) : B ∈ B(X()}. (For
finite (, B( = {A : A ⊆ X(}; it also denotes the class of cylinder sets with sup-
port in (, cf. Definition 3.14.)

M1(X ) is endowed with the usual weak topology induced by the (bounded)
continuous functions, i.e. the coarsest topology which renders continuous the
maps µ &→ ∫

X f dµ, for f ∈ C(X ). (µ( f ) = 〈 f, µ〉 = ∫X f dµ if no confusion
arises.)

Remark 3.15 Take XO finite, with discrete topology.
(a) µ(n) → µ weakly if and only if µ(n)(C)→ µ(C) for any cylinder set

C . Indeed, one implication follows from the inclusion Floc ⊆ C(X ); the
converse follows from the density of Floc in C(X ), since |〈 f, µ〉| ≤ ‖ f ‖∞
for µ ∈M1(X ).

(b) A metric generating this topology on M1(X ) is given by:

�(µ,µ′) =
∑
k≥0

2−k |π(kµ− π(kµ
′|1,

with (k = {−k, . . . , k}d , π(µ the marginal of σ |( under µ, i.e.
π(µ(A) := µ(π−1

( (A)) for any A ⊆ X( and, if ( is finite, |α − α′|1 =∑
σ̃∈X(

|α(σ̃ )− α′(σ̃ )| on M1(X(), as in Section 1.3.
(c) From the compactness of X we know that M1(X ) is also compact; if a

sequence µ(n) in M1(X ) is such that µ(n)(C) converges, for each cylinder
set C , then this limit, call it µ(C), determines a unique µ ∈M1(X ), and
µ(n) → µ. In particular, the class of cylinder sets (or cylinder functions)
form a convergence determining class, cf. [20]. This follows as in Section
1.3, just replacing Sk by X(k , with (k as above.

(d) According to the Riesz theorem, the dual of the Banach space C(X ) (sup-
norm) is M(X ), the space of finite signed-measures on (X ,B(X )). The
topology under consideration is the restriction of the so-called w∗-topology
to M1(X ).

Extending the notation in Section 1.3 we consider the translation operators on X :
(θiσ) j = σi+ j for each i, j ∈ Zd . If f is a function on X , let θi f (σ ) = f (θiσ)
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for each σ ; if µ is a measure on (X ,B), θiµ will denote the measure induced by µ

under θi , i.e. θiµ( f ) = µ(θi f ) for each bounded Borel measurable f : X → R.
We say that a measure ν on X is translationally invariant if ν = θiν for any i ∈

Zd . The set of translationally invariant probability measures on (X ,B) is denoted
by Mθ

1(X ).

Remark Let ν ∈M1(X ). Then, ν ∈Mθ
1(X ) if and only if ν(θi f ) = ν( f ) for

all f ∈ Floc and all i ∈ Zd .

We now give a summary of useful definitions concerning Gibbs measures on X .
For simplicity we restrict ourselves to the case of finite range interactions, com-
menting briefly on extensions. Ising spin systems with finite range pairwise inter-
action are important examples.

Notation (a) (+ j := {i + j : i ∈ (}, if j ∈ Zd ,( ⊆ Zd . (b) If ( ⊆ Zd and
σ, τ ∈ X , σ◦(τ denotes the configuration which agrees with σ in ( and with τ

in (c := Zd \(:

(σ◦(τ)x =
{

σx ∀ x ∈ (

τx ∀ x ∈ (c.
(3.88)

Definition 3.16 Extending (3.86) we consider energy functions given by a family
�, of interaction potentials �, : X → R, , ⊂⊂ Zd , verifying:

(i) �, is B,-measurable;
(ii) (translation invariance) �,+i (σ ) = �,(θiσ) for each σ and i ;

(iii) (finite range) these exists r0 < +∞ so that �, ≡ 0 if the diameter of ,

exceeds r0 (i.e. �, ≡ 0 if |i − j | > r0 for some i and j in ,).
B0

θ denotes the class of such interactions �.

Given � ∈ B0
θ and ( ⊂⊂ Zd , the energy associated with a configuration σ ∈

X( with boundary condition τ ∈ X(c , is given by:

H τ
((σ ) =

∑
, : ,∩( �=∅

�,(σ ◦( τ). (3.89)

Finite range Ising spin systems with isotropic pairwise interaction are im-
portant particular cases: XO = {−1,+1}, �, = 0 if |,| > 2, �{i} = −hσi and
�{i, j} = −J (|i − j |)σiσ j , where h ∈ R and J : N → R satisfies

there exists r0 < +∞ such that J (n) = 0 for all n > r0. (3.90)

In this case (3.89) becomes:

H τ
((σ ) = −h

∑
i∈(

σi − 1

2

∑
i, j∈(
i �= j

J (|i − j |)σiσ j −
∑

i∈(, j∈∂r0(

J (|i − j |)σiτ j

(3.91)
where ∂r( = {i �∈ ( : ∃ j ∈ ( such that |i − j | ≤ r}.

We have now taken a constant magnetic field h to satisfy condition (ii) of Defi-
nition 3.16; the isotropy condition could be relaxed; the case J (·) ≥ 0 corresponds
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to ferromagnetic interactions. Due to the hypothesis of finite range interaction,
H τ

((σ ) depends on τ only through τ |∂r0(
.

Definition 3.17 Let � be as above and ( ⊂⊂ Zd . The finite volume Gibbs mea-
sure in (, at inverse temperature β > 0, and with boundary condition τ ∈ X(c is
given by:

µτ
(,β(σ ) = exp(−βH τ

((σ ))

Z τ
((β)

, σ ∈ X(, (3.92)

with H τ
((·) given by (3.89) and

Z τ
((β) =

∑
σ∈X(

exp(−βH τ
((σ )). (3.93)

(Z τ
((β) is usually called a partition function and µτ

(,β is a probability measure on
X(.)

Notation The physical interpretation is β = (kT)−1, where k is the Boltzmann
constant, and T the temperature. � is usually omitted from the notation; if re-
quired to make it explicit we may write e.g. Z τ

((β,�) or Z τ
((�). We often omit

β as well, writing µτ
( for brevity.

The finite volume Gibbs measure µτ
( may be seen as a measure on X , with

the configuration outside ( ‘frozen’ as τ |(c : if f ∈ Floc, its finite volume Gibbs
expectation is set as

µτ
(( f ) :=

∑
σ∈X(

µτ
((σ ) f (σ◦(τ). (3.94)

We may also define a finite volume Gibbs measure in ( ⊂⊂ Zd with boundary
conditions distributed according to an a priori measure λ on X(c . Again we can
define it formally as a measure on X .

Definition 3.18 Given a probability measure λ on (X ,B) and ( ⊂⊂ Zd , we call
a finite volume Gibbs measure in ( with boundary condition λ, the measure µλ

(

defined by

µλ
(( f ) =

∫
X

µτ
(( f ) λ(dτ) (3.95)

for any f ∈ Floc, according to (3.94).

Due to the finite range assumption, τ &→ µτ
(( f ) ∈ Floc for f ∈ Floc and ( finite,

and the integral in (3.95) reduces to a finite sum; it determines a probability mea-
sure on X . The distribution of σ |(c under µλ

( coincides with that under λ, and the
conditional distribution on X( given σ |(c = τ |(c is given by µτ

( (on X(), which
depends only on τ |∂r0(.
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Consider now a sequence of domains regularly invading the whole Zd . By
‘regular’ we mean a van Hove sequence, as defined below.

Let a ∈ Nd . We set ((a) = {x ∈ Zd : ∀i, 0 ≤ xi ≤ ai } and ((a, k) =
((a)+ ka, the translate ((a) by the vector ka, with k ∈ Z. Given ( ⊂⊂ Zd

we set:

N+
a (() = �{k ∈ Z : ((a, k) ∩( �= ∅},

N−
a (() = �{k ∈ Z : ((a, k) ⊆ (}.

(3.96)

Definition 3.19 An increasing sequence of finite sets ((n) whose union is Zd is
said to invade Zd in the sense of van Hove, and we write (n ↗ Zd , if for all a:

lim
n

N−
a ((n) = +∞, lim

n

N−
a ((n)

N+
a ((n)

= 1. (3.97)

A basic example, usually used for the sake of concreteness, is (n :=
{−n , . . . , n}d .

According to part (c) of Remark 3.15, if limn→+∞ µτ
(n

(C) exists for any cylin-
der set C , then it determines a probability measure µτ on (X ,B), and µτ

(n
→ µτ

weakly.

We use H((σ) to denote the energy associated with the configuration σ ∈ X(

with free (or empty) boundary conditions, obtained by summing in (3.89) only
among ∅ �= , ⊆ (. Z(,β and µ(,β denote the corresponding partition function
and Gibbs measure. (For the Ising spin system this is obtained, formally, by taking
τ j ≡ 0 on the right-hand of (3.91).)

Let ( ⊂⊂ Zd . The interaction between the spins in ( and those in its comple-
ment is denoted by

W(,(c (σ ) :=
∑

,∩(�=∅,,∩(c �=∅
�,(σ). (3.98)

We may prefer to write W(,(c (σ ) = W(,(c (σ(, σ(c ), with σ = (σ(, σ(c ) and
σ, = σ |, for , ⊆ Zd non-empty. For any ( ⊂⊂ Zd :

H τ
((σ ) = H((σ)+ W(,(c (σ ◦( τ).

The finite volume Gibbs measures determine what is called the local Gibbsian
specifications: for , ⊂⊂ Zd this is given by

q,(σ, | σ,c ) := µ
σ,c

,,β(σ,) = exp
[−β(H,(σ,)+ W,,,c (σ,, σ,c ))

]
Zσ,c

, (β)
(3.99)

with σ, ∈ X,, σ,c ∈ X,c , and cf. (3.93). Due to the finite range assumption this
depends on σ,c only through σ∂r0,

, and we thus write q,(σ, | σ∂r0,
).

The q,(· | ·) has to be seen as a function defined on X∂r0,
, with values in

M1(X,), or as a probability kernel on X∂r0,
× X,.
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To see how the various finite volume Gibbs measures are related we compute,
given ( ⊂⊂ Zd and , such that , ∪ ∂r0, ⊆ (, the conditional distribution for
the configuration in , given the configuration in ( \,, under any measure µτ

(.
For this, extending the previous notation, if ,1 ⊆ ( is non-empty, π,1µ

τ
( de-

notes the marginal of σ |,1 under µτ
(, i.e. since X( = X,1 × X(\,1 :

π,1 µ
τ
((σ,1) =

∑
σ(\,1

µτ
((σ,1 , σ(\,1).

We easily check that if , ∪ ∂r0, ⊆ (, for each τ ∈ X(c :

µτ
((σ, | σ(\,) := µτ

((σ()

π(\, µτ
((σ(\,)

= q,(σ, | σ∂r0,
), (3.100)

i.e. q,(σ, | σ∂r0,
) is the Gibbs conditional probability (under µτ

() to find the
configuration σ, in , given the configuration σ(\, outside; it depends only on
σ∂r0,

due to assumption (iii) of Definition 3.16.
When , ⊆ ( but , ∪ ∂r0, �⊆ (, we get the following expression for the con-

ditional probability:

µτ
((σ, | σ(\,) := µτ

((σ()

π(\, µτ
((σ(\,)

= q,(σ, | (σ ◦( τ)|∂r0,
),

as can be seen from simple calculations.
Let us suppose from now on that , ∪ ∂r0, ⊆ (. In this case, we immediately

see that for every finite volume Gibbs measure in (, with boundary conditions
distributed according to a measure λ in M1(X ), we can write:

µλ
((σ() = q,(σ, | σ∂r0,

) π(\,µλ
((σ(\,).

(Fixed boundary conditions τ ∈ X correspond to λ a Dirac mass on τ .) If
, ∪ ∂r0, ⊆ ,̃ ⊆ (, summing over the configurations in ( \ ,̃ on the previous
equation, we get:

π,̃ µλ
((σ,̃) = q,(σ, | σ∂r0,

)π,̃\,µλ
((σ,̃\,).

Passing to the limit, if (n ↗ Zd in the sense of van Hove, and supposing
µλ

(n
→ µλ, we get, for any finite ,̃ ⊇ , ∪ ∂r0,:

π,̃µλ(σ,̃) = q,(σ, | σ∂r0,
) π,̃\,µλ(σ,̃\,).

The above relation is verified for any such limiting Gibbs measure, obtained
by following any sequence of boundary conditions.

Definition 3.20 A probability measure µ on (X ,B) satisfies the Dobrushin–
Lanford–Ruelle (DLR) equations with respect to the interaction � as in
Definition 3.16, at inverse temperature β, if for every ,̃ ⊂⊂ Zd ,, ∪ ∂r0, ⊆ ,̃,
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and every configuration σ,̃:

π,̃µ(σ,̃) = q,(σ, | σ∂r0,
) π,̃\,µ(σ,̃\,), (3.101)

where q,(· | ·) is given by (3.99).

The meaning of the above equations (also called equilibrium equations) is as fol-
lows: an infinite volume state described by a measure µ is an equilibrium state for
a system with interaction �, if in every finite volume , the system is at thermal
equilibrium with the exterior (in the sense of Gibbs grand canonical prescription
q,(· | ·)) and this, in turn, is distributed according to µ. In other words, q,(· | ·)
is the conditional distribution on B, given B,c under µ.

We now analyse briefly the structure of DLR measures, or DLR states, as the
measures verifying Definition 3.20 are usually called.

Let G( denote the set of Gibbs measures in the finite volume (:

G( = {µ ∈M1(X ) : µ(dσ) = µλ
((dσ), for some λ ∈M1(X )}.

The following proposition summarizes the basic result.

Proposition 3.21 Let (n ↗ Zd in the sense of van Hove. Then:

G := ∩nG(n

is non-empty, convex and compact. G coincides with the set of all DLR measures.

Sketch of the proof We first remark that G(n ⊆ G(m , for n > m. It is easy to
see that G( is a closed subset of M1(X ) which, in turn, is weakly compact as
we have already remarked. From this we immediately get that G is non-empty
and compact. Its convexity is immediate. It is also clear that every measure in
G satisfies DLR equations: for each , ⊂⊂ Zd we can find n so large that , ∪
∂r0, ⊆ (n , from which (3.101) is easily concluded. On the other hand, if µ is
DLR, then for any n it is of the form µ = µλ

(n
, with λ = µ. �

From the above proposition it follows in particular that, given a regular sequence
(n ↗ Zd as n →+∞ and a random sequence of boundary conditions λn , due
to compactness we can always find limiting points of {µλn

(n
}. In general we find

different limits for different sequences of boundary conditions.
In this way we can formulate rigorously the notion of absence or presence

of phase transitions for a given lattice spin system driven by interactions as in
Definition 3.16.

Remark 3.22 The previous discussion can be extended properly if (iii) of Defi-
nition 3.16 is relaxed to (iii)′ below, with the right-hand side of (3.99) defining a
continuous function of σ,c . The class of such interactions is denoted by Bθ .

(iii)′ ‖|�|‖ :=∑, : O∈, ‖�,‖∞ < +∞ (absolute summability).
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Definition 3.23 Given a family of interaction potentials � ∈ Bθ and inverse tem-
perature β, we say that there is an absence of phase transition (for such � and β)
if �G = 1, i.e. if we have uniqueness of the DLR measure.

Non-uniqueness (�G > 1) means that different equilibrium states are possible
with the same values of {�,} and β; it then corresponds to a phase transition.

Remark Given � and β, it is clear that non-uniqueness can possibly be detected
by showing that for a regular sequence (n ↗ Zd as n →+∞, we can find dif-
ferent sequences λn , λ′n such that for a given f ∈ Floc we have:

lim
n→+∞µ

λn
(n

( f ) �= lim
n→+∞µ

λ′n
(n

( f ). (3.102)

We shall look at this in the next section in the context of the standard Ising system.

For fixed � and β as above, we let Gθ denote the convex set of DLR translation-
ally invariant measures, i.e. Gθ = G ∩Mθ

1(X ). Due to property (ii) of Definition
3.16, we see that if µ ∈ G and i ∈ Zd , then θiµ ∈ G; together with the convex-
ity and compactness of G this implies that Gθ �= ∅ (taking accumulation points of
|(n|−1∑

i∈(n
θiµ). The set of its extremal points (µ is extremal in a convex set E

if µ = aµ1 + (1− a)µ2 with µ1, µ2 ∈ E, 0 < a < 1 implies µ1 = µ2 = µ) co-
incides with the set of ergodic DLR measures, where a measure µ in Mθ

1(X ) is
called ergodic if any translationally invariant subset B ∈ B verifies µ(B) ∈ {0, 1}
(see [134], Chapter 14).

The ergodic DLR measures are then associated with the pure phases of the
system.

Notation If required to indicate the interaction � and the value of β we write
G(β,�).

We now recall very briefly some notions and results concerning the variational
principles of thermodynamics from the point of view of rigorous statistical me-
chanics.

Having fixed � and β > 0, start with the simple observation that if ( ⊂⊂ Zd ,
the Gibbs measure µ(,β is the unique point of maximum of the function

/((α) := 1

|(| {TS(α)−
∑
σ∈X(

H((σ)α(σ )}, α ∈M1(X()

where S(α) = −k
∑

σ∈X(
α(σ ) log α(σ). (Notation. S = kH in Section 1.3.)

As seen in Section 1.3, this is easily checked by Lagrange multipliers and the
concavity of /(. Also /((µ(,β) = (β|(|)−1 log Z(,β .

In the context of translation invariant measures, there is an analogous (non-
trivial) characterization at infinite volume.
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Definition 3.24 The specific (or mean) entropy is the functional s on Mθ
1(X ),

defined by:

s(α) := lim
(↗Zd

− k

|(|
∑

σ(∈X(

π(α(σ() log π(α(σ(), α ∈Mθ
1(X ). (3.103)

(k is the Boltzmann constant and (↗ Zd in the van Hove sense, cf. Definition
3.19.)

The existence of the above limit, indeed independent of the particular sequence
(n ↗ Zd (van Hove), and that it defines an upper semi-continuous functional on
Mθ

1(X ) is a multidimensional extension of (1.68) in Section 1.3. It will be proven
in the next section, but taking only ( = (n = {−n , . . . , n}d , for simplicity.

Definition 3.25 Let � ∈ Bθ . The specific (or mean) energy u is a functional on
Mθ

1(X ), defined by:3 (〈 f, α〉 = ∫ f dα cf. previous notation)

u(α) := 〈A�, α〉, where A�(σ) :=
∑

, : O∈,

1

|,|�,(σ).

Example. AJ,h(σ ) = −hσO − 1
2

∑
j �=O J (| j |)σOσ j for the Ising system in

(3.91). Translationally invariant DLR measures are characterized through the fol-
lowing variational principle, due to Lanford and Ruelle.

Theorem 3.26 For � ∈ Bθ and β > 0, let / be the functional on Mθ
1(X ) de-

fined by:

/(α) := Ts(α)− u(α), α ∈Mθ
1(X ). (3.104)

/ attains a maximum in Mθ
1(X ), and the points of maximum are precisely the

elements of Gθ . (T = (kβ)−1 represents the temperature.)

The proof is postponed to the next section, due to the important connection with
large deviations. (Notation. If required to indicate � and β we write /β,�.)

To relate / and /( above, we summarize a few observations to be used after-
wards.

Remark 3.27 If � ∈ B0
θ , we have A� ∈ Floc. Using a multidimensional version

of the Birkhoff ergodic theorem (cf. [134], Chapter 14), we see that if α ∈Mθ
1(X )

and (n ↗ Zd (van Hove), then

U (σ ) := lim
n

1

|(n|
∑
i∈(n

A�(θiσ) exists α a.s. in σ.

3 For this definition we need less restrictive conditions on �.
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(The null set might depend on the sequence ((n).) Also 〈U, α〉 = u(α). On the
other hand,∑

i∈(
A�(θiσ) =

∑
i∈(

∑
, : i∈,

1

|,|�,(σ) = H((σ)+
∑
i∈(

∑
, : i∈,�⊆(

1

|,|�,(σ),

so that for any τ ∈ X , cf. (3.98), and with ∂−r ( := {i ∈ ( : ∃ j /∈ ( such that |i −
j | ≤ r}: ∣∣∣∣H τ

((σ )−
∑
i∈(

A�(θiσ)

∣∣∣∣ = ∣∣∣∣W(,(c (σ ◦( τ)

−
∑
i∈(

∑
, : i∈, �⊆(

1

|,|�,(σ)

∣∣∣∣ ≤ 2|∂−r0
(|

∑
, : O∈,

‖�,‖∞.

But |∂−r (|/|(| → 0 if (↗ Zd (van Hove), so that

lim
(↗Zd

sup
σ,τ

|H τ
((σ )−∑i∈( A�(θiσ)|

|(| = 0. (3.105)

In particular, u(α) = lim(↗Zd |(|−1〈H τ
(, α〉, uniformly in τ , for any α ∈

Mθ
1(X ).

The considerations extend to � ∈ Bθ : A� ∈ C(X )4 and:

|W(,(c (σ ◦( τ)|
|(| ∨ 1

|(|
∑
i∈(

∑
, : i∈,�⊆(

1

|,| |�,(σ)|

≤
∑

, : O∈,

|{i ∈ ( : ,+ i �⊆ (}|
|(| ‖�,‖∞,

(3.106)

which tends to zero as (↗ Zd (van Hove) under condition (iii)′ of Remark 3.22
(a ∨ b = max{a, b}).

In the lattice gas interpretation the maximum of / represents the thermody-
namic limit of the grand canonical pressure. In the magnetic (spin) interpretation
−/ represents a sort of grand canonical free energy. This variational principle is
the grand canonical version of the extended second principle of thermodynamics,
which says that among the states of given volume, temperature and chemical po-
tential, the thermodynamic equilibrium state is the one maximizing the pressure.
The more familiar ‘canonical’ formulation, valid in the case of a fixed number of
particles, says that among the states of given volume and temperature the thermo-
dynamic equilibrium state is the one minimizing the free energy. We shall come
back to this in the next section, after a brief discussion on large deviations, since
there is a close connection to be analysed.

4 For � ∈ Bθ , A� has bounded oscillations, i.e.
∑

i∈Zd supσ j=σ ′j ,∀ j �=i |A�(σ)− A�(σ ′)| < +∞.
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Remark 3.28 When ( ⊂⊂ Zd , the maximum of /( on M1(X() is given by
F((β,�) := (β|(|)−1 log Z(,β = /((µ(,β). The interpretation of the previ-
ous paragraph is based on the existence of the thermodynamic limit

lim
(↗Zd

1

β|(| log Z(,β =: F(β,�),

which may be proven as Proposition 3.13, and gives the maximum value of
/β,� in Theorem 3.26. We prove this in the next section (Lemma 3.42), with
(n = {−n, . . . , n}d for simplicity. For � ∈ Bθ the limit is insensitive to bound-
ary conditions. (See the remark following Lemma 3.42.)

Comment Theorem 3.26 can be proven for interactions � ∈ Bθ , meaning that
for this class of interactions not only do we have well defined thermodynamical
quantities such as pressure and free energy, but also there is equivalence between
the set of translationally invariant Gibbs measures and the solutions of the asso-
ciated variational principle in Mθ

1(X ). However, to extend the main results valid
for short range interactions to the many body, long range case, the stronger norm

(iii)′′ ‖|�|‖α :=
∑
O∈,

eα|,|‖�,‖∞ < +∞ (3.107)

for some α > 0 is needed. In particular, as far as the description of the high tem-
perature phase is concerned, Dobrushin and Martirosyan [91] have shown that in
an arbitrary neighbourhood of zero for the norm in (iii)′ of Remark 3.22 there are
potentials giving rise to phase transitions, which is not the case with the norm
‖| · |‖α in (3.107), with α > 0.

The standard Ising model: low temperature phase transition

We now look in more detail at the ferromagnetic Ising model, with XO =
{−1,+1} and nearest neighbour (n.n.) interaction, i.e. J (n) = J1{n=1} in (3.91)
with J > 0 a fixed number. The existence of a phase transition for suitable values
of temperature and magnetic field is one of the basic questions to be considered.

Given ( ⊂⊂ Zd , the energy associated with a configuration σ ∈ X(, with
boundary condition τ ∈ X(c is now given by:

H τ
((σ ) = − J

2

∑
i, j∈(
|i− j |=1

σiσ j − h
∑
i∈(

σi − J
∑

i∈(, j �∈(
|i− j |=1

σiτ j . (3.108)

Since the interaction has range one, the boundary condition τ is involved only
through its restriction to the external boundary ∂1(, which we just denote as ∂(:

∂( := {i �∈ ( : ∃ j ∈ ( with |i − j | = 1}.
Of particular interest are the boundary conditions + and −, corresponding to
τi = +1 for all i ∈ (c and τi = −1 for all i ∈ (c, respectively. Given , ⊂⊂ Zd



166 Large deviations and statistical mechanics

let

χ,(σ) :=
∏
i∈,

σi . (3.109)

Notice that 1{σi=a} = (1+ aσi )/2 for a ∈ {−1,+1} and thus any function f ∈
Floc may be written as a linear combination of such χ, with , ⊆ ,( f ). Conse-
quently, the finite volume Gibbs measure, µτ

( defined in (3.92), (3.93) is charac-
terized fully by the complete set of finite volume spin expectations,

〈χ,〉τ( := µτ
((χ,), (3.110)

with , varying on the subsets of (.
Moreover, all possible limiting Gibbs measures of µ

τn
(n

along a sequence of

boundary conditions τn and (n ↗ Zd in the van Hove sense, are characterized
through the thermodynamic limits of µ

τn
(n

(χ,) corresponding to the same se-
quence of boundary conditions.

Notation We shall often use the notation 〈 · 〉τ(,β,h , or µτ
(,β,h to show dependence

on β, h. Having fixed J we omit it from the notation, for simplicity.

For a fixed pair h, β of values of the magnetic field and of the inverse temperature,
if, given an increasing sequence of cubes (, there exist two sequences τ 1

(c , τ
2
(c

of boundary conditions and a finite set , of sites in Zd such that

lim inf
(↗Zd

〈χ,〉τ
1
(c

(,β,h > lim sup
(↗Zd

〈χ,〉τ
2
(c

(,β,h,

then we would conclude that �G ≥ 2, so establishing the existence of a phase
transition.

Notation When , = {i} we shall replace χ{i} simply by σi , provided no
confusion may arise, i.e. 〈σi 〉τ(,β,h = µτ

(,β,h(χ{i}) = µ(,β,h(σi = +1)−
µ(,β,h(σi = −1).

Observe that if we denote by

mτ
((β, h) := 1

|(|
∑
i∈(
〈σi 〉τ(,β,h (3.111)

the finite volume average magnetization and by

Fτ
((β, h) := 1

β|(| log Z τ
((β, h), (3.112)

the finite volume grand canonical (negative) Gibbs free energy,5 cf. (3.93), then:

mτ
((β, h) = ∂

∂h
Fτ
((β, h). (3.113)

5 Notation. Fτ
((β, h) = Fτ

((β,�) cf. Remark 3.28, when � is the interaction associated with a n.n.
Ising model. This notation emphasizes the dependence of β, h, for a fixed J .



3.3 Introduction to equilibrium statistical mechanics 167

The convexity of Fτ
((β, ·) is a basic important fact to be used later; tak-

ing logarithms it is seen to be equivalent to Z τ
((β, ah1 + (1− a)h2) ≤

(Z τ
((β, h1))

a Z τ
((β, h1)

1−a for each h1, h2 ∈ R, 0 < a < 1, which follows at
once from the Hölder inequality. (We may also check the convexity of β &→
βFτ

((β, h); also T &→ Fτ
((1/kT, h) is convex; see e.g. [250], Section D2.)

Theorem 3.29 Let d ≥ 2 and h = 0. There exists β0 > 0 such that if β > β0,

and ( is a sequence of volumes invading the whole Zd in the sense of van Hove,
cf. Definition 3.19 (e.g. a sequence of cubes centred at the origin, with side in-
creasing to infinity), then we have:

lim inf
(↗Zd

〈σO〉+(,β,0 > lim sup
(↗Zd

〈σO〉−(,β,0. (3.114)

As previously remarked:

lim
(↗Zd

Fτ
((β, h) =: Fτ (β, h) = F(β, h) (3.115)

exists and does not depend on the sequence of boundary conditions. (See also
Lemma IV.6.2 in [108], or Theorem. 8.3.1 in [250]. We shall come back to the
proof in the next section.)

A phase transition in the sense specified by the above theorem can be inter-
preted as instability of the finite volume Gibbs measure (in particular of the local
magnetization 〈σO〉τ() with respect to the boundary conditions, uniformly in the
volume. By varying just the interaction of the boundaries of the container with
the system, we vary the situation in the bulk: there is a ‘transmission of informa-
tion’ at arbitrarily large distance. Indeed, in our specific case, we speak of ‘long
range order’. However, this instability is not felt ‘directly’ by the thermodynamic
function F(β, h), as (3.115) shows. But we have seen that, at least at finite vol-
ume, the average magnetization is equal to the derivative of the free energy with
respect to h, cf. (3.113). Thus, at infinite volume and β large, we expect a dis-
continuity of this derivative at h = 0 (first order phase transition), to be proven
below. Such non-analytic behaviour of thermodynamic functions is another way
to ‘detect’ a phase transition, beyond non-uniqueness of the Gibbs measure. The
relation between such notions in the frame of Pirogov–Sinai theory is the object
of Friedli’s recent thesis, where a result of Isakov [168] for the Ising model is
suitably extended, cf. [123, 124] also Section 4.1.3. Finally, let us recall that the
Hamiltonian for h = 0 is spin-flip invariant. The low temperature phase transition
for the Ising model can also be regarded as a manifestation of a ‘spontaneous sym-
metry breaking’. It is known that this is not always the case: in the general context
of Pirogov–Sinai theory (see [244, 280]) there are many examples of first order
phase transitions which are not at all associated with any spontaneous symmetry
breaking. In such cases the proof of the existence of a phase transition is much
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more difficult; determination of the coexistence line is one of the main problems,
as it cannot be found simply via symmetry considerations.

Remark To show rigorously the existence of a phase transition in the sense that
�G ≥ 2, it suffices to have (3.114). However, as a consequence of the ferromag-
netic interaction (see Theorem 3.34 below) it can be seen that the expectations
〈σO〉+(,β,h and 〈σO〉−(,β,h are monotonic in (, so that limits exist in (3.114).

Proposition 3.30 Let us consider d ≥ 2 and h = 0. There exists β0 > 0 so that
for each β > β0 a positive constant c(β) may be found in a way that

〈σO〉+(,β,0 > c(β) whenever O ∈ ( ⊂⊂ Zd .

Proof of Theorem 3.29 We just observe that H+
( (σ) = H−

( (−σ) for each σ ∈
X(, and use the map σ &→ −σ to get Z+((β, 0) = Z−((β, 0) so that 〈σO〉+(,β,0 =
−〈σO〉−(,β,0, from which the result follows at once from Proposition 3.30. �

Proof of Proposition 3.30 The argument goes back to Peierls [144, 236], be-
ing based on a geometrical description of configurations in terms of contours.
For simplicity we only consider d = 2 and use a special property of ferromag-
netic interactions, cf. Remark 3.33 below, to extend the result to d ≥ 2. Again for
simplicity we suppose that ( is a square. The boundary conditions are taken as
τi = +1 for all i ∈ ∂(. Given a generic configuration σ ∈ X( consider all sites in
( ∪ ∂( and draw a unit segment orthogonal to any ‘broken edge’, i.e. to any unit
segment joining a pair of n.n. sites with opposite spins in σ . In this way we obtain,
for any σ ∈ X(, a polygon lying on the dual lattice (Z2)∗ := Z2 + (1/2, 1/2). At
each site of (Z2)∗ an even number of unit segments of this polygon meet: 0, 2
or 4. When this number is 4, we use some convention to ‘round off’ the cor-
ners (e.g. ‘cutting’ slightly the corner in the north-east, south-west direction, see
Figure 3.2). In this way we obtain a decomposition of our polygon into a set
)(σ) = {γ1, . . . , γk} of closed self-avoiding and pairwise mutually avoiding con-
tours lying on (Z2)∗. ()(σ) = ∅ for σ = +1, i.e. σi = +1 for all i ∈ (.)

Given ( with + boundary conditions there is a one-to-one correspondence
between the set X( of spin configurations and the set G( of collections of closed
self-avoiding and pairwise mutually avoiding contours; indeed the sign of the
spin at x is determined uniquely by the number of enclosed contours that we
have to cross, starting from x , to reach ∂(; moreover, if given σ �= +1, we have
)(σ) = {γ1, . . . , γk}, then

H+
( (σ) = −JN( + 2J

k∑
i=1

|γi |, (3.116)

where we have denoted by |γ | the perimeter of the closed contour γ correspond-
ing to the number of ‘broken edges’ in that configuration σ such that )(σ) ≡ {γ };



3.3 Introduction to equilibrium statistical mechanics 169

Figure 3.2

N( is a constant given by the number of nearest neighbour edges in ( and
between ( and ∂(. We may look at the contours as ‘local excitations’ of the
ground state +1.

The system may be described via an ‘ensemble of contours’ with space of
configurations G(, where the image of the original Gibbs measure on X( is given
by ρ, with

ρ()) = e−2β J
∑

γ∈) |γ |∑
)′∈G(

e−2β J
∑

γ ′∈)′ |γ ′|
.

We write:

ρ1(γ ) := ρ({) ∈ G( : ) 3 γ } =
∑

)′∈G(:)′3γ e−2β J
∑

γ ′∈)′ |γ ′|∑
)′′∈G(

e−2β J
∑

γ ′′∈)′′ |γ ′′|

and use the notation: ‘)′ comp γ ’ to express that γ is not in the collection )′ =
{γ ′1, . . . , γ ′k}, but γ ′1, . . . , γ

′
k are compatible with its presence, in the sense that no

γ ′i intersects γ . In this way, we have:

ρ1(γ ) = e−2β J |γ |
∑

)′∈G(:)′ comp γ e−2β J
∑

γ ′∈)′ |γ ′|∑
)′′∈G(

e−2β J
∑

γ ′′∈)′′ |γ ′′|
≤ e−2β J |γ |.

Since 〈σO〉+(,β,0 = 1− 2µ+(,β,0(σO = −1), our goal is to obtain a proper up-

per bound for µ+(,β,0(σO = −1). We get

µ+(,β,0(σO = −1) ≤
∑
γ ◦O

ρ1(γ ),
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where γ ◦ O denotes a generic closed contour in Zd containing, in its inte-
rior (i.e. encircling), the origin O . But, if a contour has length l and encir-
cles the origin, it must have a unit segment crossing the x-axis somewhere in
{(−l − 1/2, 0), . . . , (l + 1/2, 0)}. Starting from the leftmost such segment, at
each step there are three possibilities for continuation (without coming back).
Consequently, the number of possible paths of length l will be at most (2l +
2)3l−1, and we get:

µ+(,β,0(σO = −1) ≤
∞∑

l=4

(2l + 2)3l−1e−2β Jl =: ε(β) → 0, as β → ∞,

concluding the proof of the proposition. �

At this point we must consider properties related to the ferromagnetic interaction,
such as the celebrated Fortuin–Kasteleyn–Ginibre (FKG) inequalities. To intro-
duce them we need the following.

Definition 3.31 For ( ⊆ Zd non-empty, we consider the following partial order
on X(: given σ, σ ′ ∈ X( we write

σ ≺ σ ′ if σi ≤ σ ′i for all i ∈ (. (3.117)

Identifying a configuration in X( with the subset of +1 spins, this relation is
nothing but the inclusion. A function f : X( → R is said to be increasing if
f (σ ) ≤ f (σ ′) whenever σ ≺ σ ′.

Theorem 3.32 (Fortuin, Kasteleyn, Ginibre) Let J : (×(→ R be an interac-
tion and h : (→ R a non-homogeneous magnetic field. For ( ⊂⊂ Zd , consider
the Hamiltonian

H{J },h,((σ ) = −
∑

i, j∈(
J (i, j)σiσ j −

∑
i∈(

hiσi

and the associated finite volume Gibbs measure µ{J },h,(, given by:

µ{J },h,((σ ) = 1

Z{J },h,(
e−H{J },h,((σ ) ∀σ ∈ X(,

where Z{J },h,( =
∑

σ∈X(
e−H{J },h,((σ ) is the normalizing constant. If J ( · ) ≥ 0 in

(×(, then for any h and for any pair of increasing functions f, g : X( → R,

we have:

µ{J },h,(( f g) ≥ µ{J },h,(( f )µ{J },h,((g). (3.118)

For the proof see e.g. [120], [108], Chapter IV, or [199], Chapter III. (For product
measures, i.e. J ≡ 0, this was first proven by Harris, see [148].)

In the notation of the previous theorem the inverse temperature β has been ab-
sorbed in the functions J and h; this last possibly includes the ‘molecular field’
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generated by an external configuration. Inequality (3.118) is called the FKG in-
equality; any measure on X( (X ) which satisfies it for any pair f, g of increasing
(cylinder and increasing, respectively.) is said to be a FKG measure.

Remark 3.33 Another important inequality in the context of ferromagnetic in-
teractions was obtained by Griffiths [145] for pair interactions and extended by
Kelly and Sherman [174] to more general ferromagnetic spin systems. In the con-
text of Theorem 3.32 it implies that if hi ≥ 0 and Ji, j ≥ 0 for all i, j , then the
expected value of a spin is non-decreasing in each Ji, j . In particular, one gets that
the expected magnetization in the statement of Proposition 3.30 for d ≥ 2 is not
smaller than that in the case d = 2, for the same value of β. For the precise state-
ment and a proof see e.g. Theorem 1.21, Chapter IV of [199]. On the other hand,
for a more general treatment of the Peierls argument for d ≥ 2 see e.g. [258].

Remark In the next two theorems, by (↗ Zd we mean a sequence of growing
cubes centred at the origin ((n = {−n, . . . , n}d ). However, it will appear clear
that, at least for ferromagnetic interactions, most of the results indeed hold for
any van Hove sequence of volumes containing the origin.

Theorem 3.34
(i) The following limits exist:

lim
(↗Zd

〈σO〉+(,β,h =: 〈σO〉+β,h;

lim
(↗Zd

〈σO〉−(,β,h =: 〈σO〉−β,h .

(ii) For each h0 ∈ R:

lim
h→h+0

〈σO〉+β,h = 〈σO〉+β,h0
;

lim
h→h−0

〈σO〉−β,h = 〈σO〉−β,h0
.

(iii) The infinite volume (negative) free energy F(β, h), cf. (3.115), is differen-
tiable in h, for h �= 0. We have

〈σO〉+β,h = 〈σO〉−β,h =
∂

∂h
F(β, h), for all h �= 0.

(iv) The left and right derivatives of F(β, ·) always exist. Also

∂

∂h+
F(β, h)|h=0 = 〈σO〉+β,0,

∂

∂h−
F(β, h)|h=0 = 〈σO〉−β,0.

Proof In the context of Theorem 3.32, 〈σO〉{J },h,( is non-decreasing as a function
of any individual hi ; to see this, it is sufficient to differentiate with respect to hi ,



172 Large deviations and statistical mechanics

and to apply Theorem 3.32. Moreover,

〈σO〉+(′,β,h′ ≤ 〈σO〉+(,β,h (3.119)

provided ( ⊆ (′ and h′ ≤ h. Indeed, in the frame of the previous theorem, the
measure µ+(,β,h can be obtained from µ+

(′,β,h by setting as +∞ the magnetic
fields hi with i ∈ ∂(, and taking the marginal on X(. Part (i) follows at once
from (3.119). Also

〈σO〉+β,h ≤ 〈σO〉+(,β,h,

so that

lim sup
h→h+0

〈σO〉+β,h ≤ lim sup
h→h+0

〈σO〉+(,β,h = 〈σO〉+(,β,h0
.

Passing to the limit (↗ Zd we get

lim sup
h→h+0

〈σO〉+β,h ≤ 〈σO〉+β,h0
.

On the other hand, making (′ = (↗ Zd in (3.119) we get:

〈σO〉+β,h0
≤ lim inf

h→h+0
〈σO〉+β,h .

The argument for 〈σO〉−(,β,h is fully analogous, mutatis mutandis, and we get
part (ii).

For part (iii), we take for granted the existence of the thermodynamic limit
F(β, h), cf. (3.115) (independent on the boundary conditions). Its convexity in h
follows at once from that of F((β, h). At this point we omit the proof that the
function F(β, h) is continuously differentiable in h, for h �= 0 (see, for instance
[108], Theorem IV.5.1). Actually, Lee and Yang have shown it to be a real ana-
lytic funtion of h, for h �= 0 (see [196]). We then apply a standard fact based on
convexity: let { fn; n = 1, 2, . . .} be a sequence of convex functions on an open in-
terval G ⊆ R, such that f (ζ ) := limn→+∞ fn(ζ ) exists for every ζ ∈ G. If each
fn and f are differentiable at some point ζ0 ∈ G, then f ′n(ζ0) converges to f ′(ζ0)

as n →+∞ (see e.g. [108], Lemma IV6.3).
Applying this for h �= 0, given any sequence τ of boundary conditions, the van

Hove limit

lim
(↗Zd

mτ
((β, h) =: m(β, h) (3.120)

exists, is independent of τ , and equals ∂F(β, h)/∂h. Moreover, by the convexity
in h we know that the right and left derivatives

∂

∂h+
F(β, h),

∂

∂h−
F(β, h) (3.121)
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always exist and are right- and left-continuous, respectively. Therefore, the previ-
ous relations imply:

∂

∂h+
F(β, h) |h=0 = lim

h→0+
m(β, h) =: m∗(β)

∂

∂h−
F(β, h) |h=0 = lim

h→0−
m(β, h) =: −m∗(β)

with the quantity m∗(β) being called ‘spontaneous magnetization’.
Taking into account the already proven part (ii) and the above expressions for

the partial derivatives of F , parts (iii) and (iv) will follow once we check that for
h �= 0

〈σO〉+β,h = m(β, h) = 〈σO〉−β,h . (3.122)

For this, we start by observing that for every i ∈ Zd :

〈σO〉+β,h = 〈σi 〉+β,h . (3.123)

Indeed, having fixed i ∈ Zd , by the translation invariance of the interaction we
have,

〈σO〉+(,β,h = 〈σi 〉+(+i,β,h, for all ( ⊂⊂ Zd . (3.124)

Considering an increasing sequence of cubes {(̄n} centred at the origin such
that

(̄1 ⊆ (̄2 + i ⊆ (̄3 ⊆ (̄4 + i ⊆ . . .

by monotonicity, the limits of 〈σO〉+(,β,h along the even and odd subsequences of
( = (̄n exist, coincide and are equal to the limit along any sequence of growing
cubes. From this and (3.124) we immediately get (3.123). To check (3.122), we
now take ε > 0 and let ,ε be a cube centred at the origin, such that

〈σO〉+,ε,β,h
≤ 〈σO〉+β,h + ε. (3.125)

Given a large cube ( which contains ,ε let Aε(() = {i ∈ ( : ,ε + i ⊆ (}. If
i ∈ Aε((), recalling (3.123) and (3.119), we may write:

〈σO〉+β,h = 〈σi 〉+β,h ≤ 〈σi 〉+(,β,h ≤ 〈σi 〉+,ε+i,β,h = 〈σO〉+,ε,β,h
≤ 〈σO〉+β,h + ε,

and we obtain

〈σO〉+β,h ≤
1

|Aε(()|
∑

i∈Aε (()

〈σi 〉+(,β,h ≤ 〈σO〉+β,h + ε. (3.126)

A similar argument holds for minus boundary conditions. But |(|/|Aε(()| → 1
as (↗ Zd for each ε > 0, implying (3.122) and concluding the proof. �
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The previous theorem tells us that in the present case a discontinuity of the first
derivative of F(β, ·) occurs if and only if the spontaneous magnetization is posi-
tive, which implies non-uniqueness of the Gibbs measure. In the same context, the
non-uniqueness of the Gibbs measure also implies spontaneous magnetization, as
stated below.

Theorem 3.35 For each β > 0, h ∈ R, the weak limits in M1(X )

µ+β,h = lim
(↗Zd

µ+(,β,h, µ−β,h = lim
(↗Zd

µ−(,β,h

exist, are translationally invariant and ergodic. Moreover,

�G = 1 ⇔ µ+β,h = µ−β,h ⇔
∂

∂h
F(β, h) exists.

Proof (Sketch) We sketch the proof through the following observations. It exem-
plifies the usefulness of the FKG property. (For more details see e.g. Theorem
IV.6.5 in [108].)

(a) The argument leading to (3.119), based on Theorem 3.32, gives in fact:

µ+
(′,β,h′( f ) ≤ µ+(,β,h( f ), if, h′ ≤ h, ( ⊆ (′ ⊂⊂ Zd (3.127)

for each increasing cylinder function f with ,( f ) ⊆ (. In particular, having
fixed h we have the existence of the limit of

lim
(↗Zd

µ+(,β,h( f )

for any increasing sequence of finite volumes (↗ Zd ; the limit must be inde-
pendent of the given sequence.

(b) Any function f ∈ Floc may be written as a difference of two increasing
cylinder functions. To see this just observe that if , ⊂⊂ Zd the functions

f, := 1[σi=1,∀i∈,], g, := 1[∃i∈,, σi=1], (3.128)

are increasing, as well as the product f, g,̃, for ,, ,̃ disjoint finite sets, and

1[σi=1,∀i∈,; σ j=−1,∀ j∈,̃] = f, − f, g,̃.

Thus, if µ, ν ∈M1(X ) and µ( f ) = ν( f ) for each increasing cylinder function
f , then µ = ν.

(c) From the last observation and the compactness of M1(X ), we see that
a sequence νn in M1(X ) is weakly convergent if and only if νn( f ) converges,
for each increasing cylinder function f . Together with (a) and (b) this gives the
existence of the limit µ+β,h = lim(↗Zd µ+(,β,h . The same applies to the minus
boundary condition.
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(d) For the translational invariance of µ+β,h and µ−β,h , the argument leading to
(3.123) tells us that

µ+β,h( f ) = µ+β,h(θi f )

for any increasing f ∈ Floc and we then apply observation (b) above (the same
for µ−β,h). As for the ergodicity, (3.129) below implies that µ+β,h and µ−β,h are ex-
tremal in G and a fortiori in Gθ , from which their ergodicity follows, as previously
remarked.

(e) We want to show that �G = 1 when the spontaneous magnetization van-
ishes. Applying again Theorem 3.32, as in (a), we see that for any ( ⊂⊂ Zd ,
h ∈ R, τ ∈ X(c , and any increasing cylinder function f with ,( f ) ⊆ (,

µ−(,β,h( f ) ≤ µτ
(,β,h( f ) ≤ µ+(,β,h( f ). (3.129)

Thus, if we show that µ+β,h( f,) = µ−β,h( f,) for each finite set , and f, as in
(3.128), and recall the proof of (b), we can conclude that �G = 1. But, we check
that

0 ≤ 〈 f,〉+β,h − 〈 f,〉−β,h ≤ |,|
(〈σO〉+β,h − 〈σO〉−β,h

)
. (3.130)

The equivalences in the statement of the theorem follow at once from the previous
observations, (3.130) and Theorem 3.34.

To check (3.130) we notice that the function g(σ ) :=∑i∈, σi − f,(σ) is in-
creasing. Applying (3.129) to f = f, and to f = g we get:

0 ≤ 〈 f,〉+(,β,h − 〈 f,〉−(,β,h ≤
∑
i∈,

(〈σi 〉+(,β,h − 〈σi 〉−(,β,h

);
then we take the limit as (↗ Zd and use 〈σi 〉+β,h = 〈σO〉+β,h . �

Remark 3.36 (Stochastic order) The importance of the FKG property in the
above classical arguments is clear through the inequalities (3.119), (3.127) and
(3.129).

The order ≺ in X induces an order relation in M1(X ), usually called stochas-
tic order: µ ≺ ν iff µ( f ) ≤ ν( f ) for each increasing continuous f : X → R. We
see that µ ≺ ν iff µ( f ) ≤ ν( f ) for each increasing f ∈ Floc and that indeed ≺
defines a partial order on M1(X ). (For this recall (b) in the proof of Theorem
3.35.) We rephrase (3.127) and (3.129) as:

� µ+(,β,h decreases and µ−(,β,h increases, as ( increases;
� both µ+(,β,h and µ−(,β,h increase in h;
� µ−(,β,h ≺ µτ

(,β,h ≺ µ+(,β,h , in particular, µ−β,h ≺ µ ≺ µ+β,h for all µ ∈
G(β, h) and �G(β, h) = 1 iff µ−β,h = µ+β,h .

Using the compactness of M1(X ), the argument in the previous proof shows
that any monotone sequence in M1(X ) is weakly convergent.
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The stochastic order will appear later in the context of stochastic dynamics asso-
ciated with the Ising model (Chapter 7) and in the analysis of the Harris contact
process (Chapter 4), where more details will be provided and the relation with
coupling properties will be stated.

Comments For simplicity we have stated Theorem 3.35 in the n.n. case; it holds
for a larger class of Ising ferromagnets. See for instance [258], p.113, [260],
[192].

For the n.n. Ising ferromagnet (and a large class of ferromagnetic spin sys-
tems), besides the existence of ∂F(β, h)/∂h, at h �= 0, for any β > 0, it is pos-
sible to show that for small enough β, the function F(β, ·) is differentiable also
at h = 0. According to Theorem 3.35 this is equivalent to �G = 1 for such values
of β. A probabilistic approach to prove uniqueness is based on conditions intro-
duced by Dobrushin and further elaborated by Dobrushin and Shlosman (see [90],
Chapter 8 of [134], or Theorem 3.1, Chapter IV of [199]). (See also [214].)

The Griffiths inequality, mentioned earlier, implies that m∗(β)(= µ+β,0(σO))

increases in β, for an Ising ferromagnet. As a consequence, for any d ≥ 2, there
exists βc ∈ (0,+∞) so that m∗(β) = 0 if β < βc, and m∗(β) > 0 for β > βc.
Also, for fixed β, µ+β,0(σO) increases in the dimension d, cf. Remark 3.33.

If d = 2 the value of βc is known exactly, through the famous Onsager relation
sinh 2βc J = 1, as well as m∗(β) = (1− (sinh 2βc J )−4)1/8 if β ≥ βc, showing
that at βc there is a unique Gibbs measure in this case. For a discussion and ref-
erences on various methods (combinatorial, algebraic, etc.) used in the derivation
of this relation and further results on the two-dimensional Ising ferromagnet see
Section 7.2 in [129] or Section 6.2 in [134] and the corresponding bibliographi-
cal notes therein. (When d = 1 the model becomes a simple Markov chain. From
the Perron–Frobenius theorem we see that for any β ≥ 0, F(β, ·) is analytic in
R; in this case �G = 1 and βc = +∞, as can be seen also by other standard
arguments.)

3.4 Large deviations for Gibbs measures
Considering the standard (ferromagnetic) Ising model on X = {−1,+1}Zd

, it is
natural to ask about the validity of a l.d.p. for the laws of the empirical magneti-
zation

Wn = 1

|(n|
∑
i∈(n

σi ,

under µτ
(n ,β,h

, and its relation to spontaneous magnetization, if d ≥ 2 ((n =
{−n, . . . , n}d ).
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We first examine the answer given by Theorem 3.4: recalling Assumptions 3.1,
and assuming the validity of (3.115), we have that

ϕβ,h(ζ ) := lim
n→+∞

1

|(n| log µτ
(n ,β,h(e

ζ
∑

i∈(n σi )

exists, does not depend on τ , for any β, h, and:

ϕβ,h(ζ ) = β (F(β, h + ζ/β)− F(β, h))

where F(β, h) is the thermodynamic limit in (3.115). Consequently, ϕβ,h is differ-
entiable at ζ �= −βh and its differentiability at ζ = −βh coincides with the exis-
tence of ∂F(β, h̃)/∂ h̃ |h̃=0. In particular, if β < βc, all hypotheses of Theorem 3.4
are verified for any value of h; it provides a l.d.p. for Wn , with scaling |(n| and
rate function given by the Fenchel–Legendre transform Iβ,h = ϕ∗β,h .

Moreover, if h �= 0 or β < βc we have

ϕ∗β,h(m) = 0 ⇐⇒ m = m(β, h),

implying that µτ
(n ,β,h

(|Wn − m(β, h)| ≥ δ) decays exponentially in |(n|, for any
δ > 0 (uniformly in τ ), according to comment (vi) at the end of Section 3.1. The
same holds under the unique infinite volume Gibbs measure.

The l.d.p. for the sequence (Wn) (with scaling |(n|) holds for any β, h (rate
function Iβ,h = ϕ∗β,h), even when part (c) of Theorem 3.4 is not applicable due
to lack of differentiability of the free energy. This follows from Theorem 3.39
below6 and the contraction principle, and it was first proven by Lanford [189] for
a much more general class of interactions. (We shall come back to this.) The l.d.p.
is also valid for the distribution of Wn under any µ ∈ Gθ (β, h).

To obtain the validity of a l.d.p. (valid in more general situations) we apply
the Ruelle–Lanford method, starting with a probabilistic construction of the rate
function, based on the entropy, instead of starting from ϕβ,h .

From the properties of the free energy and the geometric description of the
Fenchel–Legendre transform, for β > βc we have:

Iβ,0(m) = 0 ⇐⇒ −m∗(β) ≤ m ≤ m∗(β).

That is, for h = 0, β > βc, the volume scaling |(n| is too rough for the descrip-
tion of large fluctuations of the empirical magnetization within [−m∗(β),m∗(β)];
their probability is not exponentially small in the volume. The mechanism which
generates this has to be understood in terms of coexistence of the− and+ phases;
the cost would come only from their separation, which suggests a surface scaling.
Bounds showing the surface to be the right scaling were first derived by Schon-
mann [266]. This has led to a more refined study of large deviations (surface
scaling), an object of intensive research. The two-dimensional case was studied

6 see also remark (i) following Lemma 3.43.
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initially by Dobrushin, Kotecky and Shlosman [92], and by Pfister [242]; these
two articles settle not only precise bounds but also the relation to phase separa-
tion, when β is large enough. Ioffe [165, 166] and Ioffe and Schonmann [167]
extended the analysis to all β > βc. (In [270] the authors consider the situation
when the magnetic field vanishes suitably as the volume tends to infinity, see also
[182].) For d ≥ 3, results have been obtained more recently by Pisztora [245],
Bodineau [23], Cerf and Pisztora [57, 58], and by Bodineau, Ioffe and Velenik
[24]. This analysis is too far beyond the scope of this text. For related results in
the context of Kac interactions see e.g. [17].

3.4.1 Large deviation principle for the empirical field

While treating finite Markov chains we have seen that the consideration of large
deviation properties of empirical averages, brings us naturally to the empirical
distribution of words (of length 2 in that case). Longer memory transitions would
bring in words of larger length, this being a good reason for the study of the full
empirical process. Let us now extend this type of discussion to random fields,
considering the associated empirical fields.

Let us consider a spin system described by (3.89) with � ∈ B0
θ . The partition

function Z τ
((β) is a sum on all �S|(| configurations σ ∈ X(. To think in terms of

a probability average we give the same weight to each such configuration, writing
�S−|(|Z τ

((β) as an expectation with respect to the uniform distribution on X(.
Let ν be the product measure on X under which the coordinates σi are uniformly
distributed on S. Using the notation of Definition 3.25 and (3.105) in Remark
3.27, we have:

1

|(n| log Z τ
(n

(β)

= log �S + 1

|(n| log
∫
X

exp

{
−
∑
i∈(n

βA�(θiσ)+ ψn(σ, τ )

}
dν

with |ψn(σ, τ )| ≤ 2βC |∂−r0
(n|, and C =∑, : O∈, ‖�,‖∞. In terms of the em-

pirical field

R̃n(σ ) := 1

|(n|
∑
i∈(n

δθiσ , σ ∈ X , (3.131)

we may write (uniformly in τ )∣∣∣∣ 1

|(n| log Z τ
(n

(β)− log �S − 1

|(n| log
∫
X

e−|(n |〈βA�,R̃n〉dν
∣∣∣∣ ≤ 2βC

|∂−r0
(n|

|(n|
which tends to zero as n →+∞.
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Recalling the Varadhan lemma (Theorem 1.18), and since α ∈M1(X ) &→
〈βA�, α〉 is continuous (and so bounded) we see that a l.d.p. for the laws of
the empirical field R̃n under the product measure ν would provide, cf. notation in
Remark 3.28:

βF(β,�) = log �S + sup{−β〈A�, α〉 − I Zd
(α) : α ∈M1(X )}.

The ‘reference’ measure ν enters through I Zd
(α)− log �S; an identification of

the rate function will clarify this point, cf. Lemma 3.42 below and the remark
following it.

As seen in Remark 3.27, the previous considerations apply to any interaction
� ∈ Bθ , with C |∂−r0

(n|/|(n| replaced by the right-hand side of (3.106), with
( = (n . In the notation of Lemma 3.42 we have

βF(β,�) = log �S + ϕ(−βA� | ν). (3.132)

Remark 3.37 As seen from the above discussion and the experience with
Markov chains in previous sections, once a l.d.p. for the laws of R̃n under the
product measure ν is established, it provides, through tilting (remark (ii) fol-
lowing Theorem 1.18), a l.d.p. under Gibbs measures for interactions � ∈ Bθ .
If I (·) = I Zd

(·) is the rate function for the l.d.p. under ν, one gets a l.d.p. for the
laws of R̃n under the Gibbs measure µτ

(n ,β
, with rate function given by

I�(α) := I (α)+ 〈βA�, α〉 − inf
α̃∈M1(X )

{I (α̃)+ 〈βA�, α̃〉}.

Due to (3.105), the estimates in Definition 1.12 will then hold uniformly in τ .
That is, for any Borel set A in M1(X ):

lim inf
n→+∞ inf

τ

1

|(n| log µτ
(n
{σ : R̃n(σ ) ∈ A} ≥ − inf

α∈A◦
I�(α),

lim sup
n→+∞

sup
τ

1

|(n| log µτ
(n
{σ : R̃n(σ ) ∈ A} ≤ − inf

α∈A
I�(α).

Remark Under the measures µ(n (empty boundary conditions) the l.d.p. holds
for a wider class of potentials (with the same rate function). Indeed, in this case,
only the second term on the left-hand side of (3.106) matters; it is seen to tend
to zero as n →+∞ if (iii)′ in Remark 3.22 is replaced by

∑
O∈,

1
|,| ‖�,‖∞ <

+∞.

In spite of the reduction indicated above, we consider directly a wider class of
measures. This reveals better the main ingredients. We keep X = SZd

, with S fi-
nite. The space M1(X ) is endowed with the metric �, cf. Remark 3.15, associated
with the weak convergence, and the closed subspace Mθ

1(X ) of the translation in-
variant probability measures in (X ,B(X )) has an important role. A particularly
suitable property was considered in Pfister’s lecture notes [243] (cf. also [198]
and [88] for more restrictive conditions).
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Definition 3.38 A probability measure µ on (X ,B(X )) is said to be asymp-
totically decoupled (on the volume scale) if there exist functions g : N → N,
c : N → [0,+∞) such that g(n)/n → 0, c(n)/|(n| → 0 as n →+∞, and ∀i ∈
Zd ,∀n ∈ N,∀A ∈ B(n+i ,∀B ∈ B((n+g(n)+i)c we have

e−c(n)µ(A)µ(B) ≤ µ(A ∩ B) ≤ ec(n)µ(A)µ(B). (3.133)

If only the left (right) inequality in (3.133) is assumed, one says that µ is asymp-
totically decoupled from below (above, respectively).

Remark If µ ∈Mθ
1(X ) it suffices to verify the condition in (3.133) for i = O .

Examples (1) Product probability measures on X ; g(n) = c(n) = 0 for each n.
(2) DLR measures µ associated with an interaction � ∈ B0

θ , cf. Definition 3.20.
g(n) = 0, c(n) = 4Cβ|∂−r0

(n|, with C =∑, : {O}�, ‖�,‖∞. To check this, ob-

serve that for any such µ and ( ⊂⊂ Zd , q((σ(|σ∂r0(
), cf. (3.99), provides a

version of the regular conditional distribution on B( given B(c , and

e−4βC |∂−r0
(|

π(µ(σ() ≤ q((σ(|τ) ≤ e4βC |∂−r0
(|

π(µ(σ(), for all τ ∈ X(c ,

(3.134)
implying (3.133).

(3) If the finite range condition in the previous example is relaxed
to
∑

, : O∈, ‖�,‖∞ < +∞, still g(n) = 0, with c(n) = 4β
∑

, : O∈, |{i ∈
(n : ,+ i �⊆ (n}|‖�,‖∞, cf. the previous arguments and (3.106) (see [198] for
more details).

(4) Stationary irreducible and aperiodic finite Markov chains (taking d = 1).
See [243] for further examples in a more general context.

Theorems 1.21 may be extended as follows due to Lewis, Pfister and Sullivan.

Theorem 3.39 Let R̃n denote the empirical field defined by (3.131), with (n =
{−n, . . . , n}d . If µ ∈Mθ

1(X ) is asymptotically decoupled and Qn denotes the
law of R̃n under µ, then (Qn) satisfies a l.d.p. on M1(X ), with scaling |(n| and
rate function

I Zd
(α) =

{
h(α|µ) := limk→+∞ 1

|(k |H(π(kα|π(kµ) if α ∈Mθ
1(X )

+∞ if α /∈Mθ
1(X ),

where H(π(kα|π(kµ) is the relative entropy defined as in (1.99). (The existence
of the limit on the right-hand side is part of the statement.)7

Remark The l.d.p. also holds for the periodic empirical field as in Section 1.3:
given σ ∈ X(n we let σ (n) be its periodic extension to all Zd , analogously to

7 In our case the space is compact. Being lower semi-continuous, I Zd
is a good rate function. h(·|µ)

has compact level sets in more general situations (see [243]).
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(3.22) and

Rn(σ ) := 1

|(n|
∑
i∈(n

δθiσ
(n) .

For each k ≥ 1 and σ ∈ X we have |π(k Rn(π(nσ)− π(k R̃n(σ )|1 ≤
2|{i ∈ (n : (k + i �⊆ (n}|/|(n|, in the notation of part (b) of Remark 3.15.
Recalling the definition of �(µ,µ′), we see that the validity of the
l.d.p. for one such field implies it for the other. The periodic field has
the advantage that Rn(σ ) ∈Mθ

1(X ), for each n, σ . On the other hand,
〈 f, R̃n(σ )〉 = |(n|−1∑

i∈(n
f (θiσ) gives exactly the spatial average. (Notation.

Sometimes we write Rn(σ ) = Rn(π(nσ), for σ ∈ X .)

Our discussion of Theorem 3.39 follows Section 3 in [243], taking into account
the simplifications due to our assumption of finite S. Such l.d.p. for Gibbs mea-
sures have been proven initially by Comets [65], Follmer and Orey [118], and
Olla [234], extending Lanford’s arguments in [189]. Several extensions and dif-
ferent proofs have been presented, as in [88, 135, 198, 243], where the connection
with thermodynamics is carefully analysed in a more general context and with
different viewpoints.

The following basic estimate is taken from [243]; it captures the essentials of
the subaddivity argument already used in Lemma 1.29 and in Proposition 3.13.

Lemma 3.40 Let µ ∈Mθ
1(X ) be asymptotically decoupled from below,

f : X → Rp be a cylinder function (p ≥ 1), and ψ : Rp → [0,+∞) be a convex
function. If one sets

E((a) =
{
σ ∈ X : ψ(

1

|(|
∑
i∈(

f (θiσ)) < a

}
,

where ( ⊂⊂ Zd and a > 0, then given a > 0, 0 < a′ < a, δ ∈ (0, 1) we may find
M (depending on all previous parameters) so that for each m ≥ M there exists
N = N (m) (also depending on all previous parameters) so that for m ≥ M, n ≥
N we have:

1

|(n| log µ(E(n (a)) ≥ (1− δ)
1

|(m | log µ(E(m (a
′))− c(m)

|(m | ,

where (n = {−n, . . . , n}d . (Notation. If required to indicate ψ, we write
E((ψ, a).)

Proof Let us fix r ∈ N so that f ∈ B(r . Given m ≥ 1, we set r ′ as the smallest
integer larger than or equal to g(m + r)/2, and m′ = m + r + r ′. If n ≥ m we
take �, q integers determined by 2n + 1 = �(2m′ + 1)+ q where 0 ≤ q ≤ 2m′.
Partitioning {−n, . . . , n} into �+ 1 successive disjoint blocks, B1, . . . , B�, B�+1,
the first � with cardinality 2m′ + 1 and the last one with cardinality q, we consider
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the �d translates of (m′ : Bl1 × · · · × Bld with l1, . . . , ld ∈ {1, . . . , �}, relabelled
as (̃(l), l = 1, . . . , �d . Thus, for suitable al , l = 1, . . . , �d ,

(̃(l) = al +(m′ , and we let, if q �= 0,

(̃(�d + 1) = (n \ ∪�d

l=1(̃(l) = {x ∈ (n : max
l=1,...,d

xl ∈ {n − q + 1, . . . , n}}.

In order to use the decoupling property we set

((l) = al +(m, l = 1, . . . , �d ,

((�d + 1) = (̃(�d + 1) ∪ ∪�d

l=1((̃(l) \((l)).

The picture is similar to that in Figure 3.1, but now the ((l) (�d such sets) are
separated by corridors of width 2(r + r ′) which might tend to +∞ with m, but
(r + r ′)/m → 0 by the asymptotic decoupling property; there is also a remaining
part (̃(�d + 1).

Simple computations show that

|(̃(�d + 1)|
|(n| ≤ 2dm′(2n + 1)d−1

(2n + 1)d
≤ 2dm′

2n + 1
(3.135)

and that

|((�d + 1)|
|(n| ≤ 2dm′

2n + 1
+ d(r + r ′)

m′ . (3.136)

Let b = maxσ |ψ( f (σ ))|. Then b <∞ (S is finite), and since g(m)/m → 0 as
m →+∞, we may take M large enough in such a way that if m ≥ M there exists
N = N (m) finite so that

|((�d + 1)|
|(n| ≤ δ ∧ (a − a′)/b, if m ≥ M, n ≥ N (m).

(Indeed, first take m large so that the second term on the right-hand side of (3.136)
is small; then choose n large, depending on m for the first term to be small.)

In particular, using the convexity we have that for such m and n:

ψ

(
1

|(n|
∑

x∈(n

f (θxσ)

)
≤

�d∑
l=1

|((l)|
|(n| ψ

(
1

|((l)|
∑

x∈((l)

f (θxσ)

)
+ (a − a′).

so that

E(n (a) ⊇ ∩�d

l=1E((l)(a
′).

From the lower bound in (3.133) and the translation invariance of µ, we get:

µ(E(n (a)) ≥ e−�d c(m)µ(E(m (a
′))�

d
.

Taking logarithms, dividing by |(n|, and since 1− δ ≤ �d |(m |/|(n| ≤ 1 for
such m, n, we easily get the conclusion. �
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Corollary 3.41 Let µ ∈Mθ
1(X ) be asymptotically decoupled from below.

(a) For each k ≥ 0 and α ∈M1(X(k ) we may define:

−I (k)(α) = lim
ε↓0

lim sup
n→+∞

1

|(n| log µ(|π(k R̃n − α|1 < ε)

= lim
ε↓0

lim inf
n→+∞

1

|(n| log µ(|π(k R̃n − α|1 < ε).

(3.137)

I (k) is lower semi-continuous and convex on M1(X(k ). The laws of π(k R̃n under
µ satisfy a l.d.p. with rate function I (k) (scaling |(n|).
(b) Set I Zd

(α) := supk≥1 I (k)(π(kα). I Zd
: M1(X )→ [0,+∞] is a lower semi-

continuous and convex function. For each α ∈M1(X ) we have

−I Zd
(α) = lim

ε↓0
lim sup
n→+∞

1

|(n| log µ(�(R̃n, α) < ε)

= lim
ε↓0

lim inf
n→+∞

1

|(n| log µ(�(R̃n, α) < ε).

(3.138)

The laws of R̃n under µ satisfy a l.d.p. on M1(X ), with rate function I Zd
(scaling

|(n|). Moreover, I Zd
(α) = +∞ if α /∈Mθ

1(X ).

Proof For each fixed k, we apply Lemma 3.40 to get the first statement. In-
deed, enumerating X(k as {σ̃1, . . . , σ̃k̃}, we consider the cylinder function f =
( f1, . . . , fk̃) on X , where fl(σ ) = 1[π(k σ=σ̃l ] for each l, and the convex function

ψα , on Rk̃ given by ψα(x1, . . . , xk̃) =
∑k̃

l=1 |xl − α{σ̃l}| = |x − α|1.
Applying Lemma 3.40 to the events E(n (ε) associated with such f and ψα we

get that if 0 < ε′ < ε

lim inf
n→+∞

1

|(n| log µ(|π(k R̃n − α|1 < ε)≥ lim sup
n→+∞

1

|(n| log µ(|π(k R̃n − α|1 < ε′)

from which (3.137) follows at once. It is easy to deduce the lower semi-continuity
of I (k) from (3.137). Indeed, if u < I (k)(α) we may take ε > 0 so that

lim sup
n→+∞

1

|(n| log µ(|π(k R̃n − α|1 < ε) ≤ −u.

Now, if |α̃ − α|1 < ε/2, it follows that for each ε′ ≤ ε/2

lim sup
n→+∞

1

|(n| log µ(|π(k R̃n − α̃|1 < ε′) ≤ −u;

letting ε′ → 0 we get I (k)(α̃) ≥ u for all such α̃ which shows the lower semi-
continuity.

The lower semi-continuity of I Zd
follows from that of I (k) and the continuity

of α &→ π(kα. Recalling the definition of �, cf. Remark 3.15, identities (3.138)
are easily derived from those in (3.137) as in the proof of Theorem 1.21.
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As for the validity of the l.d.p. in parts (a) and (b), the lower bound follows
at once from the identities (3.137) and (3.138), respectively. For the upper bound
we use the compactness of the spaces M1(X(k ) and M1(X ), for S finite. The
details are the same as in the proof of Theorem 1.21 in Section 1.3, and are thus
omitted here.

Concerning the convexity, it suffices to check that for each k and each α, α̃ ∈
M1(X(k ) we have I (k)((α + α̃)/2) ≤ (I (k)(α)+ I (k)(α̃))/2. For this one may
consider a modification of Lemma 3.40, after observing that

ψα+α̃
2

(
1

|(n|
∑

x∈(n

f (θxσ)

)
≤

[�d/2]∑
i=1

|((i)|
|(n| ψα

(
1

|((i)|
∑

x∈((i)

f (θxσ)

)

+
�d∑

i=[�d/2]+1

|((i)|
|(n| ψα̃

(
1

|((i)|
∑

x∈((i)

f (θxσ)

)

+ |((�d + 1)|
|(n| b +

∣∣∣∣12 − [�d/2]
|(m |
|(n|

∣∣∣∣
+
∣∣∣∣12 − (�d − [�d/2])

|(m |
|(n|

∣∣∣∣
so that the proof is modified taking ψα on the cubes ((i), 1 ≤ i ≤ [�d/2], and ψα̃

if [�d/2]+ 1 ≤ i ≤ �d . As in the proof of Lemma 3.40 we may take M so that if
m ≥ M and n ≥ N (m):

E(n (ψα+α̃
2

, a) ⊇ ∩[�d/2]
i=1 E((i)(ψα, a′) ∩ ∩�d

i=[�d/2]+1E((i)(ψα̃, a′),

the notation E((ψ, a) being as indicated in Lemma 3.40. The conclusion then
follows from the argument of Lemma 3.40, and (3.137).

To prove the last statement, let α ∈M1(X ) \Mθ
1(X ). This entails

�(α, θ jα) =: a > 0, for some j ∈ Zd . On the other hand, for each k ≥ 1 we see
that supσ |π(k R̃n(σ )− π(k θ j R̃n(σ )|1 → 0 as n →+∞, so that

lim
n→+∞ sup

σ
�(R̃n(σ ), θ j R̃n(σ )) = 0

and therefore

[�(R̃n, α) < a/3] ∩ [�(θ j R̃n, θ jα) < a/3] = ∅, if n is large enough.

We thus have an open set G ⊆M1(X ), with α ∈ G and {σ : R̃n(σ ) ∈ G} = ∅ for
n large. In particular,

−I Zd
(α) ≤ lim inf

n→+∞
1

|(n| log µ(R̃n ∈ G) = −∞.

�
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Lemma 3.42 Let µ ∈Mθ
1(X ) be asymptotically decoupled from below. If f ∈

C(X ) we set

ϕn( f |µ) = 1

|(n| log
∫
X

exp

{∑
i∈(n

f (θiσ)

}
µ(dσ).

The limit ϕ( f |µ) := limn→+∞ ϕn( f |µ) exists and defines a convex function on
the Banach space C(X ) (with the sup norm ‖ · ‖∞). Moreover,

ϕ( f |µ) = sup
α∈M1(X )

(〈 f, α〉 − I Zd
(α)), (3.139)

where I Zd
is given in Corollary 3.41 and 〈 f, α〉 = ∫ f dα. The map f &→ ϕ( f |µ)

is lower semi-continuous for the weak topology on C(X ).

Proof Notice that

ϕn( f |µ) = 1

|(n| log
∫
X

exp{|(n|〈 f, R̃n〉}dµ

and since the map α ∈M1(X ) &→ 〈 f, α〉 is continuous (bounded), the existence
of the limit and expression (3.139) follow from Corollary 3.41 and the Varadhan
lemma. The convexity of ϕn(·|µ) can be seen from the Hölder inequality (as for
F((β, ·) in (3.112)) and it yields that of ϕ(·|µ). The last statement follows imme-
diately from (3.139), since (by definition) the map f ∈ C(X ) &→ 〈 f, α〉 is weakly
continuous, for each α ∈M1(X ), and it suffices to consider the supremum among
α so that I Zd

(α) < +∞. (Also |ϕ( f | u)− ϕ(g | µ)| ≤ || f − g||∞.) �

Remark The existence of the limit ϕ( f | µ) may be obtained directly with an
argument as in Lemma 3.40, for µ asymptotically decoupled either from below
or from above. The same applies for convexity and lower semi-continuity (see
Proposition 3.1 in [243]).

Duality The dual of C(X ) is M(X ), the space of all finite signed-measures on
(X ,B). If we extend I Zd

, by setting I Zd
(α) = +∞ if α ∈M(X ) \M1(X ), it

remains convex and lower semi-continuous for the w∗-topology, since M1(X ) is
convex and closed in M(X ); obviously (3.139) does not change if the supremum
is taken on all M(X ). We are then in a situation to apply a duality theorem on
Fenchel–Legendre transforms (cf. [38], Theorem 3.10), to conclude that for each
α ∈M(X ):

I Zd
(α) = ϕ∗(α|µ) := sup

f ∈C(X )

(〈 f, α〉 − ϕ( f |µ)), (3.140)

where we used that C(X ) is the dual of M(X ) (w∗-topology), cf. Lemma 1.38.
We omit the proof of the duality theorem. See [38] or Lemma 4.5.8 in [85]. (The
Hahn–Banach theorem is used, since it involves separation through hyperplanes.)
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Remark In the general situation treated in [198] and [243], the role of C(X ) as
space of observables is taken by the ‖ · ‖∞-closure of the set of bounded, measur-
able cylinder functions. The argumentation based on Lemma 3.40 leads to a l.d.p.
in its dual, generally larger than M(X ). A delicate point there is to prove that the
rate function takes the value +∞ outside M(X ) (see [243], Lemma 3.4).

The final step for the identification of I Zd
is given in the next lemma which com-

pletes the proof of Theorem 3.39.

Lemma 3.43 Let µ ∈Mθ
1(X ) be asymptotically decoupled from above. Then

the limit h(α|µ) := limk→+∞ |(k |−1H(π(kα|π(kµ) exists and defines an affine,
lower semi-continuous function on Mθ

1(X ). Moreover, if α ∈Mθ
1(X ) we have

ϕ∗(α|µ) = h(α|µ).

Notation For α ∈M1(X ), α|B( denotes its restriction to B(, and we write
H((α|µ) := H(α|B( |µ|B() = H(π(α|π(µ), cf. (1.99). We see that

H((α|µ) ≤ H(′(α|µ), if ( ⊆ (′. (3.141)

Indeed, if π(′α + π(′µ and f(′ is the Radon–Nikodym derivative, the µ-
conditional expectation of f(′ given B( is f( = dπ(α/dπ(µ. Recalling (1.99)
(that is (1.49) in the finite case), the convexity of x &→ x log x on [0,+∞), and
the Jensen inequality for conditional expectations, we get (3.141). In the finite
case, the lower semi-continuity and convexity of α &→ H(π(α|π(µ) were seen
in Section 1.3 (cf. also Section 1.6).

Proof We first check that if µ ∈Mθ
1(X ) verifies the upper bound in (3.133), the

specific relative entropy h(α|µ) is well defined and has the above stated proper-
ties. The proof is taken from [243] (cf. also [88]). Let us recall the decomposition
and the notation in the proof of Lemma 3.40, for r = 0. The validity of the second
inequality in (3.133) implies that

π)nµ+ ×�d

l=1π((l)µ, where )n = ∪�d

l=1((l)

and a version of the Radon–Nikodym derivative can be taken bounded from above
by e�

d c(m). As a consequence we have:

H)n (α| ×�d

l=1 π((l)µ) ≤ H)n (α|µ)+ �dc(m).

Recalling (1.61) and since H((l)(α|µ) = H(m (α|µ) for l = 1, . . . , �d , due to the
translation invariance of α and µ, we may write

�dH(m (α|µ) ≤ H)n (α|µ)+ �dc(m) ≤ H(n (α|µ)+ �dc(m),

where the last inequality follows from (3.141) since )n ⊆ (n . Therefore, for n,m
as in the given decomposition:

H(n (α|µ) ≥ �dH(m (α|µ)− �dc(m).
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Given δ ∈ (0, 1), we can find M = M(δ), and for m ≥ M , N = N (m, δ) so that
m ≥ M , n ≥ N (m) implies �d |(m |/|(n| ≥ 1− δ, and so:

1

|(n|H(n (α|µ) ≥ (1− δ)
1

|(m |H(m (α|µ)− c(m)

|(m | , if m ≥ M, n ≥ N (m).

(3.142)
Sending first n, and then m, to infinity, we get the existence of the limit defining
h(α|µ). Moreover, (3.142) implies that

h(α|µ) ≥ (1− δ)
1

|(m |H(m (α|µ)− c(m)

|(m | , if m ≥ M,

and the lower semi-continuity of h(·|µ) follows from that of H(m (·|µ). From the
convexity of H((·|µ) that of h(·|µ) also follows; for the concavity we check that
if pl > 0,

∑k
l=1 pl = 1 and αl ∈M1(X ), then

k∑
l=1

plH((αl |µ) ≤ H(

(
k∑

l=1

plαl |µ
)
+

k∑
l=1

pl log
1

pl
.

It remains to check that ϕ∗(·|µ) = h(·|µ) on Mθ
1(X ). Recalling (1.55), if f ∈

Floc with ,( f ) ⊆ (k we have〈∑
i∈(n

θi f, α

〉
− log

∫
X

exp

{∑
i∈(n

θi f

}
dµ ≤ H(n+k (α|µ).

Dividing by |(n|, using that α ∈Mθ
1(X ), letting n →+∞ and taking the supre-

mum leads to

sup
f ∈Floc

(〈 f, α〉 − ϕ( f |µ)) ≤ h(α|µ).

Due to the continuity of f &→ 〈 f, α〉 − ϕ( f |µ) on C(X ) and the density of Floc,
the supremum does not change if f varies on C(X ), leading to ϕ∗(α|µ) ≤ h(α|µ)

on Mθ
1(X ). The converse inequality can be obtained with a reasoning similar to

Lemma 3.40, partitioning (n into (̃(l), l = 1, . . . , �d + 1, taking r = 0 in that
proof, so that (̃(l) = (m′ + al , for l = 1, . . . , �d , with m′ = m + r ′, and r ′ is the
smallest integer larger than or equal to g(m)/2. In this notation, if f is bounded
and measurable we write∣∣∣∣∣∣

∑
i∈(n

θi f −
∑

i∈(m′

�d∑
l=1

θal+i f

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑

i∈(̃(�d+1)

θi f

∣∣∣∣∣∣ ≤ |(̃(�d + 1)| ‖ f ‖∞.

From (3.135), given m ≥ 1, δ ∈ (0, 1), there exists N so that
|(̃(�d + 1)|‖ f ‖∞/|(n| ≤ δ for n ≥ N , and consequently

ϕn( f |µ) ≤ 1

|(n| log
∫
X

exp

 ∑
i∈(m′

�d∑
l=1

θal+i f

 dµ+ δ. (3.143)
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By the Jensen inequality and the translation invariance of µ we have∫
X

exp

 ∑
i∈(m′

�d∑
l=1

θal+i f

 dµ ≤
∫
X

exp

|(m′ |
�d∑

l=1

θal f

 dµ,

and if f ∈ Floc, with ,( f ) ⊆ (m , the upper bound in (3.133) implies that∫
X

exp

|(m′ |
�d∑

l=1

θal f

 dµ ≤
(∫

X
e|(m′ | f dµ

)�d

e�
d c(m),

also by the translation invariance. Inserting into (3.143), we get

〈 f, α〉 − ϕn( f |µ) ≥ 1

|(m′ |
(
〈|(m′ | f, α〉 − log

∫
X

e|(m′ | f dµ

)
− c(m)

|(m′ | − δ,

for all such f and large n, so that using (1.55) again:

ϕ∗(α|µ) ≥ 1

|(m′ |H(m (α|µ)− c(m)

|(m′ | − δ

from which the lemma follows upon letting m →+∞ and δ → 0. �

Remarks (i) For interactions � ∈ Bθ , the l.d.p. also holds for the laws of R̃n

under the Gibbs measures µτ
(n

, uniformly in τ , cf. Remark 3.37. In particular, on

Mθ
1(X ), h(·|µ) is the same for any µ ∈ Gθ , and h(µ̃|µ) = 0 if µ̃, µ ∈ Gθ . More

precisely, under such conditions, as in (3.134) and example (3) right after it, we
have:

1

|(n|H(n (µ
τ
(n
| µτ ′

(n
) ≤ 4β

∑
, : O∈,

|{i ∈ (n : ,+ i �⊆ (n}|
|(n| ‖�,‖∞,

∀ τ, τ ′ ∈ X ,

which tends to zero for (n as before. Also ϕ(·|µ) = ϕ(·|µ̃) on C(X ) if µ, µ̃ ∈ Gθ .
(ii) The identification I Zd

(·) = h(·|µ) in Theorem 3.39 is restricted to Mθ
1(X );

non-translation invariant measures α for which h(α|µ) < +∞ are easily con-
structed.

(iii) For examples of translation invariant probability measures µ on {−1,+1}Z
for which the limits in Lemmas 3.42 and 3.43 fail to exist see e.g. [111], p. 1092,
and references therein.

Gibbs variational principle As argued in the beginning of this section, by ap-
plying Theorem 3.39 to ν, the product of uniform probabilities on S, we see that
if � ∈ Bθ , the thermodynamic limit F(β,�) is given by:

F(β,�) = sup{−〈A�, α〉 − β−1h(α|ν)+ β−1 log �S : α ∈Mθ
1(X )}

= sup{Ts(α)− u(α) : α ∈Mθ
1(X )},

(3.144)
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since h(· |ν) = log �S − k−1s(·), and T = 1/kβ is the temperature (here k is the
Boltzmann constant).

The Gibbs variational principle (Theorem 3.26) characterizes the measures
in Gθ as those elements in Mθ

1(X ) where the the supremum in (3.144) is
attained.

Proof of Theorem 3.26 (Sketch) From Remark 3.37 and the discussion that pre-
cedes it, we have the relation between the rate functions under µ ∈ Gθ (β,�) and
under ν, in Theorem 3.39. Consequently, if α ∈Mθ

1(X ):

h(α|µ) = h(α|ν)+ β〈A�, α〉 − inf{h(α̃|ν)+ β〈A�, α̃〉 : α̃ ∈Mθ
1(X )}

(3.145)

from which we see that any µ ∈ Gθ minimizes the function u(·)− Ts(·) over
Mθ

1(X ).
The converse is the essential point of this celebrated theorem. We sketch

a proof assuming � ∈ B0
θ , cf. Definition 3.16. This follows [88] and uses an

argument due to Preston, which holds more generally, cf. Theorem 7.1 in
[247].

Let λ ∈Mθ
1(X ) be a point of minimum of u(·)− Ts(·) over Mθ

1(X ). We must
determine that λ verifies the DLR equation (3.101), at inverse temperature β.

From the previous observation (see also remark (i) above), we know that

lim
n→+∞

1

|(n|H(n (λ | µλ
(n

) = 0,

and our goal is to verify the validity of (3.101), i.e. λ = µλ
,, for any , ⊂⊂ Zd , cf.

Definition 3.18, or equivalently, that H,̃(λ | µλ
,) = 0, for any ,̃ ⊂⊂ Zd . That is,

from the asymptotics of H(n (λ | µλ
(n

) one indeed concludes precise information

on each , ⊂⊂ Zd .
Since H,̃(λ | µλ

,) is non-decreasing in ,̃ it suffices to prove that H(m (λ |
µλ

,) = 0, for all m large enough. But, if the interaction has range r0, for , ∪
∂r0, ⊆ ,̃ ⊆ (, we have:

H,̃(λ | µλ
()−H,̃\,(λ | µλ

() = H,̃(λ | µλ
,), (3.146)

as we can verify after recalling (3.99) in the present context.
Given m large so that , ∪ ∂r0, ⊆ (m , � ≥ 1 odd and n so that 2n + 1 =

�(2m + 1) we decompose (n into �d disjoint translates of (m : ,̃l = (m + a(l),
l = 1, . . . , �d , and we let ,l = ,+ a(l), Gl = ∪l

k=1,̃k for l = 1, . . . , �d . Thus:

H(n (λ | µλ
(n

) =
�d∑

i=1

[HGi (λ | µλ
(n

)−HGi−1(λ | µλ
(n

)],
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with the convention that HG0(· | ·) = 0, and by (3.146) we have

HGi (λ | µλ
(n

)−HGi−1(λ | µλ
(n

)

≥ HGi (λ | µλ
(n

)−HGi\,i (λ | µλ
(n

)

= HGi (λ | µλ
,i

) ≥ H,̃i
(λ | µλ

,i
) = H(m (λ|µλ

,)

using the translation invariance of λ and of the interaction. Consequently

H(m (λ|µλ
,) ≤ 1

�d
H(n (λ | µλ

(n
),

which tends to zero as �→+∞, concluding the proof in the finite range
case. �

For the full proof when � ∈ Bθ (and in a more general situation) see [247] or
[134], Section 15.4; cf. also [243]; for continuous systems see [136].

Comment The convex duality given by (3.139) and (3.140), with I Zd
(α) =

h(α|µ) if α ∈Mθ
1(X ) and +∞ otherwise, suggests a more general form of

the variational principle in Mθ
1(X ) associated with the definition of equilibrium

states proposed by Ruelle. (C(X ) is too big for this; see [111].) When µ = ν

is the product measure as before, and f = −A�, with � ∈ Bθ , Theorem 3.26
characterizes the points of maximum in (3.139) as the translation invariant DLR
measures for �. Recall:

� if � ∈ Bθ , A� has bounded oscillations (
∑

i∈Zd supσ j=σ ′j ,∀ j �=i |A�(σ)−
A�(σ ′)| < +∞);

� the control on the boundary terms was needed in the verification of the l.d.p.
A very general situation has been considered in [198] and [243]: the class of

observables is exactly the space of bounded oscillation functions. With a stronger
form of asymptotic decoupling on the reference measure µ, suitable control of
boundary terms may be introduced, leading to an extension of the Gibbs varia-
tional principle and a quite general construction on the relation thermodynam-
ics/large deviations for lattice systems (see [243], Chapter 4).

3.4.2 Lanford theory. Equivalence of ensembles

In the following brief discussion we sometimes absorb β into � (i.e. β = 1) and
write F(�) for the (negative) free energy: F(�) = log �S + ϕ(−A�|ν), with ν

the product measure as before and � ∈ Bθ .

Large deviations for empirical averages (level 1)
Let us first recall the l.d.p. for the empirical magnetization Wn of the standard
Ising model, discussed at the beginning of this section. Its validity follows at once
from the contraction principle and Theorem 3.39, since the map α ∈Mθ

1(X ) &→
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〈σO〉α is continuous in our case (finite S) and Wn is the image of the empirical
field R̃n . As a consequence, the (lower semi-continuous) rate function is given by:

Iβ,h(m) := inf{h(α|µ) : α ∈Mθ
1(X ), 〈σO〉α = m}

(inf∅ = +∞). Since α ∈Mθ
1(X ) &→ 〈σO〉α is affine, the convexity of h(·|µ) im-

plies that Iβ,h is convex. On the other hand, by the Varadhan lemma we see that
ϕβ,h is the Fenchel–Legendre transform of Iβ,h . Thus, by convex duality we ob-
tain Iβ,h = ϕ∗β,h .

We see that Iβ,h(m) = 0 if and only if there exists µ ∈ Gθ (β, h) with mag-
netization m; in particular Iβ,0(m) = 0 if and only if m ∈ [−m∗(β),m∗(β)], as
mentioned earlier.

The contraction principle furnishes a ‘restricted variational principle’. The rep-
resentation as ϕ∗β,h in the above example recalls a ‘general method’ in the deriva-
tion of large deviation estimates: perturb the measure suitably so as to make the
given situation ‘typical’ and then compute the cost of the perturbation, optimizing
it. (In this example the representation suggests perturbation with an extra mag-
netic field.)

From the l.d.p. for the empirical field we have at our disposal a large class
of macroscopic observables to which the previous argument applies. This is the
key of the so-called Lanford theory, providing a relation to the thermodynamic
formalism, as proposed in [189] and settled in [65, 118, 234]. More general for-
mulations appear in [135, 198, 243].

For a brief description, let us first fix � ∈ Bθ , β = 1, to which we apply the
l.d.p. for the empirical fields (see Remark 3.37 too). Now let 0 ∈ Bθ . Since the
specific energy α &→ 〈A0, α〉 is continuous, the contraction principle provides a
l.d.p. for the distributions of 〈A0, Rn〉, where Rn is the periodic empirical field
in (n (cf. remark following Theorem 3.39). The previous argument provides, for
B ∈ B(R):

lim inf
n→+∞ inf

τ

1

|(n| log µτ
�,(n

{σ : 〈A0, Rn(σ )〉 ∈ B} ≥ − inf
x∈B◦

Ī�,0(x),

lim sup
n→+∞

sup
τ

1

|(n| log µτ
�,(n

{σ : 〈A0, Rn(σ )〉 ∈ B} ≤ − inf
x∈B

Ī�,0(x),

(3.147)

where, for µ ∈ Gθ (�), x ∈ R,

Ī�,0(x) = inf{h(α|µ) : α ∈Mθ
1(X ), 〈A0, α〉 = x} = sup

ζ∈R

{ζ x − ϕ(ζ A0 |µ)}.
(3.148)

It follows that Ī�,0(x) = 0 if and only 〈A0, α〉 = x for some α ∈ Gθ (�). Also,

D Ī�,0
:= {x : Ī�,0(x) < +∞} = {〈A0, α〉 : α ∈Mθ

1(X ), h(α|µ) < +∞},
which is a bounded interval, since A0 is bounded. Since h(·|µ) is lower
semi-continuous on the compact space Mθ

1(X ), the infimum in (3.148) is



192 Large deviations and statistical mechanics

attained whenever Ī�,0(x) < +∞. Notice that ϕ(ζ A0 |µ) = F(�− ζ0)−
F(�) in (3.148). Concerning the supremum in (3.148) being attained, we quote
the following (see Lemma 4.9 in [135]).

Lemma 3.44 Let �,0 ∈ Bθ , x, ζ ∈ R and µ ∈ Gθ (�). We write Ī = Ī�,0 . The
following are equivalent:

(a) x = 〈A0, α〉 for some α ∈ Gθ (�− ζ0);
(b) ζ x − ϕ(ζ A0 |µ) = Ī (x);
(c) x(ζ ′ − ζ ) ≤ F(�− ζ ′0)− F(�− ζ0) for all ζ ′ ∈ R;
(d) Ī (x)+ ζ y ≤ Ī (x + y) for each y ∈ R;
(e) x ∈ D Ī , and ∅ �= {α ∈Mθ

1(X ) : 〈A0, α〉 = x, h(α|µ) = Ī (x)} ⊆ Gθ (�−
ζ0).

If x ∈ D Ī and ζ, ζ̃ such that (a)–(e) hold for both pairs (x, ζ ) and (x, ζ̃ ), then
G(�− ζ0) = G(�− ζ̃0).

Proof We omit the proof of the last statement. As for the equivalences, we easily
verify that (b) ⇔ (c) and that (b) ⇒ (d). (e) ⇒ (a) is trivial. We now check that
(a)⇒ (b) and (d)⇒ (e). For (a)⇒ (b), taking any µ ∈ Gθ (�), µ̃ ∈ Gθ (�− ζ0),
from (3.144) and (3.145) we write, for any α ∈Mθ

1(X ):

h(α|µ) = h(α|ν)+ 〈A�, α〉 + F(�)− log �S,

h(α|µ̃) = h(α|ν)+ 〈A�, α〉 − ζ 〈A0, α〉 + F(�− ζ0)− log �S

so that

h(α|µ) = h(α|µ̃)+ ζ 〈A0, α〉 − F(�− ζ0)+ F(�). (3.149)

Under (a) we have h(α|µ̃) = 0, and ζ x − F(�− ζ0)+ F(�) = h(α|µ) ≥
Ī (x), implying (b), since the reverse inequality is trivial. Let us now check (d) ⇒
(e). Since infy∈R Ī (y) = 0, we see right away that under (d) we have x ∈ D Ī and
the set in (e) is non-empty. Let α ∈Mθ

1(X ), with 〈A0, α〉 = x , h(α|µ) = Ī (x),
and let ζ be as in (d). Taking µ̃ ∈ Gθ (�− ζ0) let y = 〈Aψ, µ̃〉 − x . From (d),
and since x + y = 〈Aψ, µ̃〉, we have

h(α|µ)+ ζ 〈A0, µ̃− α〉 = Ī (x)+ ζ y ≤ Ī (x + y) ≤ h(µ̃|µ).

Using (3.149) we get h(α|µ̃) ≤ h(µ̃|µ̃) = 0, and (the proof of) Theorem 3.26
implies that α ∈ Gθ (�− ζ0), concluding the proof of the equivalences. �

Remark Items (c) and (d) have a geometric interpretation. It can be seen that if
x ∈ D◦

I�,0
, the conditions are verified for some ζ ∈ R.

Notice that for σ ∈ X(n we have

〈A0, Rn(σ )〉 = 1

|(n|H
0,per
(n

(σ ), (3.150)
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where H0,per
( (σ) is the Hamiltonian for the interaction 0 with periodic boundary

conditions. (For 0 ∈ Bθ , we may as well consider Hamiltonians with fixed (or
free) boundary conditions not affecting the previous l.d.p., cf. Remark 3.27.) If
� = 0 and 0 has range 0 we are back to Cramér theorem for simple random
variables.

One may as well consider the joint distribution of finitely many such observ-
ables, A0(1) , . . . , A0(k) . The convex analysis is more intricate, as we could guess
from Section 3.1. Lemma 3.44 extends; on the relative interior ri(D Ī�,0

) we still
have the same good geometric behaviour (see e.g. [135, 243]). We do not pursue
this, but look at a particular example in the next subsection.

Infinite dimensional situations may also be considered, as in [135], since Bθ is
a Banach space with the norm ‖| · ‖|, cf. Remark 3.22. If V is a closed subspace,
and V∗ its dual, the previous observable is replaced by the restriction to V, of the
specific energy function uV : Mθ

1(X )→ V∗, which is continuous if V∗ has the
standard weak* topology. In other words, let uV(α)(0) = 〈A0, α〉, for 0 ∈ V.
The l.d.p. for the laws of uV(Rn) under the measures µτ

�,(n
is obtained from

Theorem 3.39 (see Remark 3.37, with I�(α) = h(α|µ), µ ∈ Gθ (�)). It holds
uniformly in τ , and the rate function Ī�,V is represented as a Fenchel–Legendre
transform of 0 ∈ V &→ F(�−0)− F(�):

Ī�,V(x) = inf{h(α|µ) : α ∈Mθ
1(X ), uV(α) = x}

= sup
0∈V

(x(0)− (F(�−0)− F(�))), x ∈ V∗ .

Such considerations provide an interpretation to tangent hyperplanes to the con-
vex map 0 ∈ V &→ F(�−0). For the full proof see [135].

The example V = {0 ∈ Bθ : 0, = 0, unless |,| = 1} appears in the analysis
of empirical measures, discussed below. (Since we have S finite, this V is finite-
dimensional, but it works more generally.)

Large deviations for empirical measures (level 2)
The map π0 = π(0 : M1(X )→M1(S), which associates with each α ∈
M1(X ) its marginal at the origin, is continuous. When µ ∈Mθ

1(X ) verifies the
assumption of Theorem 3.39, the contraction principle (Theorem 1.19) yields the
following expression for I (0), the rate function for the laws of the empirical mea-
sures Ln(σ ) = π0(Rn(σ )) = |(n|−1∑

i∈(n
δσi under µ, cf. Corollary 3.41:8

I (0)(η) = inf{h(α|µ) : α ∈Mθ
1(X ), π0α = η}.

(As before, the infimum is attained.) A detailed description of this variational
problem was provided by Föllmer and Orey in [118], when µ ∈ Gθ (�) for some

8 Notational mismatch: I (0) here corresponds to I (1) in Section 1.3, convenient in Corollary 3.41.
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� ∈ Bθ . On the other hand, recall that if g : S → R and

ϕ(0)(g|µ) = ϕ(g ◦ π0 | µ) = lim
n→+∞

1

|(n| log
∫
X

exp

(∑
i∈(n

g(σi )

)
dµ

then, by the Varadhan lemma,

ϕ(0)(g|µ) = sup
η∈M1(S)

(〈g, η〉 − I (0)(η)).

By duality, since I (0) is convex and lower semi-continuous:

I (0)(η) = sup
g : S→R

(〈g, η〉 − ϕ(0)(g|µ)). (3.151)

(Letting r = �S, g and η are elements of Rr , η varying in �r , as in Section 3.2.
I (0)(η) = +∞, if η /∈ �r . Compare with (3.9) and (3.10).)

Given g : S → R we perturb � with a self interaction: let �g
{i}(σ ) = �{i}(σ )−

g(σi ) for each i ∈ Zd , �
g
, = �, otherwise. It is easy to check that F(�g)−

F(�) = ϕ(0)(g|µ), and from (3.145) we have that if µg ∈ Gθ (�
g), and α ∈

Mθ
1(X ), then:

h(α|µ) = h(α|µg)+ 〈g, π0α〉 − ϕ(0)(g|µ). (3.152)

In particular, h(µg|µ) = 〈g, π0µg〉 − ϕ(0)(g|µ) if µg ∈ Gθ (�
g).

Remark. The above definition still makes sense if g(x) = −∞ for some (but
not all) x ∈ S; Gθ (�

g) �= ∅, and clearly π0µg{x : g(x) = −∞} = 0. Equation
(3.152) still holds, the terms being finite if π0α{x : g(x) = −∞} = 0.

As suggested from (3.151) and (3.152) one has (see [118], Theorem 5.2) the
following.

(a) If η ∈M1(S) and I (0)(η) < +∞, there exists g : S → [−∞,+∞), with
η{x : g(x) = −∞} = 0, and I (0)(η) = 〈g, η〉 − ϕ(0)(g|µ).

(b) If α ∈Mθ
1(X ) satisfies π0α = η and h(α|µ) = I (0)(η), then indeed α ∈

G(�g). Conversely if α ∈ Gθ (�
g) and π0α = η, we have h(α|µ) = I (0)(η).

Sketch of proof Subtracting a constant reduces to g ∈ (−∞, 0]r in (3.151); one
may extract an approximating sequence, which converges to some g ∈ [−∞, 0]r ;
thus I (0)(η) ≤ 〈g, η〉 − ϕ(0)(g|µ), and η{x : g(x) = −∞} = 0. To get (a) and the
first statement in (b), recall (3.152), and that h(α|µg) ≥ 0 with equality if and only
if α ∈ Gθ (�

g). The second statement in (b) follows from (3.152) with α = µg .

When � = 0 we recover the Sanov theorem for finite alphabets, seen in Sec-
tion 1.3; when � is a n.n. interaction, µ represents a (stationary) Markov random
field and we have the spatial analogue of the analysis in Section 3.2 for finite
Markov chains.
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Boltzmann principle of equivalence of ensembles
In the present context, the product measure ν( = ν(

O (νO uniform on S) plays
the role of the Liouville measure on X(. Write ν = νZd . Given 0 ∈ Bθ and (n as
before, an approximate microcanonical distribution on X(n , at the specific energy
u, may be given by cf. (3.150):

µ̃(n ,u,δ(·) := ν(n

{
· | 1

|(n|H
0,per
(n

∈ [u − δ, u + δ]

}
.

A natural description of microcanonical/grand canonical equivalence in the ab-
sence of phase transitions could be: if β = β(u) is such that 〈A0,µ〉 = u and
{µ} = Gθ (β0) then the measures µ̃(n ,u,δ converge to µ, as n →+∞ and then
δ ↓ 0. For non-trivial9 0, it can be seen (with the help of Theorem 3.26) that if
such β exists, it is unique. The question on the existence of such β is treated by
Lemma 3.44, taking � = 0 there; in particular, the answer is positive if u ∈ D◦

Ī0
,

where Ī0 = Ī0,0 in the notation there.

Remark In the present formulation β ∈ R; the inverse temperature is |β|, with
interaction � or −� according to the sign of β.

Similar behaviour is expected for microcanonical type measures with ‘thick’
energy shells, before sending δ to 0; β depends on the shell.

Allowing for phase transitions, this type of argument gives that all the limiting
points of these microcanonical measures belong to Gθ (β0), with β as above; this
inclusion might be strict as for the two-dimensional Ising model (cf. Example 3.2
in [135]).

To give a brief indication of the role of the l.d.p. in this discussion we state the
following theorem, taken from [135].

Theorem 3.45 Let 0 ∈ Bθ , and C ⊆ R an interval such that C◦ ∩D Ī0 �= ∅,
and that Cmin ∩D◦

Ī0
�= ∅, where

Cmin := {x ∈ C : Ī0(x) = inf
y∈C

Ī0(y)}.

There exists β ∈ R so that the (non-empty) set of accumulation points of

µ̃(n ,C := ν(n

{
· | 1

|(n|H
0,per
(n

∈ C

}
(3.153)

is contained in Gθ (β�) ∩ {α ∈Mθ
1(X ) : 〈A�, α〉 ∈ Cmin}. For any such β, we

have −βx − ϕ(−βA0 |ν) = Ī0(x) in (3.148) for any x ∈ Cmin.

9 Non-trivial here means that 0 is not equivalent to 0, i.e. 〈A0, α〉 �= 0 for some α ∈Mθ
1(X ).
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Proof (Sketch) For simplicity we consider only the case that Cmin = {u} with
u ∈ C◦ ∩D◦

Ī0
. Recalling (3.150), the event on which we condition is

Yn = YC
n := {σ ∈ X(n : 〈A0, Rn(σ )〉 ∈ C},

and from the lower bound in (3.147), for � = 0:

lim inf
n→+∞

1

|(n| log ν(n (Yn) ≥ − inf
x∈C◦ Ī0(x) = − Ī0(u) > −∞. (3.154)

In particular, ν(n (Yn) > 0, and µ̃(n ,C is well defined for large n. (The existence
of accumulation points is trivial in our case due to compactness.) Also, from the
definition of periodic field Rn , if f : X(n → R we see that∫

Yn

f dν(n =
∫
Yn

〈 f, Rn〉dν(n .

Thus, it suffices to prove that there exists β, so that if G is open and Gθ (β�) ∩
{α ∈Mθ

1(X ) : 〈A�, α〉 ∈ Cmin} ⊆ G, then

lim sup
n→+∞

ν(Rn /∈ G | 〈A0, Rn〉 ∈ C) = 0, (3.155)

where, for brevity, Rn(σ ) = Rn(π(nσ). Now, if G is open and {α ∈
Mθ

1(X ) : 〈A�, α〉 ∈ Cmin, h(α|ν) = Ī0(u)} ⊆ G, Theorem 3.39 tells us that

lim sup
n→+∞

1

|(n| log ν(Rn /∈ G, 〈A0, Rn〉 ∈ C)

≤ − inf{h(α|ν) : α ∈Mθ
1(X ) \ G, 〈A0, α〉 ∈ C},

which is strictly smaller than − Ī0(u). Together with (3.154), this yields (3.155)
for such G. It remains to prove the existence of β ∈ R so that

{α ∈Mθ
1(X ) : 〈A�, α〉 ∈ Cmin, h(α|ν) = Ī0(u)}

= Gθ (β�) ∩ {α ∈Mθ
1(X ) : 〈A�, α〉 ∈ Cmin},

which follows if for some β ∈ R,

{α ∈Mθ
1(X ) : 〈A�, α〉 ∈ Cmin, h(α|ν) = Ī0(u)} ⊆ Gθ (β0).

When Cmin = {u} this, as well as the final statement, follows at once from Lemma
3.44 with � = 0, since u ∈ D◦

Ī0
. (It is here that we used this extra assumption.)

For the full proof see [135], p. 1871. It uses the last statement in Lemma 3.44,
whose proof we omitted. �

Remarks (a) Less is required for the convergence of µ̃n,u,δ , as n →+∞ and
then δ ↓ 0, cf. [88]. This is so, because for the previous upper estimate we have

− inf{h(α|ν) : α ∈Mθ
1(X ) \ G, 〈A0, α〉 ∈ [u − δ, u + δ]},
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which tends to − inf{h(α|ν) : α ∈Mθ
1(X ) \ G, 〈A0, α〉 = u}, as δ ↓ 0. The rest

is the same, cf. Lemma 3.44. (Conversely, this result may be deduced from The-
orem 3.45, see [135].) For a further analysis for the two-dimensional Ising model
in the phase transition region see [88].

(b) Theorem 3.45 relates conditioning (microcanonical) and tilting (grand
canonical). For a general treatment, see [198], and [243]. If we do not take the
Hamiltonian with periodic boundary conditions, the µ̃(n ,C should be replaced by
the average of θi µ̃(n ,C , i ∈ (n (see the given references).

(c) Replacing ν(n by a periodic Gibbs measure for an interaction � ∈ Bθ one
is able to study canonical/grand canonical equivalences.
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Metastability. General description.
Curie–Weiss model. Contact process

4.1 The van der Waals–Maxwell theory
Metastability is a relevant phenomenon for thermodynamic systems close to a
first order phase transition. Examples are supercooled vapours and liquids, super-
saturated vapours and solutions, as well as ferromagnets in the part of the hys-
teresis loop where the magnetization is opposite to the external magnetic field. A
metastable state occurs when some thermodynamic parameter such as the tem-
perature, pressure or magnetic field is changed from a value giving rise to a stable
state with a unique phase, say X , to one for which at least part of the system should
be in some new equilibrium phase Y . Then, in particular experimental situations,
instead of undergoing the phase transition, the system goes over continuously into
a ‘false’ equilibrium state with a unique phase X ′, far from Y but actually close
to the initial equilibrium phase X . It is this apparent equilibrium situation that is
called a ‘metastable state’. Its properties are very similar to those of the stable
equilibrium state; for example for a supersaturated vapour one can determine the
pressure experimentally as a function of the temperature and the specific volume.
We speak of the ‘metastable branch’ of the isothermal curve.

The distinguishing feature of metastability is that, eventually, either via an ex-
ternal perturbation or via a spontaneous fluctuation, a nucleus of the new phase
appears, starting an irreversible process which leads to the stable equilibrium state
Y , where the phase transition has taken place.

Let us first illustrate metastability in more detail with the example of liquid–
vapour phase transition; subsequently we shall describe magnetic systems.

Consider an isothermal compression of a gas at a temperature T below its crit-
ical temperature Tc. (see Figure 4.1). Suppose we start with a specific volume v

slightly larger than the value vg corresponding to the condensation point at tem-
perature T (the specific volume v is given by v = V/N , where V is the volume
and N is the number of molecules). If our sample is reasonably free of impurities

198
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Figure 4.1

and if we proceed in the compression slowly by avoiding significant density gra-
dients, we can obtain a pure gaseous phase, with v < vg , commonly called a ‘su-
persaturated vapour’.

It is observed experimentally that, by continuing in the isothermal compres-
sion, we end up with a value v∗ of the specific volume for which the gas becomes
unstable; then we start observing the appearance and growth of the new liquid
phase until the segregation between liquid and gas is completed, and a fraction
α = (1/v∗ − 1/vg)(1/vl − 1/vg)

−1 of the fluid is finally in the liquid phase with
specific volume vl .

Now, in the final stable equilibrium, the liquid and gaseous phases are segre-
gated and coexist at the saturated vapour pressure.

For v ∈ (v∗, vg) the properties of the (supersaturated) vapour are quite similar
to those of the normal gas with v > vg . Apparently we have an equilibrium pure
gaseous phase. The main difference is that even a relatively small disturbance can
induce the ‘nucleation’ of the liquid phase. An impurity or any external perturba-
tion inducing a localized density change can produce a ‘nucleus of condensation’
around which the liquid phase starts growing by absorbing molecules from the
surrounding supersaturated vapour. If v is very near to (but still larger than) v∗,
even a spontaneous thermal fluctuation can be responsible for the formation of
a condensation nucleus. In this last case we speak of ‘homogeneous nucleation’
since these density fluctuations take place everywhere in the bulk. Again the final
stable state corresponds to a fraction α = (1/v − 1/vg)(1/vl − 1/vg)

−1 of liq-
uid coexisting with the saturated gas. This behaviour is typical of a conservative
evolution which preserves the number of molecules.

Another relevant example of phase transition giving rise to metastability phe-
nomena is that which takes place for ferromagnetic systems at temperature T
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below the Curie point Tc. As we shall see, this case is naturally described in a
non-conservative context.

Figure 4.2 shows, for T < Tc, a typical graph of magnetization m versus ex-
ternal magnetic field h for an ideal ferromagnet. We observe the phenomenon of
spontaneous magnetization:

lim
h→0+

m(h) > 0, lim
h→0−

m(h) < 0. (4.1)

For T > Tc there is a paramagnetic behaviour:

lim
h→0

m(h) = 0. (4.2)

As we have seen in Section 3.3 the existence of a spontaneous magnetiza-
tion can be interpreted as coexistence, for the same value of the magnetic field
h = 0, of two different phases with opposite magnetization. What is observed for
a real ferromagnet is the hysteresis loop shown in Figure 4.3. For T < Tc, sup-
pose we change the value of the magnetic field from small negative to zero, and
then to small positive values. Our magnet persists, apparently in equilibrium, in a
state with magnetization opposite to the external magnetic field h. This situation
corresponds to a metastable state since the ‘true’ equilibrium state would have
magnetization parallel to the field. We can continue increasing h up to a limiting
value h∗, called the coercive field, at which we observe a decay to the stable state
with positive magnetization. In a similar way we can cover the rest of the loop.
The static and dynamic properties of the system along the metastable arc are sim-
ilar to those we have already described in the case of fluids. The main difference
here is that we do not have the global constraint that we had before, of fixed total
number of molecules; now the corresponding quantity, i.e. the total number of
‘up’ spins, is not at all fixed. From the point of view of equilibrium statistical
mechanics the situation described for a fluid corresponds to the canonical



4.1 The van der Waals–Maxwell theory 201

h

m

h

+ h*

*_

Figure 4.3

ensemble whereas the situation for a magnet corresponds to the grand canoni-
cal ensemble.

The specific features that a theory of metastability have to explain are both
static and dynamic in nature. We would like to find the ‘equation of state’ of
metastable states. For example in the case of liquid–vapour phase transition we
would like to determine the value of v∗ = v∗(T) and the arc of the isotherm de-
scribing the supersaturated vapour between v∗ and vg . On the other hand, the
most relevant dynamical quantity is the ‘lifetime’ of the metastable state. Its cor-
rect definition is also part of the problem. We expect the lifetime to become very
small as v tends to v∗, whereas we expect that it tends to infinity as v goes to vg .

A first possible explanation of metastability can be found in the framework of the
classical van der Waals–Maxwell theory.

The equation of state of real gases introduced by van der Waals is based on
semiphenomenological grounds. His approach is neither purely thermodynami-
cal nor is it based on a genuine microscopical point of view. The van der Waals
equation of state for one mole of fluid is:(

P+ a

v2

)
(v − b) = kT, (4.3)

where P is the pressure, T is the absolute temperature, k is Boltzmann’s constant
and a ≥ 0, b ≥ 0 are parameters depending on the particular fluid.

This equation of state is simply obtained from the ‘perfect gas law’ Pv = kT,
by introducing the corrective terms a/v2 and−b. The first term takes into account
the intermolecular attraction, and the term −b takes into account the intrinsic
volume occupied by molecules, seen as extended instead of point-like objects.

For a more detailed treatment of the van der Waals equation we refer, for in-
stance, to [163].
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In Figure 4.4 we draw some typical van der Waals isotherms. For T = Tc :=
8a/27kb, the graph of the pressure P as a function of v has a horizontal inflection
point; moreover, for every T ≥ Tc the pressure is monotonic in v, whereas for
T < Tc there is an interval of non-monotonicity corresponding to negative com-
pressibility. This unphysical feature of the van der Waals equation can be cor-
rected by the help of the Maxwell’s equal area rule. Maxwell’s idea is that below
Tc the hypothesis of spatial homogeneity, implicit in the heuristics which is at the
basis of van der Waals equation, has to be left behind and the more realistic hy-
pothesis of phase segregation has to be included in the theory. The new Maxwell
heuristics goes as follows: as a consequence of the second principle of thermody-
namics we have that the Helmholtz free energy per unit particle, F = F(v,T), is
given by:

F(v,T) = −
∫

isotherm
P(v,T)dv ⇔ P(v,T) = −∂F(v,T)

∂v
(4.4)

⇒ F(v,T) = −kT log(v − b) − a

v
. (4.5)

In Figure 4.5, for a given T < Tc we draw simultaneously the graphs of P(v)
and F(v). The non-monotonicity of P(v) has, as a counterpart, the existence of a
non-convexity interval for F(v). Consider the convex envelope of F , denoted by
C E(F), defined as the maximal convex function which is everywhere less than
or equal to F . In our case C E(F) is obtained from F by means of the ‘common
tangent’ construction as shown in Figure 4.5. The idea is that the straight segment
between the points A and B represents coexistence of two phases. Indeed, the
states A and B have the same temperature (as they lie on the same isotherm)
and pressure (by (4.4), as they have a common tangent); so they can describe
coexisting phases with different specific volumes: the liquid and the vapour. The
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points in the straight segment describe a situation in which part of the system
is in state A and part in state B, since in this case the free energy is a convex
combination of the corresponding free energies. In the graph of P(v), the segment
between A and B corresponds to the horizontal segment between Ā and B̄. The
common tangent condition

F(vB)− F(vA)

vB − vA
= ∂F(v)

∂v

∣∣∣∣
v=vA

= ∂F(v)

∂v

∣∣∣∣
v=vB ,

(4.6)

becomes

P̄(vB − vA) =
∫ vB

vA

P(v)dv, (4.7)

where P̄ := −∂F(v)/∂v|v=v Ā
= −∂F(v)/∂v|v=vB̄

is the common value of the
pressure at the points of the horizontal segment joining Ā to B̄. The meaning of
(4.7) is that the segment Ā B̄ cuts the van der Waals isotherm in such a way that
the areas of the two regions ) Ā, )B̄ between the segment Ā B̄ and the van der
Waals isotherm are equal.
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Since van der Waals equation, corrected by Maxwell’s equal area rule, predicts
coexistence of two different phases with different specific volumes (the liquid and
the gas), it is natural to interpret the arcs B̄ D̄ and ĀC̄ of the original van der Waals
isotherm (where the unphysical feature of negative compressibility is still absent)
as describing metastable states. In particular B̄ D̄ should describe supersaturated
vapour. Points C̄ and D̄ are called spinodal points and represent the threshold of
instability; in particular the value of v corresponding to the point D̄ can be iden-
tified with v∗. We stress that in the derivation of the ‘correct’ isotherm containing
the plateau that describes coexistence, the assumption that part of ‘van der Waals
loop’ describes homogeneous, almost equilibrium phases is implicit. These, how-
ever, have higher free energy with respect to the segregated situation which then
turns out to be the correct equilibrium. We can say that, in the framework of the
van der Waals theory of liquid–vapour phase transitions, the notions of metastable
states and coexisting phases are strictly related: actually they come out together.
The endpoints Ā, B̄ obtained by the Maxwell’s equal area rule emerge in the the-
ory as the points from which segregation becomes thermodynamically convenient
with respect to the permanence in the homogeneous metastable states. Although
qualitatively very satisfactory, this theory is not able to say anything about the life-
time of the metastable state and the mechanism of transition between metastable
and corresponding stable states. It is intrinsically an equilibrium theory which,
however, is consistent with the existence of two different equilibrium states for
the same values of the thermodynamic parameters, one of which is the true stable
equilibrium. An infinite free energy barrier separates the two equilibria, so that the
infinite lifetime not only is not excluded by this theory but, rather, it appears as
a natural conjecture in the line of thought leading to the van der Waals–Maxwell
theory. We do not expect that this feature persist in more complete and realistic
approaches.

We want to mention that the metastable branch B̄ D̄ is obtained as an analytic
continuation of the isotherm beyond the condensation point B̄; similarly for the
branch ĀC̄ . This feature also depends on the peculiarity of van der Waals theory.

As we said before, the van der Waals theory is semiphenomenological in
nature; however it is possible to give a partial justification of this theory by means
of a very simple model, in the framework of equilibrium statistical mechanics.

Consider N particles in a volume V . Assume that the ‘allowed volume’ is Ṽ =
V − bN , 0 < b < v ≡ V/N . This does not mean that we introduce an authentic
hard core repulsion between particles; rather, it is a caricature of the true model
which happens to be very difficult to describe. The subtraction of the term bN
is meant to take into account in a very simple way, according to a mean field
philosophy, the total volume occupied by the molecules.

The interaction between any pair of particles is not decaying with the interpar-
ticle distance: it is given by the constant value −2a/V, a > 0 (the denominator
V is needed to get an extensive behaviour for the total energy).
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The canonical free energy is given by

FN (v,T) = −kT
1

N
log Zc

N (T, v), (4.8)

where k is the Boltzmann constant, T is the absolute temperature, and Zc
N (T, v)

is the canonical partition function given by:

Zc
N (T, v) = 1

N !

∫
Ṽ N

exp

(
− HN

kT

)
dx1 . . . dxN , (4.9)

HN = − a

V
(N 2 − N ). (4.10)

From (4.8)–(4.10) we get:

FN (v,T) = −a

v
− kT log(v − b)+ const+ oN (1),

namely the previous expression (4.5) (except for the irrelevant constant and an
infinitesimal term oN (1)→ 0 as N →+∞).

Thus, from a microscopic point of view, the van der Waals equation can be re-
garded as a mean field theory; the limiting assumption of ‘mean field interaction’
amounts to supposing that every molecule interacts with the same intensity with
all other molecules or, almost equivalently, that it feels the mean field generated
by them. The absence of spatial dependence and consequently the fact that the
range of the interaction coincides with the size of the box containing the fluid is
responsible for the non-convexity of the free energy. Indeed, as we have seen in
Section 3.3, for ‘short range interactions’ it can be proven rigorously, in the frame-
work of equilibrium statistical mechanics, that the free energy is a convex function
of the specific volume.

We shall see later that the extreme hypothesis of constant potential can be
corrected via the introduction of the so-called Kac potentials (see (4.20)).

4.1.1 The Curie–Weiss theory

To describe ferromagnetic systems below the Curie temperature Tc, we may use
an approach similar to that of the van der Waals theory for fluids; again metastable
states are intrinsically connected with the description of the phase transition. To
clarify this point let us deduce the Curie–Weiss theory of ferromagnets in the
framework of equilibrium statistical mechanics of lattice spin systems.

Consider a system of N spins: (σi )i=1,...,N where σi ∈ {−1,+1}. A configu-
ration σ is an element of XN := {−1,+1}N . The energy associated with a con-
figuration σ is:

HN (σ ) := − J

2N

N∑
i, j=1

σiσ j − h
N∑

i=1

σi , (4.11)
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which may be written as

HN (σ ) = −N

(
J

2
(m N (σ ))2 + h m N (σ )

)
,

where m N (σ ) = N−1∑N
i=1 σi . In particular, HN (σ ) depends on σ only through

m N (σ ), implying the extreme simplicity of the model. We define the (grand
canonical) free energy:

FN (β, h) = − 1

βN
log Z N (β, h), (4.12)

where β = 1/kT (T denotes temperature, k the Boltzmann constant) and
Z N (β, h) is the (grand canonical) partition function

Z N (β, h) :=
∑

σ∈XN

e−βHN (σ ) =
∑

σ∈XN

e
βN
(

J
2 (m N (σ ))2+h m N (σ )

)
. (4.13)

We want to compute the limit of FN (β, h) as N →+∞. Let 1N denote
the distribution of m N (σ ), with σ uniformly distributed in XN : 1N (m) =
2−N

(
N

N ((m + 1)/2)

)
,m ∈ YN , where

YN := {−1,−1+ 2/N ,−1+ 4/N , . . . , 1− 4/N , 1− 2/N , 1}. (4.14)

Then (4.13) reads as:

2−N Z N (β, h) =
∫
YN

e
βN
(

J
2 m2+h m

)
1N (dm).

As was seen in Section 1.1 (cf. (1.8)), the sequence (1N ) satisfies a l.d.p. with
scaling N and rate function given by E(m)+ log 2, where

E(m) = 1+ m

2
log

(
1+ m

2

)
+ 1− m

2
log

(
1− m

2

)
, (4.15)

for m ∈ [−1, 1], and by +∞ for |m| > 1. Applying Theorem 1.18, (1.41) gives

lim
N→+∞

FN (β, h) = min
m∈ [−1,1]

fβ,h(m),

where fβ,h(m) is the canonical free energy,1 given by:

β fβ,h(m) := E(m)− β
J

2
m2 − βhm. (4.16)

1 Omitting the fixed parameter J from the notation.
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To find the minima of such function, we first find its critical points m∗, i.e. we
solve:

β Jm∗ + βh = E ′(m∗).

Since E ′(m) = 1
2 log((1+ m)/(1− m)), the previous equation is equivalent to:

m∗ = tanhβ(Jm∗ + h). (4.17)

(1) If β J ≤ 1, (4.17) has a unique solution m(β, h); m(β, 0) = 0, whereas
m(β, h) has the same sign as h, for h �= 0. fβ,h(·) has a minimum at
m(β, h).

(2) If β J > 1, there exists h0 = h0(β, J ) (the coercive field) such that for
|h| > h0 (4.17) has a single solution m(β, h), the minimum point of fβ,h(·).
m(β, h) has the same sign as h. At |h| = h0, (4.17) has two solutions; one
gives the unique minimum point of fβ,h(·) and has the same sign as h; the
other is an inflection point.

(3) If β J > 1 and |h| < h0, the canonical free energy fβ,h(·) has a double well
structure.
� When h = 0, the double well is symmetric. Equation (4.17) has three

solutions: 0,±m∗(β) (m∗(β) > 0). Zero gives a local maximum and
±m∗(β) are the points of absolute minimum.

� When 0 < |h| < h0, (4.17) still has three solutions and fβ,h(·) keeps a
double well structure, with two points of local minima m−(β, h) < 0 <

m+(β, h). Now there is a deeper well. The point of absolute minimum
has the same sign as h (i.e. the magnetization is parallel to the external
field). The third solution of (4.17), denoted by m0(β, h), gives a local
maximum and has sign opposite to h. In this case the absolute minimum
is interpreted as the stable equilibrium state, whereas the local minimum,
with magnetization opposite to the field, is interpreted as the metastable
state.

Remark The previous argument provides a l.d.p. for the distributions of m N (σ )

under the Gibbs measures corresponding to Curie–Weiss interaction: for σ ∈ XN

we set

µN ,β,h(σ ) = 1

Z N (β, h)
e−βHN (σ ) = 1

Z N (β, h)
e
βN
(

J
2 (m N (σ ))2+h m N (σ )

)
.

Thus, if g is measurable on R:∫
XN

g(m N (σ ))dµN ,β,h(σ ) =
∫

[−1,+1] g(m)eNβ( J
2 m2+hm)1N (dm)∫

[−1,+1] eNβ( J
2 m2+hm)1N (dm)

(4.18)

where 1N is the distribution of m N (σ ) with σ uniformly distributed on XN .
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We are thus in condition to apply the tilting argument (remark (ii) after
Theorem 1.18): the validity of a l.d.p. for the sequence 1N yields at once a l.d.p.
for the distribution of m N (σ ) under µN ,β,h , hereby denoted by νN ,β,h(m). It has
scaling N and the rate function is

Iβ,h(m) = β fβ,h(m)− min
m′∈[−1,1]

β fβ,h(m
′). (4.19)

From previous observations, there is a unique root of Iβ,h(m) = 0, if β ≤ 1/J
or h �= 0. As remarked in Section 3.1, this provides exponential convergence of
m N (σ ) to the unique minimum. When h = 0 and β > 1/J there are two points
±m∗(β) at which Iβ,h(·) vanishes and m N (σ ) fails to have a deterministic limit;
in fact, it converges in law to (δm∗(β) + δ−m∗(β))/2, as N →+∞.

We deduce that this simple model predicts the correct qualitative behaviour
of a ferromagnet at h = 0. From (4.16) we also see that limh→0 m(β, h) = 0 =
m(β, 0) when β J ≤ 1, whereas limh→0± m+(β, h) = ±m∗(β) when β J > 1,
describing the spontaneous magnetization.

Again we see that in the framework of a mean field theory the existence of
metastable states emerges naturally. They are intrinsically related to the mean
field theory of phase transitions.

Let us now summarize the main ideas about metastability arising in the frame-
work of the mean field approach to phase transitions:

� metastability can be described via the equilibrium Gibbsian formalism;
� it is associated to the existence of local minima of the free energy; indeed

both in van der Waals and in Curie–Weiss models, metastability arises from
the (unphysical) non-convexity of the canonical free energy.

� the metastable branch can be obtained via an analytic continuation beyond
the condensation point.

We shall see that for realistic systems with short range interactions the above
features fail, at least in a naı̈ve form, and we shall need new ideas to describe
metastability in that case.

4.1.2 Kac potentials

Now, in connection with the above discussion, we want to introduce the mod-
ern version of mean field theory based on the so-called Kac potentials (see [172,
193]). It is a ‘correct’ theory at least in the sense that it gives rise to the correct be-
haviour of the thermodynamic functions. Contrary to the ‘naı̈ve’ mean field theory
we shall recover the right convexity properties of the free energy, and the unphys-
ical feature of thermodynamical instability of the system will be eliminated.
Consider a continuous system of particles in Rd whose interaction is given by a
two-body potential as in Definition 3.12, with:

φ(r) = q(r)+ wγ (r), wγ (r) = γ dw(γ r), r ≥ 0, (4.20)
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where w and q are suitable regular functions. For instance, we assume that there
exist r0 > 0, D > 0, ε > 0 such that:

q(r) = ∞ if r ≤ r0 (hard core condition) (4.21)

|q(r)| ≤ Dr−d−ε if r ≥ r0 (fast decay at infinity) (4.22)

−Dr−d−ε ≤ w(r) ≤ 0 (fast decay and attractiveness), (4.23)

and ∫
Rd

w(|r|)dr = α.

For such systems, the so-called van der Waals limit (see [193]) consists in first
taking the thermodynamic limit and, subsequently, the limit γ → 0, sending to
infinity the range of the attractive potential.

Let f (ρ, γ ) be the thermodynamic limit for the Helmholtz free energy:

f (ρ, γ ) := − lim
(↗Rd

1

β|(| log Z((, β, ρ). (4.24)

Here Z((, β, ρ) is the canonical partition function for n = ρ|(| particles en-
closed in the region (:

Z((, β, ρ) = 1

n!

∫
(n

exp

(
−β
∑
i< j

φ(|ri − r j |)
)

dr1 . . . drn, (4.25)

where by (↗ Rd we mean the limit when ( invades the whole Rd in the van
Hove sense (see Section 3.3); to fix ideas we may take a sequence of cubes cen-
tred at the origin. The above limit in (4.24) exists by virtue of the assunptions in
(4.21)–(4.23) (see [117, 258]). (Notation. Here f corresponds to what we denoted
by g in Section 3.3, cf. (3.79).)

The following theorem, due to Lebowitz and Penrose [193], describes the be-
haviour in the van der Waals limit. It extends the initial result by Kac, Uhlenbeck
and Hemmer [172].

Theorem 4.1 (Lebowitz–Penrose)

f (ρ, 0+) := lim
γ→0+

f (ρ, γ ) = C E

(
f0(ρ)+ 1

2
αρ2
)
, (4.26)

where f0(ρ) is the canonical free energy of the ‘reference system’ described
by the potential q(r), namely the quantity defined as in (4.24), (4.25) with
q(r) in place of φ(r). (Notation. C E(g) indicates, as before, the convex en-
velope of the real valued function g, i.e. the maximal convex function nowhere
exceeding g.)
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The proof of the above theorem can be found in [193]. (See also [249].) We re-
mark that the existence of a first order phase transition, which is detected by the
appearance of a straight segment in the graph of the canonical free energy as a
function of the density ρ, can only be a consequence of the non-convexity of the
free energy of the corresponding naı̈ve model, namely:

f naı̈ve(ρ, β) = f0(ρ)+ 1

2
αρ2.

Thus, in the ‘true’ theory the metastable branch disappears and Maxwell’s equal
area rule is justified on rigorous grounds.

Similar results hold for lattice spin systems described by the energy function:

Hγ (σ() = −1

2

∑
i �= j

Jγ (i, j)σiσ j − h
∑

i

σi , σi ∈ {−1,+1},

Jγ (i, j) := γ d J (γ |i − j |) ≥ 0,
∫

Rd
J (|r|)dr = 1. (4.27)

Similarly to the continuous case, we may define the canonical free energy
f (m, γ ). The following theorem holds:

Theorem 4.2

f (m, 0+) := lim
γ→0+

f (m, γ ) = C E

(
−1

2
m2 − hm + 1

β
E(m)

)
.

The proof can be found in [286] (for more general potentials). We remark that
for h �= 0 the absolute minimum of f (m, 0+) is reached for a unique value of
the magnetization m = m(h, β), whereas for h = 0 and β > βc ≡ 1 the graph
of f (m, 0+) shows a horizontal plateau corresponding to the segment between
−m∗(β) and +m∗(β).

The above theorems show that the correct version of mean field theory, given
by Kac potentials, both for continuous systems of particles and lattice spin sys-
tems, gives rise to a convex canonical free energy. So, a physically acceptable
approach rules out the possibility of including, in a naı̈ve way, metastability in the
equilibrium mean field theory.

4.1.3 Metastability and the Gibbsian approach

We want now to discuss some general rigorous results in equilibrium statisti-
cal mechanics related to the impossibility of including metastability in the usual
Gibbsian equilibrium theory, at least when interactions decay sufficiently fast at
large distance.

In their fundamental paper [190], Lanford and Ruelle state a general result on
‘absence of metastability’, valid under general hypotheses on the decay of the
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interaction at large distances. They prove that a translationally invariant Gibbs
(DLR) measure necessarily satisfies the variational principle of thermodynamics.
(For the case of lattice spin systems see Theorem 3.26.) Thus, a state which is
metastable in the sense that (i) it is an equilibrium state, namely a translation-
ally invariant Gibbs measure, and (ii) it does not correspond to an absolute mini-
mum of the free energy functional, cannot exist. In other words, for a short range
system, it is impossible to describe metastable states in the framework of usual
equilibrium Gibbsian formalism, for instance as local minima for the free energy
functional.

In this connection let us describe briefly an approach to metastability due to
Sewell.

In [276] the author develops a theory aiming to include metastability in a gen-
eralized Gibbsian set-up. He characterizes equilibrium and metastable states in
terms of a variety of stability conditions.

(I) Equilibrium states. They minimize the free energy density of the system
with respect to global variations of the state. In this sense they are globally
thermodynamically stable.

(II) Ideal metastable states or metastable states of the ‘highest grade’. They do
not minimize the free energy density globally but, rather, they minimize it
only with respect to modifications of the state confined to bounded regions
of the space. In this sense they are locally thermodynamically stable. Since
global and local thermodynamic stability coincide for ‘realistic’ short range
systems, ideal metastable states are possible only for special models with
suitable long range or many-body forces.

(III) Normal (i.e. non-ideal) metastable states. They minimize the restriction of
the free energy density to some reduced state space. Normal metastable
states have finite but large lifetime, as we have to overstep a large barrier
to remove the state from this reduced state space. These states are essen-
tially those that can be included in the approach developed by Penrose
and Lebowitz, based on restricted ensembles, which we describe in Sec-
tion 4.1.5.

The possibility of continuing the free energy analytically beyond the con-
densation point of a first order phase transition remained as open problem
until the fundamental result of Isakov (see [168]) which we quote now. Con-
sider the standard Ising model in dimension d ≥ 2, at low enough temperature
(see Section 3.3); let J be the ferromagnetic coupling constant, h the exter-
nal magnetic field, and β the inverse temperature. By F(β, h) we denote the
thermodynamic limit (along a van Hove sequence) of the grand canonical free
energy:

F(β, h) = lim
(↗Zd

− 1

β|(| log Z((β, h),
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where Z((β, h) is the grand canonical partition function. If β is large enough we
can find n0(β) finite, so that:

lim
h→0+

1

n!

∂n F

∂hn
= (n!)

1
d−1 (2β)n(2(d − 1)(2β J + Cξ))−

nd
d−1 ,

for all n > n0(β), where C ∈ R depends only on the dimension d and |ξ | ≤ 1.
This implies that the free energy (and then the magnetization m = m(β, h))

has an essential singularity in h = 0 (at large β) forbidding any real analytic
continuation. Isakov’s result has been extended recently to the whole class of
two-phase lattice models within the framework of Pirogov–Sinai theory.2 In this
set-up Friedli and Pfister showed that the validity of the Peierls condition implies
non-analyticity at the transition point (see [123, 124]).

However, a C∞ extrapolation beyond the condensation point can be associated
with metastability in a dynamical context. (see [271]).

There is a point of view on metastability, going back to Langer (see [191]), based
on the analytic continuation of the free energy beyond the condensation point.
It is believed that, in the case of ferromagnetic, short range systems, because of
the essential singularity at the condensation point, the free energy acquires an
imaginary part in the metastable domain. This imaginary part is interpreted as a
decay rate from the metastable situation. In [228] some very simplified models
are considered, whose free energy can be continued analytically and to which one
can assign a stochastic dynamics and deduce a decay rate. It is found that the
imaginary part of the continued free energy is proportional to the decay rate (see
also [227].) See [133] for a counterexample.

In [239], Penrose applied the above point of view to classical nucleation the-
ory. He considered the so-called droplet model and showed that the corresponding
thermodynamical function P(z), representing the pressure as a function of the fu-
gacity, can be continued analytically and that the imaginary part is proportional to
the rate of nucleation of the corresponding metastable state, as given by Becker–
Döring theory; see Section 4.1.4 below.

Remark Since the van der Waals theory emerges as the limit of finite range Kac
potentials, it is important to understand how the described lack of analytic con-
tinuation fits with the limiting behaviour as γ ↓ 0. In the context of Theorem 4.2,
with d ≥ 2 and h = 0, in [47] and [30] it is proven that, if β > 1, then there exists
γβ > 0 so that the system with scaling γ presents phase transition for γ < γβ and
the canonical free energy has a plateau in [−m∗

γ (β),m∗
γ (β)]. Using an interac-

tion given by a step function, it is proven in [125] that there exist β0 and γ0 so that
if β > β0 and γ ∈ (0, γ0) the canonical free energy has no analytic continuation

2 See [244] or [280] for a precise description of Pirogov–Sinai theory.
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through ±m∗
γ (β). In the grand canonical ensemble, the estimates in [125] show

how the analytic continuation is recovered in the limit.
We can conclude this critical analysis by saying that metastability has to be

seen as a genuine dynamical phenomenon.
In any case, both static and dynamic properties have to be explained. In partic-

ular, one has to give a definition, based on dynamic grounds, for the lifetime of
the metastable situation, and to describe the mechanism of transition.

Mainly, this amounts to characterizing the ‘nucleation pattern’; as we shall see,
the crucial point is to find shape and size of the ‘critical nucleus’.

4.1.4 Classical theory of nucleation

The so-called ‘classical theory of nucleation’ can be considered as a first attempt
to formulate a dynamical approach to metastability and nucleation. It goes back
to the 1930s, being closely associated with the names of Becker and Döring. It
can be considered as a dynamical version of the so-called droplet model, which
we now introduce briefly.

Consider the standard Ising model in the lattice gas language (see Section
3.3.2); the corresponding grand canonical partition function in the cube ( ⊂⊂ Zd

(empty boundary conditions) at fugacity z and inverse temperature β, is given by

. = .(β, z) :=
∑

ξ∈{0,1}(
zN (ξ)e−βV (ξ) (4.28)

where N (ξ) denotes the number of occupied sites in the configuration ξ and V (ξ)

is the energy associated with ξ : V (ξ) = −U p(ξ) where U is a positive con-
stant (attractive interaction) and p(ξ) = � {non-ordered pairs i, j such that |i −
j | = 1, ξ(i) = ξ( j) = 1}. In terms of previous notation z = eβϑ , where ϑ is the
chemical potential (� denotes cardinality).

Given any configuration ξ ∈ {0, 1}(, we partition the corresponding set of oc-
cupied sites into maximal connected (by nearest neighbours) components c called
‘clusters’. We can write

N (ξ) =
∑

i

N (ci ), V (ξ) =
∑

i

V (ci ), (4.29)

where c1, c2, . . . are the clusters constituting ξ , and N (ci ), V (ci ) are the number
of particles and the energy, respectively, of the cluster ci . Thus, we write

. = 1+
∑
{c}

∏
i

zN (ci )e−βV (ci ), (4.30)

where {c} denotes a possible arrangement of clusters such that no two clusters
overlap or use neighbouring sites; the term 1 represents the contribution of the
empty configuration.
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We want now to introduce an approximation to the partition function, which
indeed gives rise to a rigorous upper bound, and can be taken to define the droplet
model.

This approximation mainly consists in neglecting the hard core exclusion be-
tween clusters, allowing them to touch by nearest neighbours and even to overlap;
it is reasonable to introduce this crude approximation when the parameters z and
β give rise to a very rarefied system of clusters. This happens, in particular, for
sufficiently small z. Let us first rewrite the true partition function as

. =
nmax (()∑

n=0

1

n!

∑
compatible
c1,...,cn

n∏
i=1

zN (ci )e−βV (ci ), (4.31)

where the second sum is over ordered n-tuples of pairwise compatible (i.e. neither
overlapping nor touching by nearest neighbours) clusters; nmax (() is the maxi-
mum number of possible clusters in (.

We denote by .̄ the partition function corresponding to a system contain-
ing an arbitrary number of non-interacting clusters (it is also permitted to repeat
clusters):

.̄ =
∞∑

n=0

1

n!

(∑
c⊆(

zN (c)e−βV (c)

)n

= eA(, (4.32)

where A( =
∑

x∈( A((, x), A((, x) =∑c⊆(:x∈c
1

N (c) zN (c)e−βV (c) and the
sums are taken over connected sets c only.

To obtain the droplet model we make a further approximation, reasonable for
the majority of sites x (far from the boundary ∂(). It consists in substituting
A((, x) by its thermodynamic limit

∑
c⊂⊂Zd : x∈c

1

N (c)
zN (c)e−βV (c) =

+∞∑
l=1

zl Ql ,

where (as before O denotes the origin in Zd )

Ql =
∑

O∈c⊂⊂Z
d :

N (c)=l

1

l
e−βV (c). (4.33)

We suppose for the moment β, z such that the corresponding series is absolutely
convergent, and write

.DM := exp

(
|(|

∞∑
l=1

zl Ql

)
(4.34)

for the partition function of the simplified model.
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Thus, the ‘droplet model’ represents a free system of polymers with the same
‘activity function’ zN (c)e−βV (c) as in the Ising model. Therefore we can take a
Poisson distribution with average |(|zl Ql for the number of clusters with l par-
ticles, so that the total average number of clusters in ( is |(|∑l≥1 zl Ql . There
is no interaction among clusters. The average number of clusters with l particles,
per unit volume, becomes

m DM
l = zl Ql . (4.35)

One can argue that (4.35) is a good approximation for the true expression of ml

when the clusters are very diluted, in the thermodynamic limit (↗ Zd . More-
over ml ≤ m DM

l in any case (see [241]). As an example, let us consider the
two-dimensional case at very low temperature. In this case only clusters with-
out ‘holes’ and of square shape will contribute significantly and from (4.33) one
gets (see e.g. Appendix 2 in [241]):

e−βU expβ
(
2Ul − 2U

√
l
) ≤ Ql ≤ 9

8
32lexpβ

(
2Ul − 2U

√
l
)
, (4.36)

so that
∑∞

l=1 zl Ql is clearly convergent for z < 1
9 exp{−2Uβ}. On the other

hand we can identify zS = exp{−2Uβ} as the asymptotic value, for large β, of
the fugacity corresponding to saturated vapour; recall for this the correspondance
between the parameters J, h (coupling constant and magnetic field) of the spin
representation of the Ising model and U, ϑ (binding energy and chemical po-
tential) of the lattice gas representation: 4J = U, h = U + ϑ/2, so that h = 0
corresponds to ϑ ≡ (log z)/β = −2U .

Let us now introduce the dynamical model constituting the basis of classical
nucleation theory. The object of our study is a system of extended clusters. The
main assumptions in this treatment are that clusters are statistically independent
and that processes of fragmentation or coalescence involving only clusters con-
taining more than one particle are ignored. The state of the system is just given
in terms of the variables {ml}l=1,2,... having the meaning of specific ‘occupation
numbers’ of the sizes l = 1, 2, . . .; ml(t) represents the number of clusters with
l particles, per unit volume, at time t . It is assumed that the dynamics is particle
conserving; therefore the only way an l-particle cluster can grow is by absorbing a
1-particle cluster. The number of times this happens per unit volume and per unit
time is assumed to be proportional to the density ml of l-particle clusters and also
to the density m1 of 1-particle clusters; it is therefore taken of the form almlm1

with al suitable constants. On the other hand the only way an (l + 1)-particle
cluster can shrink is by emitting a 1-particle cluster; the number of times this
happens per unit volume and per unit time is assumed to be bl+1ml+1 with bl+1

suitable constants. The net rate at which the l-particle clusters are being converted
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to l + 1-particle clusters is therefore

Jl(t) = alml(t)m1(t)− bl+1ml+1(t), l = 1, 2, . . . (4.37)

and the net rate of change of ml is given by

dml(t)

dt
= Jl−1(t)− Jl(t), l = 2, 3, . . . ; (4.38)

this equation does not apply for l = 1 and some additional hypothesis has to
be introduced. A first model, called A corresponds to the assumption appear-
ing in the original paper by Becker and Döring (see [15, 241]), that m1 does
not change significantly with time, so that one in fact assumes dm1/dt = 0.
With this assumption equations (4.38), valid for l = 2, 3, . . . , become linear,
constant coefficients and therefore mathematically quite simple to treat. Model
A corresponds to a system coupled to a reservoir that can emit or absorb only
1-particle clusters. A more realistic model, called B, was introduced in [241]:
the condition dm1/dt = 0 is replaced by the assumption that

∑
l≥1 lml does

not change with time. Thus, dm1(t)/dt = 0 in model A and, recalling (4.38),
dm1(t)/dt = −2J1(t)−

∑
l≥2 Jl(t) in model B.

For both models the equilibrium solution corresponding to Jl = 0 for each l is
given by:

meq
l = cl(m

eq
1 )l (4.39)

with meq
1 = constant and

c1 = 1, cl = a1 . . . al−1

b2 . . . bl
, if l ≥ 2. (4.40)

From (4.37) we have

bl+1

al
= meq

l meq
1

meq
l+1

. (4.41)

To get an expression as (4.35) for meq
l , since Q1 = 1 in (4.33) we choose:

al = 1, l ≥ 1, bl = Ql−1

Ql
, l ≥ 2. (4.42)

Let us now go to the treatment of metastability in the framework of the classical
theory of nucleation for the model A. In the droplet model the metastable situation
corresponds to values of the parameters z, β for which the series

∑∞
N=1 zN QN

is divergent; in particular for the example of the two-dimensional case at very low
temperature, the metastable regime corresponds to a fugacity slightly larger than
the saturated vapour value: z > zS . The equilibrium solution given by (4.39),
(4.40) does not make sense anymore. Indeed in the real Ising model, when z > zS ,
the typical configuration will contain a very large droplet of the liquid phase and
the basic assumptions of the droplet model (small and sparse clusters) fail.
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The basic idea is to assume that every time the number of particles in a cluster
passes a specified large value u, the cluster is removed from the system, replacing
(4.38) by

dml(t)

dt
= Jl−1 − Jl , l = 2, 3, . . . , u; ml(t) = 0 if l ≥ u. (4.43)

Metastability is associated with a steady state solution of (4.43) in which Jl is
independent of l. The common value J is interpreted as nucleation rate and can
be calculated as follows. Let

�1 := m1, �l := ml

(m1)l−1cl
= mlb2 . . . bl

(m1)l−1a1 . . . al−1
, l = 2, 3, . . . ,

Rl := 1

(m1)l clal
= 1

(m1)l

b2 . . . bl

a1 . . . al

(4.44)

so that (4.37) becomes Jl Rl = �l −�l+1, for l ≥ 1. Summing this for l =
1, . . . , u and using �1 = m1, �u+1 = 0 (since mu+1 = 0) we obtain

J = m1∑u
l=1 Rl

. (4.45)

In the two-dimensional case, at very large β and the coefficients given by (4.42)
we see that, once u is large enough, J will not depend much on its choice in the
above modified evolution (setting ml(t) = 0 if l > u). For this notice that Rl ≈
exp{−β[(ϑ + 2U )l − 2U

√
l]} as β →+∞, cf. (4.36) and writing z = eβϑ . The

maximum of this last expression is achieved at l∗ = (U/(2U + ϑ))2, assuming
this is an integer (otherwise at one of the two closest integers). As β →+∞
we then get a reasonable estimate of the nucleation rate J in this very simplified
model.

Such a simple treatment is not possible in the case of model B which, more
realistically than model A, is only globally conservative and takes into account
the depletion of monomers as large clusters are formed. For model B, a steady
state solution with constant non-vanishing Jl , like the one we have seen above
for model A, does not exist. Penrose, in [238], shows the existence of a class
of solutions of the kinetic equations of model B which have (in a well defined
sense) very long lifetimes. In particular, an initial condition ml(0) such that for a
suitable value l = u, ml(0) ∼ meq

l for l ≤ u and ml(0) ∼ 0 for l > u, gives rise to
a solution which varies extremely slowly with time. In the two-dimensional case
at very low temperature it turns out that the correct choice is u = l∗.

Let us now discuss the above approach critically.
The main assumption of the classical theory of nucleation is that the clus-

ters (droplets) are very sparse and non-interacting. This is extrapolated from the
equilibrium situation at very low temperature. Moreover, because of the identity
(4.41), only the equilibrium values of ml are relevant to define the dynamics. An
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average over the shapes of the droplets is implicit; this, at very low temperature,
is equivalent to assuming that the shape of the clusters is approximately square.

In the ‘true problem’, as we shall see, the decay from metastability is a real
non-equilibrium phenomenon and there is no reason, a priori, to deduce simplify-
ing hypotheses from the equilibrium situation. It involves a system of interacting
droplets, with given sizes and shapes and which can coalesce. In particular, the
assumption that coalescence and fragmentation involving extended clusters can
be neglected deserves a dynamical justification.

We shall see that in the same asymptotic regime of very small temperature
it is now possible to study, from a microscopic point of view, the same aspects
(geometry of droplets, coalescence) that are neglected programmatically in the
classical theory of nucleation.

4.1.5 The point of view of the evolution of the ensembles

We now describe briefly the first rigorous approach to metastability where dy-
namic and static properties have been considered together. For reasons that will
appear clear in what follows we shall call it the point of view of the ‘evolution
of the ensembles’. It was introduced by Penrose and Lebowitz in the paper [240].
These authors characterize metastable states on the basis of the following three
conditions.

(1) Only one thermodynamic phase is present.
(2) The lifetime is very large in the sense that a system that starts in this state

is likely to take a long time to get out.
(3) The decay from the metastable to the stable state is an irreversible process

in the sense that the return time to the metastable state is much longer than
the decay time.

The main idea introduced in [240] is that of ‘restricted ensemble’. An initial
state is considered, given by a probability measure µ on the phase space ); a
law governing the time evolution is supposed to be assigned. For example, for
a continuous system of classical particles it is natural to assume a deterministic
time evolution given by the Liouville equation. This initial measure, describing a
metastable state, has to be chosen according to the above three criteria. The idea is
to chose µ according to a suitable (and substantial) modification of the canonical
Gibbs prescription: zero probability is given to the class of configurations produc-
ing phase segregation; in other words, µ is Gibbsian but conditioned to a suitable
subset R of ). For instance, in the case of a supersaturated vapour the density is
constrained to an interval of values, forbidding the appearance of the liquid phase.

Let us now summarize the Lebowitz–Penrose theory for a continuous system
of particles.

The phase space is ) := (N × RN and a generic point in ) is denoted by

ξ = q1, . . . , qN , p1, . . . , pN ,
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with qi and pi denoting position and momentum, respectively, of the i th particle.
Given a Borel subset R of ) we set :

µR(dξ) = exp{−βH(ξ)}1R(ξ)dξ∫
R exp{−βH(ζ )}dζ ,

where H(ξ) is the Hamiltonian and 1R denotes the indicator function of the set
R (1R(ξ) = 1 if ξ ∈ R, and 0 otherwise). Let PµR

t denote the evolution at time t
of the initial measure µR , along the Liouville equation. For t ≥ 0 we write pt for
the probability of being outside R at time t , starting from µR at t = 0, that is:

pt := PµR
t () \ R).

It is shown in [240] that, as a simple consequence of the Gibbsian expression, pt

increases in t , while

dpt

dt
≤ dpt

dt

∣∣∣∣
t=0

,

so the rate of increase of pt is maximal at t = 0. It is then reasonable to define the
‘escape rate’ λ as:

λ := dpt

dt

∣∣∣∣
t=0

. (4.46)

In their approach Penrose and Lebowitz identify the lifetime of the metastable
state as the inverse of the escape rate λ. This quantity is computable in terms of
the initial state and the generator of the dynamics; it is an ‘incipient’ dynamical
quantity, related to the initial tendency of the system to leave R. It is small if there
is a ‘bottleneck’ effect in the flow of probability outside R. Using the restricted
ensemble prescription, in order to verify the three metastability criteria, one has
to chose the set R so that:

(i) µR describes a pure phase,
(ii) λ is very small,

(iii) under the equilibrium measure in (, the measure of the set R is exponen-
tially small, i.e. there exists a positive constant c such that

µeq(R) =
∫

R exp{−βH(ξ)}dξ∫
)

exp{−βH(ξ)}dξ ≤ exp(−c|(|)

where |(| stands for the Lebesgue measure of (.
Let us now give a short exposition of the application, considered in [240], of

the above approach to the case of Kac potentials given by (4.20), in the vapour–
liquid transition. The authors choose a grand canonical restricted ensemble and
discuss the equivalence at the level of restricted ensembles. So, instead of being a
subset of the canonical phase space ), with fixed number of particles, R will be a
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subset of the grand canonical phase space

X( = ∪n≥0((
n × R3n).

In fact R will not impose any restriction on the momenta which here play no
significant role and, for many purposes, could be integrated out.

Conditions (4.21), (4.22) and (4.23) for the validity of Theorem 4.1 are sup-
posed to hold. We also suppose that the convex envelope C E( f0(ρ)+ 1

2αρ
2) is

strictly smaller than f0(ρ)+ 1
2αρ

2, in the interval (ρg, ρl) (0 < ρg < ρl ). To be
concrete we treat the supersaturated vapour, corresponding to a density close to
ρg . To define the set R the following choices are made in [240]: choose ρ−, ρ+
such that for each ρ in [ρ−, ρ+], we have

(i) f0(ρ)+ 1
2αρ

2 > f (ρ, 0+),
(ii) f ′′0 (ρ)+ α > 0.

The set R will be defined so that in the corresponding grand canonical re-
stricted ensemble the global average density will belong to the interval (ρ−, ρ+).
The restricted grand canonical chemical potential ϑ will be related to the density
ρ by the formula:

ϑ = d( f0(ρ)+ 1
2αρ

2)

dρ
.

For simplicity we assume ( to be a cube which we imagine divided into cubic
cells ω1, . . . , ωM of equal volume |ω| (|(| = M |ω|). Let ni denote the number
of particles in the volume ωi . R is then defined as the set of all configurations
verifying

ρ−|ω| ≤ ni ≤ ρ+|ω|, i = 1, . . . , M. (4.47)

To guarantee the requirements the following asymptotic regime is considered:

rd
0 + |ω| + γ−d + |(|.

The constraint rd
0 + |ω| means that the linear size of ω is much larger than the

range of the hard core interaction between particles. It ensures that |ω|1/d is a
‘mesoscopic’ scale (the number of particles in ω is typically very large) and the
validity of a law of large numbers with respect to the restricted (conditioned)
measure. The constraint |ω| + γ−d means that the range γ−1 of the Kac poten-
tial is so large that on the scale |ω|1/d the long range part of the interaction is
almost constant, giving mean field behaviour on this scale. Finally, the constraint
γ−d + |(| says that the volume is much larger than the range of the interac-
tion, which is important to achieve the correct thermodynamic behaviour (right
convexity properties of the thermodynamic functions).
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The choice in [240] involves making both γ−1 and |ω| tend to infinity with
|(|, with

log |(| + |ω| + γ−d + |(|. (4.48)

With the above choices Penrose and Lebowitz carry out their programme; in par-
ticular, as far as the ‘static properties’ of the metastable state are concerned, they
show that the equation of state is exactly that predicted by the van der Waals–
Maxwell theory: the ‘metastable branch’ is obtained by continuing, beyond the
condensation point, the van der Waals–Maxwell isotherm. This metastable branch
is a piece of the original van der Waals curve corrected with the Maxwell equal
area rule: precisely the part of the curve between the condensation point and the
‘spinodal point’ corresponding to the point D̄ in Figure 4.5(b) where thermody-
namic instability takes place (inflection point in Figure 4.5 (a)).

The main dynamical result is that the lifetime λ−1 tends to infinity in the joint
triple limit in which |ω|, γ−d , |(| tend to infinity keeping (4.48). They indeed
find the physically interesting behaviour:

λ ≤ c̃ |(| exp(−c|ω|), (4.49)

with c̃ and c suitable positive constants; c|ω| is a lower bound to the ‘activation
free energy’ necessary to get out from R in a single ωi and the pre-factor |(|
accounts for the choice of the ωi in (. It turns out that the escape rate λ is di-
rectly related to the probability, in the restricted ensemble, to be at the limit of the
constraints that specify R, in (4.47).

Let us now turn to a brief description of the Lebowitz–Penrose approach ap-
plied to the case of the short range Ising model. This was developed by Capocac-
cia, Cassandro and Olivieri in [44].

In the following we use the definitions and notation of Section 3.3.2.
We first introduce a class of stochastic Markovian dynamics for our system:

the so-called Glauber dynamics, also called stochastic Ising models or kinetic
Ising models. Using the equivalence between the spin system and lattice gas for-
mulations of the Ising model these can be seen as particular interacting particle
systems in the sense of Liggett’s book [199], and they can be defined directly in
an infinite volume as well as in a finite volume ( with given boundary conditions
outside (.

A Glauber dynamics is a single spin-flip dynamics which is reversible with re-
spect to the Gibbs measure corresponding to a given interaction. More precisely,
given an Ising spin system with coupling constants J ≡ {J|x−y|}x �=y∈Zd and ex-
ternal magnetic field h, a Glauber dynamics for this Ising system is a Markov
process on the state space X := {−1,+1}Zd

whose generator L (see [199], p. 15)
acts on a generic cylinder function (i.e. a function depending on finitely many
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coordinates) f as

(L f )(σ ) =
∑
x∈Zd

c(x, σ )( f (σ (x))− f (σ )), (4.50)

where σ (x) is the configuration obtained from σ by flipping the spin at the site x ,
namely:

σ (x)(y) =
{

σ(y) if y �= x
−σ(x) if y = x,

(4.51)

and c(x, σ ) is called the rate of flip of the spin at the site x when the system is in
the configuration σ ∈ X . It is known (see [199], p. 27) that under suitable regu-
larity conditions on the rates c(x, σ ) the generator is well defined and it generates
a unique Markov semigroup.

The main assumption that we make on the rates c(x, σ ) is the reversibility
property with respect to the Gibbs measures µ = µJ ,h for our Ising system. This
means that the generator L is self-adjoint in L2(X , dµ), and in particular µ is a
stationary measure for the generated Markov process (see [199] p. 91). An equiv-
alent explicit condition for reversibility is the so-called detailed balance:

c(x, σ ) = c(x, σ (x)) exp(−β,x H(σ )), (4.52)

where

,x H(σ ) := σ(x)

∑
y∈Zd

2J|x−y|σ(y)+ 2h

 (4.53)

which formally equals H(σ (x))− H(σ ).
A finite volume version of this dynamics in ( with boundary condition τ out-

side ( is easily defined in a similar way. It is a continuous time Markov chain on
the state space X( = {−1,+1}( with generator Lτ

( given by:

(Lτ
( f )(σ ) =

∑
x∈(

cτ((x, σ )( f (σ (x))− f (σ )), (4.54)

where the reversibility condition becomes

cτ((x, σ ) = cτ((x, σ (x)) exp(−β,x H τ
((σ )) (4.55)

where ,x H τ
((σ ) = H τ

((σ (x))− H τ
((σ ) and H τ

((σ ) given by (3.91) or (3.108).
An interesting example is the so-called Metropolis dynamics:

c(x, σ ) = exp{−β(,x H(σ ))+}
where a+ = max{a, 0} is the positive part of a.

In [44] the authors study the problem of metastability for the standard n.n. Ising
model, cf. (3.108), when the time evolution is given by a Glauber dynamics. The
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system is supposed to be enclosed in an arbitrarily large finite cube ( with homo-
geneous minus boundary condition; the magnetic field h is positive and suffi-
ciently small; the temperature T = β−1 is sufficiently low.

In this case the subset R is defined as the set of all configurations giving rise to
suitably small clusters of pluses. To be precise, consider for any spin configuration
σ ∈ X( the set C(σ ) given as the union of all closed unit cubes in Rd centred at
the sites x where the spin σx = +1. For any σ the ‘sea of minuses’ is well defined:
it is the subset of ( given by the totality of sites x for which σx = −1 and there
exists a (nearest neighbour connected) path of minuses in ( connecting x with the
boundary ∂(. Let γ1, . . . , γk denote the maximal connected components of the
boundary of C(σ ) all made by unit segments touching the sea of minuses. Any
such γ can be seen as a polyhedron made by unit faces. For d = 2 it is a closed
polygon. They will be called ‘outer contours’.

Given a generic configuration σ , we denote by )(σ) the set of all its outer
contours. If γ is an outer contour we denote by �(γ ) the region it encloses, and
by |�(γ )| its volume (area in d = 2). For c > 0 we set

R ≡ Rc := {σ ∈ X( : max
γ ∈ )(σ)

|�(γ )| ≤ c2}, (4.56)

and having in mind the conditions of the Lebowitz–Penrose approach we would
like to find an ‘optimal’ choice of the parameter c (i.e. with largest lifetime). In
this connection, and considering only the two-dimensional case, treated in [44],
let us introduce a simple heuristic argument leading, on the basis of purely static,
energetic considerations, to the notion of ‘critical droplet’. This notion plays a
fundamental role not only in the present point of view of evolution of ensem-
bles, but also as we shall see, in other more complete dynamical approaches to
metastability.

First of all let us take a very low temperature; it seems reasonable to assume
that, under these conditions, the typical shape of a plus droplet in the sea of mi-
nuses will be almost square; moreover the free energy (both bulk and surface)
will almost coincide with the energy. Let E(L) denote the energy formation of a
square droplet of pluses Q(L) with side L (and, say, with lower left corner at the
origin):

E(L) := H( σ (L))− H(−1),

where by−1 we denote the configuration with all minuses and by σ (L) we denote
the configuration where the pluses are exactly the sites in Q(L). We have

E(L) = 8J L − 2hL2 (4.57)

and observe at once that the maximum value for E(L) is attained at the integer(s)
closest to L∗ = 2J/h.

From an energetical point of view droplets with side L smaller than L∗ will
have a tendency to shrink whereas droplets with L larger than L∗ will have a
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tendency to grow. The ‘activation energy’ necessary to nucleate the stable phase
locally is given by:

E(L∗) = 8J L∗ − 2h(L∗)2 = 8J 2

h
. (4.58)

This heuristic argument is at the basis of the rigorous result of [44], which
provides, at low values of temperature, a range of c where R = Rc given by (4.56)
verifies the prescriptions.

More precisely, for β large enough the authors apply the Minlos and Sinai
[219] analysis of contours to show that if c ≤ 4(β J − log 6)/βh the restricted
measure defines a (negatively magnetized) pure phase: in the thermodynamic limit
the limiting free energy is infinitely differentiable in β and h; the central limit is
valid for the usual empirical observables. Moreover, µ(Rc)→ 0 in the thermody-
namic limit. Concerning the escape rate, for large β, and suitable restrictions on
J and h, they obtain lower and upper bounds on the optimal c and the minimal
escape rate λ, which leads to

λ

|(| ≈ exp

(
−8β J 2

h

)
as β →+∞, (4.59)

in agreement with the heuristic argument and the droplet model.

Remark The precise restrictions and bounds obtained in [44] have some depen-
dence on the class of rates used (e.g. J >

√
2h ≥ AJe−2β J , with A a suitable

absolute constant is good for a class of rates.) It is important to have the mini-
mal escape rate per unit volume in (4.59) much smaller than the minimal value
of the single flip rate; for the Metropolis dynamics this means 4J 2/h > 4J + h,
compatible with the restrictions in [44].

Again the factor |(| appears in the escape rate λ, cf. (4.59). This is due to the
arbitrary choice of the location where nucleation takes place. In contrast to the
previous case of long range Kac potential considered in [240], here in the short
range situation, the lifetime stays finite and the ‘escape rate per unit volume’ can
only be made very small by properly choosing the parameters β and h. This is
related to the phenomenon of ‘homogeneous nucleation’.

We shall see that in more complete dynamical approaches, the determination
of the typical shapes of the droplets during nucleation is in general very delicate.
Generally, the reasoning leading to the assumption of a shape solving the isoperi-
metric problem is not justified and leads to incorrect results.

Analogous results were obtained by Cassandro and Olivieri in the framework of
the Widom–Rowlinson model; this is a classical continuous model with two kinds
of particles, A and B, in which there is a hard core repulsion of range r between
unlike particles and no interaction between those of the same type. The activi-
ties z A, zB and the range r are the only parameters. For this model Ruelle, in
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[259], proved rigorously the existence of a phase transition when z A = zB is suf-
ficiently large. The proof is based on an analysis in terms of contours similar to
the Peierls contours for the Ising model, seen in Section 3.3.2. In [46], a suitable
restricted ensemble for the Widom–Rowlinson model was introduced when the
activities z A, zB are large and close to each other; the set R was defined sim-
ilarly to that given in [44] for the Ising model. The main difference is that in
[46] the natural deterministic time evolution, given by the Liouville equation, was
used. The main result there tells that the relaxation time per unit volume can be
made arbitrarily large by taking the activities sufficiently large and close to each
other.

4.2 The pathwise approach: basic description
In this section we start the discussion of a different approach to the dynamical
phenomenon of metastability.

The situation, as in the Lebowitz–Penrose approach, could be that of a stochas-
tic process with a unique stationary measure and which, for suitable initial condi-
tions, behaves for ‘a very long time’ as if it were described by another stationary
measure. Finally, and unpredictably, it undergoes the proper transition.

In contrast to the Lebowitz–Penrose approach, where the evolution of the en-
sembles is analysed, the basic idea of this approach is to single out typical trajecto-
ries and to look at the statistics along such typical paths. Time averages constitute
natural statistics along trajectories, and the proposal is to characterize metastabil-
ity through their following behaviour: stability–sharp transition–stability. This is
made precise below, and the ‘unpredictability’ manifests itself through an approx-
imate exponential random time for the transition. The exponential is a quite wide
distribution (the average coincides with the standard deviation) and while look-
ing at the evolution of ensembles (i.e. the expectation in the probability space) we
usually do not see the sharp behaviour; it is simply smoothed out. It becomes quite
difficult to distinguish, in the framework of the evolution of ensembles, between
the case when single trajectories do behave as above (metastability) or when they
simply evolve smoothly, and very slowly, towards the equilibrium, which has
nothing to do with metastability. The pathwise approach, introduced in [48], by
Cassandro, Galves, Olivieri and Vares is one proposal for this clarification.

The basic objects we look at are the empirical averages along typical trajecto-
ries. The main ingredient is the existence of two time scales: one, much shorter,
on which apparent stability is achieved. This may be called a ‘thermalization’
process. On the longer time scale one finally observes ‘tunnelling’, that is, escape
from the metastable situation. In order to make this precise, we analyse a limiting
situation and set it in terms of convergence to a jump process, in a manner to be
made rigorous later. As a limit theorem this misses an exact prescription for ‘the
metastable state’.
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In the rest of this chapter, and in the next one, we illustrate the approach,
through three examples.

(a) The Curie–Weiss chain. This is a very simple birth and death chain, con-
nected to the Curie–Weiss model which we discussed in the previous sec-
tion. Due to its extreme simplicity, the expected ‘tunnelling’ time is simply
computable, and everything is treated by completely elementary methods.
It is discussed in detail just as a very simple (rather trivial and particular)
illustration.

(b) The Harris contact process on a finite set. Considered in the limiting situa-
tion as this set becomes infinite, this example has several interesting aspects,
including a non-trivial spatial structure. We do not discuss all details but try
to give an idea of various procedures and methods. Ideas from percolation
theory are essential. The contact process is a very well studied interacting
particle system on which a vast literature exists (see [199, 200]). Concern-
ing its metastable behaviour some open problems will be mentioned at the
end of the chapter.

(c) Itô processes in the Freidlin–Wentzell regime. The analysis of metastability
for this class of processes is obtained as an application of large deviation
estimates and of Freidlin and Wentzell theory. The results of Chapter
2 need to be extended in order to treat ‘tunnelling’ problems. Besides
large deviations, coupling methods constitute an extra ingredient, used
to verify the already mentioned unpredictability. Particular attention is
devoted to the gradient case, for which an alternative proof is outlined,
exploiting the explicit knowledge of the stationary (reversible) mea-
sure and coupling methods. These models are discussed extensively in
Chapter 5.

In Chapters 6 and 7 we get to the study of metastability for a class of systems
that includes the short range Ising models in the low temperature regime. This
is one of the main topics of our analysis and is discussed extensively. Examples,
extensions and open problems are further discussed in Chapter 7.

4.3 The Curie–Weiss Markov chain
We now turn to the study of a dynamical model for the Curie–Weiss theory, in-
troduced in Section 4.1.1. Our main interest is the verification of its metastable
behaviour in terms of the just described ‘pathwise approach’. It is an extremely
simplified and unphysical model, but it serves as an initial illustration.

Since the energy function in (4.11) depends on the configuration σ only
through the average of the spins m N (σ ) (the magnetization), it is natural to forget
the individual spins σi and think only in terms of m N (σ ). Thus we change from
the configurational space to YN , cf. (4.14), and consider the distribution of m N (σ )
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under the Gibbs measure µN ,β,h , denoted by νN ,β,h :

νN ,β,h(m) = 1

Z N

(
N

N (m+1
2 )

)
eβN ( m2

2 +hm) = 1

Z N
e−Nβ fN ,β,h(m), (4.60)

with

fN ,β,h(m) = −
(

m2

2
+ hm

)
− 1

Nβ
log

(
N

N (m+1
2 )

)
, (4.61)

for each m ∈ YN . (To avoid heavy indexing, the dependence on β and h is some-
times dropped from the notation, provided no confusion arises.)

As very simple stochastic dynamics associated with the Curie–Weiss model we
may take any Markov chain on YN having νN as unique invariant measure. That
is, a Markov chain (ξN (n) : n ≥ 0) on YN whose transition matrix (QN (m, m̃))

satisfies: ∑
m∈YN

νN (m) QN (m, m̃) = νN (m̃), for each m̃ ∈ YN . (4.62)

Among these, birth and death chains refer to those situations where QN (m, m̃) =
0 if |m − m̃| > 2/N , m, m̃ ∈ YN . (The number of up spins, given by
N (1+ m)/2, increases or decreases by one at each step.) In connection with our
model, birth and death chains appear naturally from a specific class of spin-flip
Markov dynamics on the configurations σ ; see Remark 4.4 below.

For birth and death chains, we easily check that (4.62) simplifies to

νN (m) QN (m, m̃) = νN (m̃) QN (m̃,m), for m, m̃ ∈ YN , |m − m̃| = 2/N .

(4.63)

Remark According to the usual definition

Q(m, m̃) = P(ξ( j + 1) = m̃| ξ(0) = m0, . . . , ξ( j − 1) = m j−1, ξ( j) = m),

whenever P(ξ(0) = m0, . . . , ξ( j − 1) = m j−1, ξ( j) = m) > 0 and j ≥ 0. If ν

is a probability on YN , we use Pν to denote the law of the chain when ξ(0) is
distributed according to ν, i.e. the unique probability on the Borel σ -field of the
sequence space (YN )Z+ verifying

Pν{ξ : ξ(0) = m0, . . . , ξ(k) = mk} = ν(m0)QN (m0,m1) . . . QN (mk−1,mk),

for any k ≥ 1,m0, . . . ,mk ∈ YN .

Equation (4.62) is usually called the ‘balance condition’. It says that starting
with ξN (0) distributed according to νN the chain is ‘time stationary’, i.e.

PνN (ξN (0) = m0, ξN (1) = m1, . . . , ξN (k) = mk) = PνN (ξN ( j)

= m0, ξN ( j + 1) = m1, . . . , ξN ( j + k) = mk),
(4.64)
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for each j, k ≥ 0, each m0, . . . ,mk ∈ YN . (In this case the measure Pν may be
uniquely extended to (YN )Z , preserving (4.64).)

On the other hand, the validity of νN (m)QN (m, m̃) = νN (m̃)QN (m̃,m) for
each pair of different points m, m̃ is usually called a ‘detailed balance’. For gen-
eral Markov chains this is stronger than (4.62) and gives the time reversibility of
the measure PνN :

PνN (ξN (0) = m0, . . . , ξN (k) = mk) = PνN (ξN (0) = mk, . . . , ξN (k) = m0)

(4.65)
for each k ≥ 0, m0, . . . ,mk ∈ YN . (We also say that the process ξN ( · ) is re-
versible under νN , or still that νN is reversible for the given process.)

Reversibility is an important notion. (It was already mentioned in the previous
section and will return in Section 5.2 and in Chapter 6.) It is also a special one,
in the sense that ‘most’ processes simply do not exhibit it. Birth and death chains
are the simplest examples of reversible chains; as previously mentioned, in this
special situation (4.62) indeed implies (4.63), i.e. stationary birth and death chains
are also reversible.

In the particular case under consideration, we may rewrite (4.63) as:

QN (m, m̃)

√
νN (m)

νM (m̃)
= QN (m̃,m)

√
νN (m̃)

νM (m)
, for m, m̃ ∈ YN ,

|m − m̃| = 2/N ,

and, recalling (4.60),

QN (m, m̃) =
√

νN (m̃)

νM (m)
gN (m, m̃) = e−

N
2 β( fN ,β,h(m̃)− fN ,β,h(m))gN (m, m̃),

(4.66)
where gN (m, m̃) = gN (m̃,m) > 0 provided |m − m̃| = 2/N . This last is chosen
in a way that we have a transition probability matrix. Here are some common
examples.

Examples (1)

QN (m, m̃) = υ√
N

e−
Nβ
2 ( fN ,β,h(m̃)− fN ,β,h(m)),

for m, m̃ ∈ YN , |m − m̃| = 2/N , and

QN (1, 1) = 1− QN (1, 1− 2/N );
QN (−1,−1) = 1− QN (−1,−1+ 2/N )

QN (m,m) = 1− QN (m,m + 2/N )

− QN (m,m − 2/N ) if m ∈ YN \ {−1,+1},

(4.67)

where υ > 0 is fixed constant (independent of N ), sufficiently small so that
QN (m,m) ≥ 0 for each m. (And consequently we get a stochastic matrix.)
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(2)

QN (m, m̃) = 1

2

e−
Nβ
2 ( fN ,β,h(m̃)− fN ,β,h(m))

e−
Nβ
2 ( fN ,β,h(m̃)− fN ,β,h(m)) + e

Nβ
2 ( fN ,β,h(m̃)− fN ,β,h(m))

,

if m, m̃ ∈ YN with |m − m̃| = 2/N , and the diagonal terms QN (m,m) follow
(4.67).

(3) (Metropolis)

QN (m, m̃) = 1

2
e−Nβ( fN ,β,h(m̃)− fN ,β,h(m))

+
(4.68)

if m, m̃ ∈ YN and |m − m̃| = 2/N , and the diagonal terms QN (m,m) are defined
according to (4.67). (x+ = max{x, 0}.)
The results below apply to a large class of examples, including those above. Dif-
ferent choices of the function gN (·, ·) in (4.66) might make the ‘flow’ much slower
between certain pairs m, m̃ (two small gN (m, m̃)). Of course, this is reflected in
the thermalization and tunnelling times, estimated in Corollary 4.9 and Theorem
4.10.

Remark 4.3 Examples (2) and (3) have the following property: given a small δ >

0 we can take a positive constant aδ (independent of N ) for which QN (m,m +
2/N ) ≥ aδ for each m ∈ [−1, 1− δ] ∩ YN , and QN (m,m − 2/N ) ≥ aδ if m ∈
[−1+ δ, 1] ∩ YN . In Example (1) this lower bound is of order N−1/2. The differ-
ences among these cases are much smaller than the relevant scale for metastability
and will not even appear in the rougher statement needed for Theorem 4.10 below.
They are seen in Corollary 4.9.

Remark 4.4 We have chosen to define a Markov chain directly on YN , but one
could take some microscopic type dynamics σ(t) satisfying the detailed balance
condition with respect to µN ,β,h(σ ) = e−βHN (σ )/Z N , the Gibbs measure on XN

at inverse temperature β. For chains where only one spin may flip at each step, the
transition probability qN (σ, σ̃ ) vanishes unless σ̃ = σ (i), for some i = 1, . . . , N ,
where σ (i) denotes the configuration obtained from σ by flipping the spin at site
i , when we must have, as in (4.66):

qN (σ, σ (i)) =
√
µN ,β,h(σ (i))√
µN ,β,h(σ )

sN (σ, σ (i)) = e−
β
2 (HN (σ (i))−HN (σ ))sN (σ, σ (i)),

where sN (σ, σ (i)) = sN (σ (i), σ ) > 0. Since HN (σ ) is a function of m N (σ )

(HN (σ ) = HN (m N (σ )) with little abuse of notation) one is naturally
led to consider examples where sN (σ, σ (i)) depends on (σ, σ (i)) through
(m N (σ ),m N (σ (i))). In this situation m N (σ (t)) will again be a Markov chain, for
which νN is reversible. One such natural example was used by Griffiths, Weng
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and Langer in [146]: at each time unit a site i ∈ {1, . . . , N } is chosen at random
and the corresponding spin is flipped with probability

υ̃

√
µN ,β,h(σ (i))√
µN ,β,h(σ )

= υ̃e−
β
2 (HN (σ (i))−HN (σ ));

otherwise, nothing happens. υ̃ > 0 is taken independent of N and sufficiently
small to make these numbers less than one. The evolution induced on m N (σ (t))
is then a Markov chain on YN whose transition probabilities are given below.

Example (4) (Griffiths, Weng and Langer)

QN (m,m + 2

N
) = υ̃

1− m

2
e−

β
2 (HN (m+ 2

N )−HN (m)),

QN (m,m − 2

N
) = υ̃

1+ m

2
e−

β
2 (HN (m− 2

N )−HN (m)),

if m,m + 2/N ∈ YN or m,m − 2/N ∈ YN , respectively; the diagonal
terms QN (m,m) follow rules as in (4.67). As in Examples (2) and
(3), the above QN (m, m̃), for |m − m̃| = 2/N are uniformly bounded
away from zero. They differ from those in Example (1) by the factor
υ̃
2υ

√
N (1− (m ∧ m̃))(1+ (m ∨ m̃)).

Remark It might be preferable to work with continuous time Markov chains, as
already introduced in Section 4.1.5, but there is no significant difference.

Before stating a theorem with the pathwise description of metastable behaviour
for such chains, we need to recall a few estimates from Section 4.1.1. We fix
J = 1.

Recalling the Gibbs free energy fβ,h(m) = −(m2/2+ hm)+ β−1E(m),
where E(m) is given by (4.15), and the Stirling formula (1.5), we can write, for
m ∈ YN \ {−1,+1}:

β fN ,β,h(m) = β fβ,h(m)+ 1

N

(
log

√
1− m2

2
+ log

√
2Nπ

)

+ 1

N

(
εN ( 1+m

2 )
+ εN ( 1−m

2 )
− εN

)
,

(4.69)

with 1/(12k + 1) < εk < 1/12k . Also fN ,β,h(−1) = fβ,h(−1) and fN ,β,h(1) =
fβ,h(1) for each N . For large N , (4.69) provides a good approximation for the
transition probabilities in terms of the derivative of β fβ,h(m). The approximation
is uniform on each compact interval contained in (−1,+1).

If β > 1 and 0 < h < β−1 log(
√
β −√β − 1)+√(β − 1)/β =: h0(β), the

graph of fβ,h(·) has a double well structure, with absolute minimum at
m+(β, h) > 0, a local minimum at m−(β, h) < 0, and a local maximum at
m0(β, h); the critical points are the solutions of equation (4.17) with J = 1.
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From now on we fix β and h under the above conditions. The double well is
suggestive of metastable behaviour and our next task is to prove it. The Curie–
Weiss chain behaves similarly to a one-dimensional Itô process in the Freidlin–
Wentzell regime.

Notation Since the parameters β and h are fixed we write simply m−, m0, m+.
The same is done for f (m) and fN (m) (instead of fβ,h(m) and fN ,β,h(m), re-
spectively).

Remark For finite birth and death chains one gets explicit expressions for ex-
pected hitting times by working out difference equations ([115], Chapter XIV).
They were used in [48] to provide upper and lower bounds on the two time
scales (thermalization and tunnelling). Here we have modified the proofs a lit-
tle, so that possible extensions become more clear. Nevertheless, in this section
we use strongly the one dimensionality of the process and its property of point
recurrence. Generalizations to situations where this is not true, as in higher di-
mensional Itô processes, are treated in Chapter 5 with the help of suitable cou-
plings, and the theory of Freidlin and Wentzell. Higher dimensional analogues of
the Curie–Weiss chains appear naturally; the Curie–Weiss model under the action
of a random magnetic field is an example. Their metastable behaviour has been
described in [216] and [31], using analytical and probabilistic tools. Reversibil-
ity plays a fundamental role and allows quite precise estimates. This is outlined
briefly at the end of this chapter, together with indications to (simpler) arguments
that lead to rougher estimates.

Since m−, m0 and m+ might not belong to YN , it is convenient to fix i−(N ),
i0(N ), i+(N ) integers so that

ma(N ) := −1+ 2ia(N )

N
≤ ma < −1+ 2(ia(N )+ 1)

N
(4.70)

for a = −,+ or 0. We fix ε > 0 so that for all N sufficiently large, −1+
ε < m−(N ) < m0(N ) < m+(N ) < 1− ε, which we may do since −1 < m− <

m0 < m+ < +1. Also, let i∗(N ) be defined as the integer satisfying

m∗(N ) := −1+ 2i∗(N )

N
≤ m0 + 1

N 1/4
< −1+ 2(i∗(N )+ 1)

N
· (4.71)

Notation An upper index j in ξ
j
N (·) indicates the initial condition ξ

j
N (0) = −1+

2 j/N , i.e. j is the number of positive spins at time 0. This might also be indicated
as a subindex in the probability distribution: Pj (ξN ∈ A) = P(ξN ∈ A | ξN (0) =
−1+ 2 j/N ) = P(ξ

j
N ∈ A), for j ∈ {0, . . . , N } and A a Borel set in the product

space (YN )Z+ . E j will refer to the expectation with respect to Pj .
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Definition 4.5 If i, j ∈ {0, 1, . . . , N } we set

T i, j
N = min

{
n ≥ 1 : ξ i

N (n) = −1+ 2 j

N

}
,

with T i, j
N taken as +∞ if the above set is empty. For i �= j (i = j), T i, j

N is the
time of the first visit (revisit, respectively) to −1+ 2 j/N , starting at−1+ 2i/N .
We set TN = T i−(N ),i∗(N )

N .

Notation According to the previous notation Pi (T
j

N = k) = P(T i, j
N = k).

TN represents the ‘tunnelling’ time for this simple model. Having arrived at
m∗(N ) the process will, with overwhelming probability, reach m+(N ) before go-
ing back to m0(N ), and in a relatively short time, for N large. (This is proven
below.)

The theorem below gives the (rough) order of magnitude of TN and its asymp-
totic unpredictability, or loss of memory.

Theorem 4.6 Let , = β
(

f (m0)− f (m−)
)
. For any of the previously described

examples we have:
(a) lim

N→+∞
P(eN (,−δ) < TN < eN (,+δ)) = 1, for each δ > 0.

(b) TN/ETN converges in law to a unit mean exponential random variable, as
N →+∞.

While proving (a) above, we shall indeed get a more precise estimate, cf.
Corollary 4.9 below.

Theorem 4.6 involves the behaviour of the process ξN starting to the left of
m∗(N ), until it hits m∗(N ). Thus, we may as well consider a new chain ξ̄N on

ȲN =
{
−1,−1+ 2

N
, . . . ,−1+ 2i∗(N )

N

}
, (4.72)

with transition probabilities:

Q̄N (m, m̃) = QN (m, m̃) if m, m̃ ∈ ȲN ,

Q̄N (m∗(N ),m∗(N )) = 1− Q̄N (m∗(N ),m∗(N )− 2/N ).
(4.73)

In other words, ξ̄N has the same transition probabilities as ξN to the left to m∗(N ),
where a reflecting barrier has been introduced. We have a trivial coupling of ξ̄N

and ξN up to TN : starting in ȲN , the two processes move together until for the first
time ξN jumps out of ȲN . Recalling (4.73), at this step ξ̄N remains at m∗(N ), and
from then on they behave independently. This describes a well defined Markov
chain on the product YN × ȲN , whose transition probability matrix can be easily
written.
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We check that ν̄N , defined as νN conditioned to ȲN , is reversible for ξ̄N . That
is, setting

ν̄N (m) = νN (m)∑
m′∈ȲN

νN (m′)
, for m ∈ ȲN , (4.74)

we have ν̄N (m) Q̄N (m,m′) = ν̄N (m′) Q̄N (m′,m), for any m,m′ ∈ ȲN .
For the proof of Theorem 4.6 we may replace ξN by ξ̄N . The hitting times for

the chain ξ̄N are denoted by T̄ i, j
N and defined analogously to T i, j

N , if i, j ≤ i∗(N ).

One has T̄N := T̄ i−(N ),i∗(N )

N = TN with probability one in the above mentioned
coupling.

We start by the following simple observation which gives a lower bound for
T̄N , and is an immediate consequence of the stationarity of ν̄N .

Proposition 4.7 There exists a positive constant c1, so that for all N sufficiently
large and each T positive integer

P
(
T̄N ≤ T

) ≤ c1 T e−N,. (4.75)

Proof Since all the jumps have size 2/N , P
(
T̄N ≤ T

) ≤ Pi−(N )(T̄
i0(N )
N ≤ T ).

Moreover,

Pi−(N )

(
T̄ i0(N )

N ≤ T
) ≤ T∑

n=1

Pi−(N )

(
ξ̄N (n) = m0(N )

)
=

T∑
n=1

1

ν̄N (m−(N ))
Pν̄N

(
ξ̄N (0)=m−(N ), ξ̄N (n)=m0(N )

)
≤

T∑
n=1

1

ν̄N (m−(N ))
Pν̄N

(
ξ̄N (n)=m0(N )

)
= T

ν̄N (m0(N ))

ν̄N (m−(N ))
,

using the stationarity of ν̄N at the last step. Recalling the expression for ν̄N we
may write:

P
(
T̄N ≤ T

) ≤ T e−Nβ( fN (m0(N ))− fN (m−(N ))).

From (4.69) and the observation following (4.70), a constant c > 0 may be taken
so that for all N sufficiently large:

Nβ( fN (m0(N ))− fN (m−(N ))) ≥ Nβ( f (m0(N ))− f (m−(N )))− c.

The proof follows by observing that we may also take c̃ > 0 so that for all N large

β( f (m0(N ))− f (m−(N ))) ≥ ,− c̃/N . �
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Remark. For higher dimensions (or if jumps are not only between nearest neigh-
bours) we should keep T ν̄N (m∗(N ))/ν̄N (m−(N )) for the upper bound, including
a factor ecN 3/4

on the right-hand side of (4.75). This still fits to the lower bound
in part (a) of Theorem 4.6.

We now need an upper bound for the tunnelling time TN . For finite birth and
death chains, closed expressions for the expected hitting times are elementary and
easily obtained, as summarized below.

Lemma 4.8 Let (ξ(n) : n ≥ 0) be a Markov chain with values on the finite set
{0, 1, . . . , M} and transition probabilities Q(i, j) = P(ξ(n + 1) = j | ξ(n) =
i), given by:

Q(i, j) =


pi if j = i + 1

qi if j = i − 1

ri if j = i,

for 1 ≤ i ≤ M − 1, where pi > 0, qi > 0, ri ≥ 0, pi + qi + ri = 1, and

Q(0, 1) = p0 = 1− Q(0, 0), Q(M, M − 1) = qM = 1− Q(M, M),

(4.76)
where 0 < p0, qM < 1. (We write q0 = 1− p0, pM = 1− qM .)

Let also

τ j = min{n ≥ 0 : ξ(n) = j}. (4.77)

(i.e. Pj (τ j = 0) = 1, and under Pi , i �= j , τ j is the time of first visit to the state
j .) Then, for any 0 ≤ i < j ≤ M :

Ei
(
τ j
) = j−1∑

�=i

�∑
r=0

{
1

pr

�∏
s=r+1

qs

ps

}
=

j−1∑
�=i

�∑
r=0

{
νr

ν�

1

p�

}
, (4.78)

E j (τi ) =
j∑

�=i+1

N∑
r=�

{
1

qr

r−1∏
s=�

ps

qs

}
=

j∑
�=i+1

N∑
r=�

{
νr

ν�

1

q�

}
, (4.79)

with the convention that
∏�−1

s=� = 1, and where ν = (νi ) denotes the stationary
(reversible) measure with νi = ν(i).

Proof This is an elementary application of the method of difference equations,
as in Chapter XIV of [115]. The second equality of each of the above equations
follows at once from the detailed balance (νi pi = νi+1qi+1) and so we prove only
the first.

We prove only (4.78); it is the same as (4.79) after renaming the states.
Let us fix j , and for i ≤ j we set ui = Ei

(
τ j
)

so that u j = 0, according to
(4.77). Now let 1 ≤ i ≤ j − 1, and conditioning on the position after the first step
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we may write:

ui = pi (ui+1 + 1)+ qi (ui−1 + 1)+ ri (ui + 1).

Recalling that pi + qi + ri = 1 we rewrite this as

(pi + qi )ui = pi ui+1 + qi ui−1 + 1,

and letting di = ui − ui+1, for 1 ≤ i ≤ j − 1, we have

pi di = qi di−1 + 1.

Due to (4.76), and since u j = 0 we also have d j−1 = u j−1, and d0 = 1/p0. Thus,
for each i ≤ j − 1 and using the convention

∏r
s=r+1 = 1, we get:

di =
i∑

r=0

1

pr

i∏
s=r+1

qs

ps
.

Summing up it follows that

ui =
j−1∑
�=i

d� =
j−1∑
�=i

�∑
r=0

1

pr

�∏
s=r+1

qs

ps
,

as claimed. �

Corollary 4.9
(a) There are positive constants c1, c2 (independent of N ) such that for each

N :

c1 N κ+1eN, ≤ ET̄N ≤ c2 N κ+1 eN,, (4.80)

where , = β
(

f (m0)− f (m−)
)
, κ = 1/2 in Example (1), κ = 0 in Exam-

ples (2), (3) and (4) above.
(b) There are positive constants c3, c4 (independent of N ) such that for each N

sup
i≤i∗(N )

Ei T̄ i−(N )

N ≤ c3 ec4 N 3/4
. (4.81)

Proof (a) The estimate is derived from Lemma 4.8. We just need a few compu-
tations. Observe first that for each of the previous examples, positive constants
c, c̃ can be taken in a way that cN−κ ≤ p� ≤ c̃N−κ if i−(N ) ≤ � < i∗(N ). Thus,
applying the previous lemma and recalling (4.60), we have to provide lower and
upper estimates for:

i∗(N )−1∑
�=i−(N )

�∑
r=0

e
Nβ
{

fN

(
−1+ 2�

N

)
− fN

(
−1+ 2r

N

)}
.
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According to (4.69), this can be bounded from below and from above by suitable
constants multiplying:

eN,
i∗(N )−1∑
�=i−(N )

e
−Nβ

{
f
(
−1+ 2i0(N )

N

)
− f
(
−1+ 2�

N

)} �∑
r=0

e
−Nβ

{
f
(
−1+ 2r

N

)
− f
(
−1+ 2i−(N )

N

)}
.

The double sum can be bounded, both from below and from above, by suitable
constants times N , as can be seen upon approximation of the sums by Gaussian
integrals, due to the shape of f ( · ), and since the maximum at m0 as well as the
minimum at m− are quadratic.

As for part (b), since we do not care about the precise value of constant c4,
the analysis is less precise and the estimate takes the same form in all the given
examples; we simply take the maximum value of the ratio νr/ν� and multiply by
the number of terms. �

Remark. Applying these last rough bounds also in part (a) would yield
c1 N κeN, ≤ E(T̄N ) ≤ c2 N κ+2 eN,, for suitable positive constants c1, c2. This
would suffice for Theorem 4.6 as well as Theorem 4.10 below.

Proof of Theorem 4.6. As already observed we may consider the Markov chain
ξ̄N , and T̄N = T̄ i−(N ),i∗(N )

N . For ϕN > 0 we write:

P

((
1

ϕN
eN, < T̄N < eN, N κ+1ϕN

)c)
= P

(
T̄N ≤ 1

ϕN
eN,

)
+ P(T̄N ≥ eN, N κ+1ϕN ).

Now, if ϕN →+∞, the first term tends to zero by Proposition 4.7; for the second
term we apply Corollary 4.9 and the Markov inequality, proving part (a).

To check part (b) we set γN := min{n ≥ 1: P(T̄N ≤ n) ≥ 1− e−1}. Notice
that P(T̄N = 1) = 0 for N large, and so

P(T̄N < γN ) < 1− e−1 ≤ P(T̄N ≤ γN ). (4.82)

From part (a) it follows at once that N−1 log γN → ,, as N →+∞. According
to part (b) of Corollary 4.9 we may take αN > 0 so that

(i) αN/γN → 0,

(ii) εN := sup
i≤i∗(N )

Ei T̄ i−(N )

N /αN → 0,
(4.83)

as N →+∞. (Possible choices include αN = eNς
, with 3/4 < ς < 1.)

Remark Consideration of the restricted chain ξ̄N in (4.83) (ii) is necessary. This
is not true for ξN (cf. Corollary 4.15 below).
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The asymptotic loss of memory of T̄N/γN is an easy consequence of the faster
recurrence of ξ̄N on m−(N ). To see this, we let, for s ≥ 0:

t̄N ,s = inf{n ≥ sγN : ξ̄N (n) = m−(N )}. (4.84)

(With the usual convention that inf∅ = +∞.)
Applying the Markov property at time sγN , together with (4.83) (ii) and the

Markov inequality, we have:

P(T̄N > sγN , t̄N ,s > sγN + αN ) ≤ P(T̄N > sγN ) εN . (4.85)

On the other hand, if s, t > 0 and tγN > αN , by the strong Markov property of
ξ̄N (applied at t̄N ,s), we can write:

P(T̄N >(s + t)γN , t̄N ,s ≤ sγN + αN ) = P(T̄N > sγN , t̄N ,s ≤ sγN + αN )

× P(T̄N > (s + t)γN | T̄N > sγN , t̄N ,s ≤ sγN + αN )

≤P(T̄N > sγN )P(T̄N > tγN − αN ).

(4.86)
As for the lower bound, arguing similarly, and if tγN > αN :

P(T̄N > (s + t)γN , t̄N ,s ≤ sγN + αN )

=
∑

sγN≤k≤sγN+αN

P(T̄N > t̄N ,s = k)P(T̄N > (t + s)γN − k)

≥ P(T̄N > sγN + αN , t̄N ,s ≤ sγN + αN )P(T̄N > tγN )

≥ (P(T̄N > sγN + αN )− εN )P(T̄N > tγN ),

(4.87)

using (4.83) (ii) at the last inequality. From (4.85), (4.86), and (4.87) we get:

P(T̄N > (s + t)γN ) ≤ P(T̄N > sγN )
(
εN + P(T̄N > tγN − αN )

)
P(T̄N > (s + t)γN ) ≥ (P(T̄N > sγN + αN )− εN )P(T̄N > tγN ).

(4.88)

Let N0 be such that αN ≤ γN for all N ≥ N0. Thus for any integer k ≥ 2 we write

P(T̄N > (k + 2)γN ) ≤ P(T̄N > kγN )(εN + P(T̄N > γN )).

Taking r := 2e−1 we may assume that εN + P(T̄N > γN ) ≤ εN + e−1 ≤ r < 1,
for each N ≥ N0. Thus, for each N ≥ N0 and each k ≥ 3 we get

P
(
T̄N > kγN

) ≤ r [k/2], (4.89)

which immediately implies the tightness of the family
{
T̄N/γN : N ≥ 2

}
on

[0,+∞). In view of (4.83) and (4.88), any random variable τ that is a distri-
butional limit of a subsequence T̄N ′/γN ′ satisfies

P(τ > t + s) = P(τ > t)P(τ > s), (4.90)

for any s, t > 0 continuity points of its distribution. From the density of such
points, and the right continuity of the distribution function, (4.90) holds for
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all s, t ≥ 0. Thus, P(τ > t) = e−at , for all t > 0, where a = − log P(τ > 1) ∈
(0,+∞]. The case a = +∞ corresponds to τ identically null, being excluded by
(4.82), since

P(τ < 1) ≤ lim inf
N ′→+∞

P(T̄N ′/γN ′ < 1)

≤ 1− e−1 ≤ lim sup
N ′→+∞

P(T̄N ′/γN ′ ≤ 1) ≤ P(τ ≤ 1).

We conclude that a = 1. (See Lemma 4.34 for a more general statement.)
To conclude the proof of Theorem 4.6 we write

1

γN
ET̄N = 1

γN

∫ +∞

0
P(T̄N > s)ds =

∫ +∞

0
P(T̄N > γN s) ds.

Due to (4.89), we may apply the dominated convergence theorem. Thus

lim
N→+∞

ET̄N

γN
=
∫ +∞

0
lim

N→+∞
P(T̄N > sγN )ds =

∫ +∞

0
e−sds = 1. �

We now discuss the other ingredient of the pathwise approach to metastability,
i.e. the ‘thermalization’ around a metastable state. As mentioned briefly before,
this property is formalized here through a limit theorem (N →+∞ in the present
example). A precise definition of the metastable state is missing; what appears can
be thought as an approximation only. In the present example, we could think of
ν̄N , the Curie–Weiss measure conditioned to ȲN , as a suitable approximation of
the metastable state. Thought of as probability measures on the interval [−1,+1],
and considering the usual w∗-topology, we have limN→+∞ ν̄N = δm− , the Dirac
point measure at m−. This is the ‘state’ which appears in our limit theorem. It
is possible to perform a more detailed analysis, so that better approximations are
involved.

Notation In the rest of this section M1 =M1([−1, 1]) will denote the space of
probability measures on the Borel sets of the interval [−1, 1], endowed with the
usual w∗- topology. For x ≥ 0, [x] denotes the integer part of x , as usual.

For N ≥ 1, R ≥ 1 integers, we consider the following empirical process of
moving time averages of length R:

AN ,R(s) := 1

R

[s]+R∑
k=[s]+1

δξN (k), (4.91)

where δx denotes the Dirac point measure at x . It takes values on M1. If B is a
Borel subset of [−1, 1], we write AN ,R(s, B) for the measure given to the set B; it
counts the fraction of time spent in B during [s]+ 1, . . . , [s]+ R. If g is a Borel
real function on [−1, 1], AN ,R(s, g) will denote the integral of g with respect to
the measure given by (4.91).

We may now state the following.
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Theorem 4.10 There exist RN →+∞ so that RN/γN → 0 for γN defined by
(4.82), and such that for each B open interval containing m− and each δ > 0

lim
N→+∞

Pi−(N )

(
inf

s<TN−RN
AN ,RN (s, B) > 1− δ, TN > RN

)
= 1. (4.92)

Possible choices include RN = [eαN ] where 0 < α < ,.

This theorem involves the behaviour of the chain ξN up to time TN . Using the
previously described coupling we may replace ξN by ξ̄N in its proof. The basic
estimate is contained in the next lemma, which refers to ξ̄N (and is not true for ξN ).

Lemma 4.11 Let RN = eαN with 0 < α < ,. Given δ ∈ (0, 1) and ρ > 0, there
exists cδ > 0 and N0 = N0(ρ, δ, α) so that for all N ≥ N0 and integer R ≥ RN

sup
i≤i∗(N )

Pi

(
1

R

R∑
k=1

1ρ(ξ̄N (k)) ≤ 1− δ

)
≤ exp

(
−cδ

R

RN

)
, (4.93)

where 1ρ = 1(m−−ρ,m−+ρ).

Proof Of course, it suffices to consider ρ small. Fix α′ such that 0 < α′ < α ∧
inf|m−m−|=ρ β

(
f (m)− f (m−)

)
. Let R′N = [eNα′ ] and

ε̃N := sup
i≤i∗(N )

Pi

(
T̄ i−(N )

N >

√
R′N

)
+ Pi−(N )

(
ψN < R′N

)
, (4.94)

where ψN := min{k ≥ 1: |ξ̄N (k)− m−| ≥ ρ}. By part (b) of Corollary 4.9, and
arguing as in Proposition 4.7, we see that

lim
N→+∞

ε̃N = 0. (4.95)

We fix N0 so that R′N/RN ≤ δ/2, 1/
√

R′N ≤ δ/4 and ε̃N ≤ δ/5 for all N ≥ N0.

If N ≥ N0 and R ≥ RN , due to R′N/RN ≤ δ/2 we may write

Pi

(
1

R

R∑
k=1

1ρ(ξ̄N (k)) ≤ 1− δ

)
≤ Pi

 1

kN R′N

kN R′N∑
k=1

1ρ(ξ̄N (k)) ≤ 1− δ

2

 ,

(4.96)
where kN = [R/R′N ].

For each k = 1, . . . , kN let us say that the time interval [(k − 1)R′N , k R′N )

is good if the process ξ̄N ( · ) hits m−(N ) before time (k − 1)R′N +
√

R′N and

spends the rest of this time interval inside (m− − ρ,m− + ρ). Otherwise, it is
called bad. Let YN ,k be the indicator function of the event [the time interval
[(k − 1)R′N , k R′N ) is bad]. Thus for any i ≤ i∗(N ):

max
k=1,...,kN

Pi
(
YN ,k = 1 | YN ,1 = y1, . . . , YN ,k−1 = yk−1

) ≤ ε̃N , (4.97)
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for any choice of y1, . . . , yk−1 ∈ {0, 1}. Since ε̃N ≤ δ/5, performing successive
conditioning and applying (4.97) we get, for λ > 0:

Ei
(
eλ
∑kN

k=1 YN ,k
) ≤ (1+ δ

5
(eλ − 1)

)kN

.

Using (4.96) and (4.97) we see that

Pi

(
1

R

R∑
k=1

1ρ(ξ̄N (k)) ≤ 1− δ

)
≤ Pi

(
1

kN

kN∑
k=1

YN ,k ≥ δ

4

)
≤ e−kN cδ , (4.98)

for all N ≥ N0, from which the lemma follows. At the last inequality we have
used the exponential Markov inequality and the preceding observation with λ =
λ(δ) > 0 small enough so that 1+ δ(eλ − 1)/5 < eλδ/4. (Alternatively, we may
apply the upper bound in Theorem 1.1 and Remark 4.12 below.) �

Remark 4.12 Let 0 < p < 1 and let Y1, Y2, . . . be random variables taking val-
ues on {0, 1}, such that P(Y1 = 1) ≤ p, and for each k ≥ 1:

p(y1, . . . , yk) := P(Yk+1 = 1 | Y1 = y1, . . . , Yk = yk) ≤ p

for any choice of y1, . . . , yk−1 ∈ {0, 1} such that P(Y1 = y1, . . . , Yk = yk) > 0.
(If P(Y1 = y1, . . . , Yk = yk) = 0, we set p(y1, . . . , yk) = 0.) On a suitable prob-
ability space we take U1,U2, . . . i.i.d. uniformly distributed on the interval (0, 1)
and set Zk = 1[Uk≤p]. The variables Z1, Z2, . . . are i.i.d. Bernoulli with parameter
p. Setting Ỹ1 = 1[U1≤P(Y1=1)], and recursively Ỹk+1 = 1[Uk+1≤p(Ỹ1,...,Ỹk )], we see

at once that Ỹk ≤ Zk a.s. for each k, and that the random sequence (Ỹ1, Ỹ2, . . .)

has the same distribution as (Y1, Y2, . . .).

Proof of Theorem 4.10 Fix RN = [eαN ] with 0 < α < ,. It suffices to prove
(4.92) for B = (m− − ρ,m− + ρ) with ρ > 0 small. Let 1ρ be the indicator
function of B, as in Lemma 4.11. Using the previously mentioned coupling of
the chains ξN and ξ̄N , which move together up to TN = T̄N , the probability in
(4.92) is rewritten as

Pi−(N )

(
min

s=0,...,[T̄N−RN ]

1

RN

s+RN∑
k=s+1

1ρ(ξ̄N (k)) > 1− δ, T̄N > RN

)
,

which is clearly bounded from below by 1− Pi−(N )(T̄N ≤ RN )− Pi−(N )(FN )

where

FN =
⋃
�∈Z

0≤�≤KN

[
KN ≥ 1,

1

RN

(�+1)RN∑
k=�RN+1

1ρ(ξ̄N (k)) ≤ 1− δ/2

]

and KN = [T̄N/RN ]. Proposition 4.7 implies that Pi−(N )(T̄N ≤ RN ) tends to zero
as N →+∞. On the other hand, fixing 0 < a < 1 and taking any kN ∈ N we
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have

Pi−(N )(FN )≤ Pi−(N )(KN ≥ kN )+ kN max
i≤i∗(N )

Pi

(
1

RN

RN∑
k=1

1ρ(ξ̄N (k))≤ 1− δ/2

)

≤ Pi−(N )(T̄N ≥ kN RN )+ kN e−c′δ R1−a
N ,

for all N sufficiently large (N ≥ N0(α, ρ, δ, a)), where we have used Lemma 4.11
with [Ra

N ] replacing RN and δ/2 instead of δ (c′δ = cδ/2 in that lemma). Thus, for
all N large

Pi−(N )(FN ) ≤ P(T̄N ≥ kN RN )+ kN e−c′δ R1−a
N . (4.99)

Choosing for instance a = 1/2, kN = γN/
√

RN , and applying Theorem 4.6 we
see that Pi−(N )(FN ) tends to 0 as N →+∞, concluding the proof for the above
choice of RN . �

Remark 4.13 For the previous result we do not use fully the estimates in part
(a) of Corollary 4.9; the rougher estimates discussed at the end of that proof
would suffice. We may as well consider other starting points near m−(N ). (cf.
also Corollary 4.15 below.)
The statement of Theorem 4.10 could be strengthened in some directions. The
main one involves the consideration of (4.93) with ρ and δ suitably tending to
zero with N (slowly enough). This involves a modification in (4.94) and on the
possible choices for RN , using a more precise analysis.

Let RN be as in Theorem 4.6. To describe the behaviour of the process ξN after
time TN , we first observe that, if starting at m∗(N ), ξN hits m+(N ) before hitting
m0(N ) and in a time much shorter than RN , with overwhelming probability, as
N →+∞. For this we notice the following elementary fact.

Lemma 4.14 In the notation and hypotheses of Lemma 4.8 let

ui = Pi (τM < τ 0), i = 1, . . . , M − 1.

For each i,

ui =
∑i

k=1

∏k−1

j=1

q j

p j∑M
k=1

∏k−1

j=1

q j

p j

=
∑i

k=1
1

νk−1 pk−1∑M
k=1

1

νk−1 pk−1

.

We omit the proof. Simply apply the method of difference equations as before.

Corollary 4.15 Let α > 0. For the process ξN starting at m∗(N ), the probability
to hit m+(N ) in a time shorter than eαN and before hitting m0(N ), tends to one
as N →+∞.
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Proof The statement on the hitting probability follows from the last lemma ap-
plied to the Curie–Weiss chain. The rest is a consequence of arguments analogous
to those of Lemma 4.8 and Corollary 4.9. �

Starting now from m+(N ) we have a behaviour analogous to that described by
Theorems 4.6 and 4.10, but for the deeper well of β f ( · ). That is:

(i) Let RN be as in Theorem 4.10, then for any δ > 0 and B open interval
containing m+ one has

lim
N→+∞

Pi+(N )

 sup
s<T

i0(N )

N −RN

AN ,RN (s, B) ≤ 1− δ

 = 0;

(ii) Since f (m+) < f (m−), we can take ,̃ > , so that
limN→+∞ Pi+(N )(T

i0(N )
N ≤ e,̃N ) = 0.

For each N , the chain ξN performs infinitely many visits to both m−(N ) and
m+(N ), but the return time to m0(N ) after hitting m+(N ) becomes increasingly
larger than γN , as N →+∞; we typically do not see it on the time scale γN .

Under Pi−(N ), the M1-valued process AN (s) := AN ,RN (s γN ) behaves
asymptotically (N →+∞) as a Markov jump process which performs a unique
jump from δm− to δm+ , at a unit mean exponential random time. To make this
formal as a limit in law in the Skorohod space D([0,+∞),M1) we need a small
modification of AN (·) around time TN/γN , replacing it by ÃN (·), given by:

ÃN (s) =


AN ,RN (TN − γN ) if

Tn − RN

γN
≤ s <

TN

γN
,

AN ,RN (s γN ) otherwise.

4.4 The Harris contact process
We now discuss another example sharing the same features of metastability as a
dynamical phenomenon, observed on the basis of pathwise behaviour. This is the
Harris contact process restricted to {−N , . . . , N }d , in the limit N →+∞.

Introduced by Harris in [149], and conceived with a biological interpretation,
the contact process on Zd is a continuous time Markov process taking values on
P(Zd), the set of all subsets of Zd . It is described informally as follows: particles
are distributed in Zd in such a way that each site is either empty or occupied
by at most one particle. The evolution is Markovian: each particle disappears
after an exponential waiting time of rate one, independently of all the rest; at
any time, each particle has the possibility to create a new particle at each empty
neighbouring site, with rate λ, also independently of everything else.

Notation As before, sites x, y ∈ Zd are called nearest neighbours (n.n.), or sim-
ply neighbours, if |x − y| = 1, with |x − y| denoting the Euclidean distance in
Rd .
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In the biological interpretation, occupied sites correspond to infected individuals,
while empty sites correspond to healthy individuals. The recovery rate is one, λ is
the rate of propagation of the infection (in each direction), and the process can be
thought of as a very simplified mathematical model for the spread of an infection.
The addition of enriching ingredients leads to various extensions.

Notation Identifying each ξ ⊆ Zd with its indicator function 1ξ , we may think of

the process as taking values on X := {0, 1}Zd
, shifting freely between P(Zd) and

X . In this notation, ξ(x, t) = 1 or 0, according to whether x ∈ ξ(t) or not, with
t ≥ 0 denoting the time. (With respect to Section 3.3, the change from {−1, 1} to
{0, 1} just follows convention.)

The need for a precise definition and construction of infinite systems was already
mentioned in Section 4.1.5. Based on the informal description, if the initial set
is infinite the process should leave it ‘instantaneously’; infinitely many changes
should happen during any finite interval [0, ε), in contrast to the case of a Markov
chain. Since the rates are bounded and the propagation happens only through
neighbours, we expect that, with overwhelming probability, the evolution at any
given finite collection of sites, during a fixed finite time interval, does not depend
on what happens ‘too far away’. This allows a formal mathematical construction
of the infinite system as limit of finite systems.

One possible method of construction involves semigroup theory, a classical an-
alytical tool based on the Hille–Yosida theorem. How to apply it to infinite particle
systems is demonstrated in detail in Chapter I of Liggett’s book [199], to which we
refer. Another general procedure is based on the solution of martingale problems,
as developed by Holley and Stroock, analogous to the construction of diffusions
by Stroock and Varadhan. (see Chapter I of [199].)

As for a large class of systems, the contact process allows a very useful and
more explicit construction. It involves a random graph in the space-time diagram
Zd × R+ and several properties are seen from it more readily. Such a graphical
construction is due to Harris and we now describe it in the case of the contact
process. (see [149] or [143].)

For each x ∈ Zd consider (τ x
n )n∈N, (τ

x,x+ei
n )n∈N, (τ

x,x−ei
n )n∈N for i =

1, . . . , d, the arrival times of 2d + 1 independent Poisson processes, where (τ x
n )

has rate 1 and the others have rate λ > 0, which is the parameter of the model.
(ei denotes the canonical unitary vector in the i th direction.) All such Poisson pro-
cesses, also as x varies on Zd , are taken independently. For each x, y ∈ Zd with
|x − y| = 1, and n ≥ 1, we draw arrows in Zd × R+, from (x, τ x,y

n ) to (y, τ x,y
n ).

Then, we put down a cross sign (×) at each of the points (x, τ x
n ), n ≥ 1. A segment

linking (x, s) to (x, t) is called a time segment and has the orientation from (x, s)
to (x, t) if s < t . Given two points (x, s) and (y, t) in Zd × R+, with s < t , we
say that there is a path from (x, s) to (y, t) if there is a connected chain of oriented
time segments and arrows in the constructed random graph, which links (x, s) to



244 Metastability. General description
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Figure 4.6

(y, t), without going through any cross sign, and following the orientation of time
segments and arrows (see Figure 4.6.)

Let A ∈ P(Zd). The basic contact process with parameter λ and starting at A,
denoted by (ξ A(t) : t ≥ 0), is defined as follows: ξ A(0) = A, and if t > 0

ξ A(t) = {y ∈ Zd : there is a path from (x, 0) to (y, t) for some x ∈ A}.
(4.100)

(We say that A is the initial configuration.)

Remark As in Section 3.3, we endow X = {0, 1}Zd
with the usual product topol-

ogy, given the discrete topology on {0, 1}. (Recalling the identification with
P(Zd), ξn → ξ as n →+∞ if and only if, given any finite set F ⊆ Zd , there
exists n0 = n0(F) such that ξn ∩ F = ξ ∩ F for all n ≥ n0.) Based on a system
of independent Poisson processes (τ x

n ), (τ
x,y
n ) (also called ‘marks’), one can ver-

ify that the graphical construction yields, almost surely, trajectories t &→ ξ A(t) in
the Skorohod space D([0,+∞),X ) of paths on X which are right continuous,
with left limits. If PA denotes the law of ξ A(·) on D([0,+∞),X ), then it can be
seen that A &→ PA(B) is a Borel measurable function, for each Borel set B in the
Skorohod space.
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The Markov property, as well as several other basic properties, are readily
seen from the graphical construction. Let s > 0 and consider the ‘marks’ in
Zd × [s,+∞). This is still a Poisson system just as before, independent of the
‘marks’ in Zd × [0, s). (Notice that the probability of finding a ‘mark’ at a fixed
time s is zero.) Therefore, if for A ⊆ Zd we set:

(s) ξ
A(t) = {y ∈ Zd : there is a path from (x, s) to (y, s + t) for some x ∈ A},

(4.101)
then

(s) ξ
A(·) is a basic contact process starting from A. Moreover, given s:

ξ A(s + ·) =
(s) ξ

ξ A(s)(·) a.s., (4.102)

and we immediately get the Markov property.
The same random graph may be used to construct several contact processes,

thus providing a natural coupling of them. This includes the restriction of the
contact process to various volumes ( ⊆ Zd (cubes, slabs or cylinders, for in-
stance): we follow the previous definition but consider only the paths contained
entirely in (× R+, i.e. we use only the Poisson processes (τ x

n )n∈N, (τ x,z
n )n∈N,

with x, z ∈ (, |x − z| = 1. Such restricted processes are denoted by ξ A
((t). In the

particular case ( = (d
N := (N × · · · ×(N with (N = {−N , . . . , N }, N ∈ N,

we write ξ A
N (t). Other restricted processes will appear in the proofs. (The reason

for the superindex d in the above notation, in contrast to that in Section 3.3, comes
from Section 4.5.)

Notation If A ⊆ Zd we usually write ξ A
((t) for ξ A∩(

( (t); X( = {0, 1}(.

Remark 4.16 ξ A
N (·) is a continuous time Markov chain with values on the finite

set P((N ) (identified with X(N ). From the graphical construction one easily ver-
ifies the following finite volume approximation: given t0 < +∞ and a finite set
B ⊆ Zd , we have

lim
N→+∞

sup
0≤t≤t0

P(ξ A(t) ∩ B �= ξ A
N (t) ∩ B) = 0,

for any A ⊆ Zd . On the other hand, as t →+∞, the infinite system ξ A(t) be-
haves quite differently from ξ A

N (t). This is part of the discussion below.

The main advantage of the previous construction is that ξ A
N (·), ξ B(·), with N ∈ N,

and A, B ∈ P(Zd) are all given as functions of the same ‘marks’. They are all
coupled in a natural way. The following monotonicity relations hold automatically
(a.s.) for all t > 0:

(i) ξ A
N (t) ⊆ ξ A(t), if A ⊆ (d

N ,

(ii) ξ A
N (t) ⊆ ξ B

N (t), if A ⊆ B ⊆ (d
N ,

(iii) ξ A(t) ⊆ ξ B(t), if A ⊆ B ⊆ Zd .

(4.103)

(Items (ii) and (iii) correspond to what is called attractiveness.)
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Notation When the initial configuration is the maximal one we omit the super-

script: ξN (t) = ξ
(d

N
N (t), ξ(t) = ξZd

(t).

Concerning the ergodic behaviour of the contact process, for ξ A
N (·) the situation is

trivial: it is a finite state Markov chain, the empty set ∅ is a trap (i.e. absorbing),
and it is reached from any initial state. That is, letting

T A
N := inf{t > 0: ξ A

N (t) = ∅}, (4.104)

then T A
N ≤ T

(d
N

N < +∞ a.s. In particular, the unique invariant measure is δ∅, the
Dirac point-mass at ∅. The process is ergodic, in the sense that for any A, ξ A

N (t)
converges in law to δ∅, as t →∞.

The infinite system shows different behaviour, which was one of the basic rea-
sons for the great interest it raised. Of course, ∅ remains a trap, but for λ large
enough (depending on d) a non-trivial invariant measure µ(λ) �= δ∅ appears as the
limit in law of ξ(t), when t →+∞. In this sense the system exhibits a dynamical
phase transition.

For N large the chain ξN (·) may be seen as a suitable truncation (perturbation)
of the infinite system and µ(λ) gives place to a metastable state. Our next goal is
to make this precise; keeping it in mind we need to recall some basic facts on the
above mentioned dynamical phase transition. This is done briefly in the next sub-
section. It is just a summary, omitting most of the proofs and discussing briefly
those arguments that will be used further. A basic reference for the study of con-
tact process is Chapter VI of [199]. For an account of more recent developments
see [200].

4.4.1 Basic properties

Monotonicity and attractiveness
Consider P(Zd) with the partial order given by inclusion. In the identification
with X , it corresponds to the coordinatewise order: ξ ≺ ξ ′ means that ξ(x) ≤
ξ ′(x) for all x ∈ Zd . This induces a partial order on the space of probability mea-
sures on X , as already mentioned in Section 3.3: if µ1 and µ2 are probability
measures on (X ,B(X )) we say that µ1 is stochastically smaller than µ2, and
write µ1 ≺ µ2, if and only if µ1( f ) ≤ µ2( f ) for each continuous and increas-
ing function f : X → R. Here f is called increasing if f (ξ) ≤ f (ξ ′) whenever
ξ ≺ ξ ′. (Notation. µ( f ) = ∫ f dµ as before.)

The following classical result gives an equivalent coupling property.

Proposition 4.17 Let µ1, µ2 be probability measures on X = {0, 1}Zd
. The fol-

lowing are equivalent:
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(i) there exists a measure µ̄ on X × X with marginals µ1 and µ2, i.e.

µ̄(A × X ) = µ1(A), µ̄(X × A ) = µ2(A) for all A ∈ B(X ),

(4.105)
having the property that

µ̄
{
(ξ, ξ ′) : ξ ≺ ξ ′

} = 1. (4.106)

(ii) µ1 ≺ µ2.

The implication (i)⇒ (ii) is immediate: if µ̄ verifies (4.105) and (4.106), then for
any f increasing and integrable one has

µ1( f ) =
∫
X×X

f (ξ)dµ̄(ξ, ξ ′) ≤
∫
X×X

f (ξ ′)dµ̄(ξ, ξ ′) = µ2( f ).

The important part is the implication (ii)⇒ (i). For a proof and further discussion
see e.g. Theorem 2.4, Chapter II of [199] or the references therein.

Recalling (4.103), we see right away that the use of the same ‘marks’ in the
graphical construction of the contact process provides examples of a direct ver-
ification of the coupling property (i) in the previous proposition. In this way the
proof of this proposition is not essential for the following discussion. In general,
however, the construction of a suitable coupling is not a simple task, from which
comes the usefulness and importance of this classical result.

It is proper to observe that ≺ indeed defines a partial order on the space of
probability measures on (X ,B(X )), which as before is denoted by M1(X ). Other
properties being trivial we check that µ1 ≺ µ2, µ2 ≺ µ1 ⇒ µ1 = µ2. This fol-
lows at once from Proposition 4.17, but may be seen directly from the defini-
tion, since µ1( f ) = µ2( f ) for each increasing cylinder function f implies that
µ1 = µ2. Indeed, any cylinder function can be written as the difference of two
increasing cylinder functions, cf. observation (b) in the proof of Theorem 3.35.
(see also Remark 3.36).

Going back to the contact process, we see from (4.103)(iii) that whenever
A ⊆ B, the law of ξ A(t) is stochastically smaller than that of ξ B(t). The same
holds for the process restricted to (N or more general volumes. The property
of order preservation is usually called attractiveness or stochastic monotonicity,
cf. [162]. It will also be important in Chapter 7, when studying stochastic Ising
models.

Remark If (�,A, P) is a probability space on which the Poisson processes of
‘marks’ were constructed and µ is a probability measure on (X ,B(X )), the con-
tact process ξµ(t) with initial distribution µ may be constructed on the space
�̃ = X ×� with the product σ -algebra, replacing P by µ× P . That is, we
first choose an initial A according to µ and then run the evolution ξ A(·), ac-
cording to the given ‘marks’. In this way P(ξµ(·) ∈ B) = ∫ P(ξη(·) ∈ B)µ(dη),
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where B is a Borel set on the path space. Having two initial measures µ1

and µ2 coupled cf. (4.106), we may use the same ‘marks’ to couple the pro-
cesses (on �̄ = X × X ×�, P̄ = µ̄× P) in a way that with probability one
ξµ1(t) ⊆ ξµ2(t), for all t ≥ 0. By Proposition 4.17 we see that if µ1 ≺ µ2, then
the law of ξµ1(t) is stochastically smaller than that of ξµ2(t).

From (4.102) and (4.103) we see that the laws of ξ(t) decrease stochastically in t .
In particular, by observation (c) in the proof of Theorem 3.35 we get the existence
of a probability µ(λ) on X to which the laws of ξ(t) converge, as t →+∞. The
attractiveness implies that any weak limit of the laws of ξ A(tn), as tn →+∞, is
stochastically smaller than µ(λ).3 Consequently, the following are equivalent:

(i) µ(λ) = δ∅;
(ii) ξ A(t) converges in law to δ∅ for any initial A (ergodicity);

(iii) limt→+∞ P(x ∈ ξ(t)) = 0 for any x ∈ Zd .

This is a general feature of attractive processes on {0, 1}Zd
: there is always a

maximal (and a minimal) invariant measure and ergodicity is equivalent to their
coincidence. (For a detailed discussion of attractive systems see Chapter III of
[199].)

Remark 4.18 As we have observed, the graphical construction yields, for any
s, t ≥ 0, a coupling of ξ(s + t) and ξ(t) concentrated on {(η, η′) : η ⊆ η′} (cf.
(4.102) and (4.103)). We may let s →+∞ and use compactness to get a measure
µ̄t concentrated on the upper triangle {(η, η′) : η ⊆ η′}, whose first marginal is
µ(λ) and the second gives the law of ξ(t). (That is, µ(λ) is stochastically smaller
than the law of ξ(t) and µ̄t is a coupling as described in Proposition 4.17.)

Harris inequality
An important property related to the partial order ≺ has already appeared in Sec-
tion 3.3: we say that a probability measure µ on X is FKG 4, or that it has positive
correlations, if µ( f g) ≥ µ( f ) µ(g) for all functions f, g : X → R, increasing
and continuous. In statistical mechanics such measures are associated with ferro-
magnetic (attractive) interactions.

To verify the FKG property it suffices to check the correlation inequality for
each f and g increasing cylinder functions. In other words, µ is FKG if and only
if all its finite dimensional projections are so (adopting the analogous definition
on X(, with ( ⊆ Zd ).

The product measures on X are basic important examples of FKG measures, as
shown by the classical FKG inequality, due to Harris, in [148] (J ≡ 0 in Theorem
3.32). A more general argument goes as follows: (i) the product of two FKG
measures gives an FKG measure, with the coordinatewise order on the product

3 For a direct coupling construction notice that {(η, η′) ∈ X × X : η ≺ η′} is a closed set in X × X .
4 for Fortuin, Kasteleyn and Ginibre, who first proved Theorem 3.32.
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space; (ii) the FKG property holds trivially if the space is totally ordered, as {0, 1}.
(see [199], p.78.)

Without quite explicit knowledge of the measure, it is generally hard to verify
the FKG property. Therefore, it is interesting to know whether a given stochastic
dynamics preserves the FKG property, that is, if the initial measure is FKG, then
so is the law of the process at any time t > 0. We would typically apply this to
any fixed configuration, or more generally, to any product measure at time zero.

The following relation of the FKG property and attractive dynamics was set by
Harris in [150]: an attractive continuous time Markov chain on a finite partially
ordered state space preserves the FKG property if and only if it allows jumps only
between comparable states (for proofs see also Theorem 2.14, Chapter II of [199],
or [67]).

We see at once that such a property applies to the contact process on a finite
volume (, or to any attractive chain on X( = {0, 1}( for which only one spin
changes at each jump. Recalling Remark 4.16, this extends to the infinite volume
contact process. It implies that if t ≥ 0 and f, g are increasing cylinder functions,
then

E( f (ξ(t))g(ξ(t))) ≥ E( f (ξ(t)))E(g(ξ(t))).

Letting t →+∞ in the previous inequality, we see that µ(λ) has positive correla-
tions. Moreover, applying the Markov property and the attractiveness, we see that
also the law of (ξ(t1), . . . , ξ(tk)) is FKG on the product space of k copies of X ,
for any k ≥ 1, t1, . . . , tk ≥ 0 (see Corollary 2.21, Chapter II of [199]).

In some proofs below we need a variation of the previous statement. For (

and (̃ finite, consider the pair (ξ((t), ξ(̃(t)) constructed on the same basic graph.
This is an attractive process with respect to the coordinatewise order on X( × X(̃.
We easily see that only jumps between comparable configurations are allowed.
Applying the previous result and the approximation through finite volumes (Re-
mark 4.16), we conclude that for any (, (̃ ⊆ Zd , if f and g are increasing and
continuous, then

E
(

f (ξ((t))g(ξ(̃(t))
) ≥ E

(
f (ξ((t))

)
E
(
g(ξ(̃(t))

)
. (4.107)

As in the previous paragraph, this extends to functions on the time evolution.
An alternative way to verify (4.107) and its extension along the time evolution

is to set it in terms of the percolation graph on which all variants of the contact
process were constructed: roughly speaking, ‘increasing’ should mean that it in-
creases as more τ

x,y
n ‘marks’ are included, and decreases as more × ‘marks’ are

included.
Consider first a discrete approximation based on the following random graph:

for δ > 0 small, x ∈ Zd , k ≥ 0, arrows (x, kδ)→ (x, (k + 1)δ) are set with prob-
ability 1− δ and arrows (x, kδ)→ (y, (k + 1)δ) are set with probability λδ if
|y − x | = 1, with full independence among different arrows. Using the FKG
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property of the product measure, and then letting δ → 0, it is not hard to get
(4.107). (See Corollary B18 and p. 11 in [200], or [100] for a proof of the Harris
inequality along such lines.)

Self-duality
Self-duality is a quite special property, which in the case of the contact process
can be stated as follows: if A, B ⊆ Zd and t > 0,

P(ξ A(t) ∩ B �= ∅) = P(ξ B(t) ∩ A �= ∅). (4.108)

The above relation is particularly useful if exactly one among the sets A or B is
finite. For finite B, ξ B(·) is a continuous time Markov chain with values on the
(countable) space of finite subsets of Zd ; (4.108) describes the law of the infinite
system ξ A(t) in terms of such chains.

Given the graphical construction, (4.108) follows from the time reversal prop-
erty for a system of independent Poisson processes, as we now check. Fix t pos-
itive, and consider the restriction of the random graph to Zd × [0, t]. If we now
reverse the direction of all arrows and of the time, keeping the same × ‘marks’,
we get another graph, through which we define for 0 ≤ s ≤ t :

ξ̂ A,t (s) = {x ∈ Zd : ∃ a reversed path from some (y, t), y ∈ A, to (x, t − s)}.
(4.109)

By a simple property of Poisson processes, the law of (ξ̂ A,t (s) : 0 ≤ s ≤ t) is the
same as that of (ξ A(s) : 0 ≤ s ≤ t). On the other hand, the construction implies at
once that ξ B(t) ∩ A �= ∅ if and only if ξ̂ A,t (t) ∩ B �= ∅, proving (4.108). (Notice
that t is fixed in the construction of the reversed graph. The dependence of ξ̂ A,t (·)
on t is quite irregular.)

Taking A = Zd and B finite in (4.108) we obtain:

P(ξ(t) ∩ B �= ∅) = P(ξ B(t) �= ∅) = P(T B > t),

where T B := inf{t > 0: ξ B(t) = ∅} (setting inf ∅ = +∞). In particular, letting
t →+∞ we get

µ(λ){η : η ∩ B �= ∅} = P(T B = +∞), (4.110)

and taking B = {0} in the last equation, ρλ := µ(λ){η : 0 ∈ η} = P(T {0} = +∞).

Dynamical phase transition
Let θx denote the translation operators on X , as introduced in Chapter 3: θxη(y) =
η(y + x), for each x, y ∈ Zd . (Treating η as a subset of Zd , θxη is its translation
by −x ; equivalently, the observer is shifted by x .) If f is a function on X we let
θx f (η) = f (θxη), for each η, and if µ is a measure on X , θxµ will denote the
measure induced by µ under θx : θxµ( f ) = µ(θx f ) for each bounded measurable
f : X → R.
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From the random graph construction and the translation invariance of the Pois-
son system of ‘marks’, we see that µ(λ) is translation invariant, i.e. θxµ

(λ) = µ(λ)

for each x . Thus, µ(λ) = δ∅ if and only if ρλ = 0.
Another property which follows at once from the graphical construction is the

monotonicity in λ. Namely, if λ < λ′ then the law of ξ A(t) with rate λ is stochas-
tically smaller than that with rate λ′. To see this, we may simply start with the ran-
dom graph corresponding to λ′, and construct a new graph by keeping the same×
‘marks’ while for the arrows each one is kept (disregarded) with probability λ/λ′

(1− λ/λ′, respectively) independently of all the rest. The process constructed on
the new graph is clearly smaller than that on the initial graph and corresponds to a
contact process with rate λ. In particular, if λ < λ′ we have µ(λ) ≺ µ(λ′). Setting

λd
c = sup{λ : ρλ = 0}, (4.111)

the previous discussion tells us:
(i) if λ < λd

c , then µ(λ) = δ∅ and P(T B = +∞) = 0, for any finite set B;
(ii) if λ > λd

c , then µ(λ) �= δ∅ and P(T {0} = +∞) > 0.
A priori λd

c ∈ [0,+∞], i.e. one of the above alternatives might be empty.
An immediate comparison of the cardinality of ξ {0}(t) with a branching pro-
cess whose birth rate is 2λd , and whose death rate is one, shows at once that
λd

c ≥ 1/2d. This is too crude a comparison (at least for d small) and others, less
trivial but still simple, yield better estimates from below. One such example is
λ1

c ≥ 1, obtained by comparing the diameter of ξ {0}(t) (for d = 1) with a ran-
dom walk which increases by one with rate 2λ and decreases by one with rate 2,
whenever it is larger than or equal to 2; this walk has a negative drift if λ < 1,
which would force the set ξ {0} to be reduced to a point infinitely many times a.s.
on the set {T {0} = +∞}; due to the positive death rate this forces a.s. extinction.
Exploiting the duality in a more elaborate fashion, one gets λd

c ≥ 1/(2d − 1), cf.
Example 5.11, Chapter III of [199]; see also p. 289 of [199] for a better lower
bound when d = 1.

The dynamical phase transition corresponds to λd
c < +∞; this is harder to

prove, and constitutes an important classical result, initially proven by Harris in
[149]. For any value of d it is known that λd

c ≤ 2/d, as proven by Holley and
Liggett. (see Corollary 4.4, Chapter VI of [199]). For better approximations of λd

c
see p. 128 of [200] and references therein.

The behaviour at λd
c has been a challenging problem. It was settled by

Bezuidenhout and Grimmett, using dynamical renormalization techniques. Their
results imply that µ(λd

c ) = δ∅. (see [18].)
Another basic property of µ(λ) is its ergodicity with respect to the translations

θx , i.e. translation invariant events have probability zero or one. Proofs of this,
valid for more general translation invariant attractive systems can be found in [98]
or in Proposition 2.16, Chapter III of [199]. The starting point is the ergodicity of
the law of each ξ(t). For finite range interactions (not necessarily attractive) this
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was proven by Holley in [161]. Both proofs exploit the attractiveness to conclude
the ergodicity of the limiting measure (see also Theorem 4.15, Chapter I of [199],
and references therein).

The measures µ(λ) exhibit exponential decay of correlations. This is closely
related to the speed of convergence of the dynamics as t →+∞, and it plays an
important role in the control of the thermalization process in metastability. There-
fore we need a brief discussion of some basic results on the ergodic behaviour of
the contact processes, before entering into the discussion on metastability.

Ergodic behaviour
When λ > λd

c , the first natural question concerns the full description of the in-
variant measures and convergence to equilibrium. Due to peculiar properties of
the random graph on Z× [0,+∞), involving basically crossing of paths, the one-
dimensional case is special, allowing a much simpler treatment with the help of
the so-called edge processes. For this reason the basic problems concerning the
ergodic behaviour were settled first for d = 1.

To keep the discussion of the main points as simple as possible, in this section
our treatment of metastability is restricted to the case d = 1. In the next section
we discuss briefly the extension to d > 1.

Let d = 1, λ > λ1
c . The characterization of δ∅ and µ(λ) as the unique extremal

invariant measures constitutes a fundamental result which holds for more general
one-dimensional attractive and nearest neighbour systems, cf. Theorem 3.13 in
Chapter III of [199].

In the case of a one-dimensional contact process, more complete information
on the ergodic behaviour is summarized by the following results due to Durrett
([98]), with earlier weaker versions by Harris ([151]) and Griffeath [141, 142].
(a) Complete convergence theorem If λ > λ1

c , A ⊆ Z, and f : P(Z)→ R

is continuous, then

lim
t→∞ E( f (ξ A(t))) = P(T A <∞) f (∅)+ P(T A = +∞) µ(λ)( f ).

In other words, ξ A(t) converges in law to P(T A <∞) δ∅ + P(T A = +∞) µ(λ).
(b) Pointwise ergodic theorem If λ > λ1

c , A ⊆ Z, and f : P(Z)→ R is
continuous, then

1

t

∫ t

0
f (ξ A(s))ds → f (∅) 1[T A<∞] + µ(λ)( f ) 1[T A=+∞] a.s.

For the full proofs see Theorem 2.28 and Theorem 2.33, Chapter VI of [199]
(cf. also [98]). We sketch the basic arguments for (a), since they will be used
extensively later.
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Proof of (a) (Sketch) Considering A = {0}, the statement becomes equivalent to:

lim
t→+∞ P(ξ {0}(t) ∩ B �= ∅, T {0} > t) = µ(λ){ξ : ξ ∩ B �= ∅}P(T {0} = +∞),

(4.112)
for any finite set B.

The proof sketched below works only for d = 1 and uses heavily the ‘edge’
processes: rt := max ξZ∩(−∞,0](t) and �t := min ξZ∩[0,+∞)(t). (ξZ∩(−∞,0](t)
and ξZ∩[0,+∞)(t) are a.s. non-empty, and rt and �t are well defined, integer val-
ued.) Since the random graph on which the process is constructed lies on the
plane, we can take advantage of its nearest neighbour character (horizontal ar-
rows only among nearest neighbours) and use crossing properties of paths to
see that {T {0} > t} = {�s ≤ rs,∀s ≤ t}, and that on this event ξ {0}(t) ∩ [�t , rt ] =
ξ(t) ∩ [�t , rt ].

A crucial point is the existence, for λ > λ1
c , of a constant α(λ) > 0 so that

limt→+∞ rt/t = α(λ) = − limt→+∞ �t/t a.s., i.e. a linear growth condition. The
Kingman–Liggett subadditive ergodic theorem (Theorem 2.6, Chapter VI of
[199]) is used for verification of the a.s. (and L1) convergence. Further analy-
sis is needed to determine that α(λ) > 0 for λ > λ1

c . (See Theorem 2.19 and
Theorem 2.27, Chapter VI of [199] for the proof of the convergence and that
λ1

c = inf{λ : α(λ) > 0}.)
Given these ingredients and having fixed a finite set B, we have

ξ {0}(t) ∩ B = ξ(t) ∩ B on {[�t , rt ] ⊇ B, T {0} > t},

and the indicator function of this last event tends a.s. to that of {T {0} = +∞}.
Therefore one needs to argue that the conditional distribution of ξ(t) given
{T {0} = +∞} tends to µ(λ). If not for the conditioning, this would be just the defi-
nition of µ(λ). Using the attractiveness we see that the conditioning does not spoil
the limit: fix s and take t > s, so that by (4.102) and (4.103) (iii) we have P(ξ(t) ∩
B �= ∅, Es) ≤ P(ξ(t − s) ∩ B �= ∅)P(Es), where Es = {T {0} > s} or its comple-
ment. Thus lim supt→+∞ P(ξ(t) ∩ B �= ∅, Es) ≤ µ(λ){ξ : ξ ∩ B �= ∅}P(Es) for
any s, in each of the two cases. But the sum on the left-hand side (for Es and its
complement) tends to µ(λ){ξ : ξ ∩ B �= ∅} entailing that limt→+∞ P(ξ(t) ∩ B �=
∅, T {0} > s) = µ(λ){ξ : ξ ∩ B �= ∅}P(T {0} > s), for each s. Since P(s < T {0} <
+∞) tends to zero as s →+∞ it is simple to conclude the announced conver-
gence of the conditional distribution.

The extension to any A finite is simple; the conclusion then follows by attrac-
tiveness and since P(T A = +∞) tends to 1 as �A tends to infinity, cf. Remark
4.19 below. �

The proof of the pointwise ergodic theorem combines an argument analogous to
the one we have just sketched with the standard reasoning based on the ergodic
theorem for the stationary process ξµ(λ)

; we omit it.
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Extensions of these results to d ≥ 2 require other tools. The validity of the
complete convergence theorem for d ≥ 2 and any λ > λd

c is a consequence of the
results in [18]. Earlier results, due to Andjel, apply to λ large enough, cf. [4] and
references therein.

Remark 4.19 Let d = 1 and λ > λ1
c . Among the sets A of a given finite cardi-

nality n, the survival probability P(T A = +∞) is minimized if A is a ‘block’
{1, . . . , n}. In fact, if A = {x1, . . . , xn} and B = {y1, . . . , yn} are such that 0 <

xi+1 − xi ≤ yi+1 − yi for each i = 1, . . . , n − 1, then

P(T A = +∞) ≤ P(T B = +∞). (4.113)

Since the death rate is constant, (4.113) should be a consequence of the way ξ A(t)
grows, through empty neighbours of occupied sites. It may be verified through
the following coupling argument, due to Liggett (cf. Theorem 1.9, Chapter VI;
of [199]): it is possible to couple ξ A and ξ B in such a way that for any t < T A

not only � ξ B(t) ≥ � ξ A(t), but also ξ B(t) is more spread out, as initially. That is,
if ϕt : ξ A(t)→ ξ B(t) associates to the i th element of ξ A(t) (usual order) the i th
one in ξ B(t), then |ϕt (x)− ϕt (y)| ≥ |x − y|. For this, set ϕ0(xi ) = yi for each i ;
having defined the joint evolution up to a given time t , with the desired prop-
erty, let the sites x ∈ ξ A(t) and ϕt (x) use the same exponential death ‘clocks’;
those elements of ξ B(t) which are not in the image of ϕt have independent death
‘clocks’. Consider the collection of independent exponential ‘clocks’ which de-
termine the birth on the empty neighbours of ξ A(t): if the first change is a birth
at x ± 1 /∈ ξ A(t) (due to an arrow from x ∈ ξ A(t)), we create simultaneously a
particle in ξ B , at ϕt (x)± 1 (which is possible!); births at empty neighbours of un-
paired sites in ξ B occur independently. At each birth time s we update ϕs so that
the i th element of ξ A(s) (usual order) continues to correspond to the i th element
in ξ B(s), for each i ≤ � ξ A(s).

4.4.2 The metastable behaviour of the finite contact process for d = 1

We shall now make precise the general description given at the beginning of Sec-
tion 4.4, for λ > λ1

c . For large N and far from the border of (N , the process ξN (·)
behaves for a very long time as if µ(λ) (projected on X(N ) were its unique invari-
ant measure until a large fluctuation brings it to δ∅. As in Section 4.3, the basic
characteristics are:

(a) asymptotic unpredictability of TN ;
(b) thermalization.
Having in mind the simplest possible situation, we restrict the consideration

to the one-dimensional case, where special features might be used, as we have
already seen. These features were exploited in [48, 104, 265] where the results
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have been proven. The higher dimensional situation, treated in [220, 279], are
discussed briefly in the next section.

Notation Having fixed d = 1, we omit the corresponding superscript from now
on.

As auxiliary tool in the next proofs we use the restricted processes ξ[−N ,∞)(·) and
ξ(−∞,N ](·), defined just before Remark 4.16, i.e. using only the paths contained
in {−N ,−N + 1, . . .} × R+, and {. . . N − 1, N } × R+ respectively. That is, in
the case of ξ[−N ,∞)(·), a particle at−N can only create a new particle at−N + 1.
The properties of attractiveness and duality are valid for them.

Clearly, ξ[−N ,∞), θN ξ[0,∞), and R ξ(−∞,N ] all have the same law, where

R ξ(y) = ξ(−y) for each y. We let µ(λ)
[−N ,∞) (µ(λ)

(−∞,N ]) be the maximal invari-

ant measure in each case (obtained from µ
(λ)
[0,∞) through translation and reflection

along the origin).
The contact process on {0, 1, . . .} also presents a dynamical phase transition,

i.e. λ+c := inf{λ : µ
(λ)
[0,∞) �= δ∅} < +∞; clearly λ+c ≥ λc. Using the renormaliza-

tion method introduced in [101] one sees that λ+c = λc (see Remark 4.30 below).

We need the following simple fact: µ(λ)
[0,∞)({∅}) = 0 whenever µ(λ)

[0,∞) �= δ∅. To

check this, if µ(λ)
[0,∞) �= δ∅ we write µ

(λ)
[0,∞) = (1− u)µ+ uδ∅, where µ is µ

(λ)
[0,∞)

conditioned on X \ {∅} and u = µ
(λ)
[0,∞)({∅}). This gives µ

(λ)
[0,∞) ≺ µ and, since

∅ is a trap, µ is also invariant. From the maximality of µ
(λ)
[0,∞) we conclude that

µ
(λ)
[0,∞) = µ, i.e. u = 0.

Notation (i) As before we omit the superscript indicating the initial configuration
if this is the maximal one, e.g. TN = T (N

N .
(ii) As in Section 3.3, the support of a cylinder function g on X , is defined

as the smallest finite set A such that g(ξ) depends only on the coordinates in A.
Thinking of ξ as a subset of Z this means g(ξ) = g(ξ ∩ A). The support of g is
denoted by ,(g).

The asymptotic unpredictability of TN may be stated as follows.

Theorem 4.20 Let λ > λc and define βN through the relation

P(TN > βN ) = e−1. (4.114)

Then:
(i) TN/βN converges in law to a unit mean exponential random variable, as

N →+∞;
(ii) limN→+∞ E(TN )

βN
= 1.

Remark The distribution function of TN is easily seen to be continuous and
strictly increasing, so that βN is well defined through (4.114). Since TN is at least
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as large as the maximum of 2N + 1 i.i.d. unit mean exponential random variables,
βN grows at least as log N , for any λ. (For λ > λc, βN grows exponentially in N ,
cf. Remark 4.33 below.)

The speed of convergence in the previous theorem is an important point. We dis-
cuss it in Remark 4.31 below.

To formalize the thermalization property we consider the following M1(X )-
valued processes, describing moving time averages of length R > 0:

AN
R (s, ·) = 1

R

∫ s+ R

s
δξN (u)(·) du, (4.115)

where δξ denotes the Dirac point measure at ξ ∈ X and s ≥ 0.

Notation AN
R (s, f ) stands for the integral of f with respect to AN

R (s, ·). We then
have the following

Theorem 4.21 If λ > λc, there exist positive numbers RN so that
(i) RN →+∞, RN/βN → 0, as N →+∞;

(ii) for each ε > 0 and cylinder function f

lim
N→+∞

P

(
sup

s<TN−2RN

|AN
RN

(s, f )− µ(λ)( f )| ≤ ε, TN > 2RN

)
= 1.

(4.116)

Indeed, for each such ε and f there exists a finite number L = L(ε, f ) so
that

lim
N→+∞

P

(
sup

s<TN−2RN

max
i∈I f,N (L)

|AN
RN

(s, θi f )−µ(λ)( f )| ≤ ε, TN>2RN

)
=1,

(4.117)

where I f,N (L) = {i ∈ Z : ,(θi f ) ⊆ {−N + L , . . . , N − L}}.
Analogously to the results in Section 4.3, the last two theorems imply that a slight
modification of AN

RN
(·βN ) converges in law to a Markov jump process with a

unique jump from µ(λ) to δ∅.

Proof of Theorem 4.20 For part (i) it suffices to prove that

lim
N→+∞

(P(TN > βN (t + s))− P(TN > βN t)P(TN > βN s)) = 0 (4.118)

for each s, t > 0. (By (4.114), this implies at once that P(TN > βN t) converges
to e−t for any t ≥ 0 rational; the extension to all t ≥ 0 follows by monotonicity.)
The proof below does not depend on any estimate of βN , and we verify directly
that

υN := sup
s,t≥0

∣∣∣∣ P(TN > s + t)

P(TN > s)
− P(TN > t)

∣∣∣∣→ 0. (4.119)
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By the Markov property and attractiveness, cf. (4.103)(ii),

P(TN > t + s) =
∑
A �=∅

P(TN > s, ξN (s) = A) P(T A
N > t)

≤ P(TN > s)P(TN > t).

On the other hand, if A ⊆ P((N ):

P(TN > t + s) ≥ inf
A∈A

P(T A
N > t)P(TN > s, ξN (s) ∈ A),

so that for each s, t > 0

0 ≤ P(TN > t)P(TN > s)− P(TN > s + t)

≤ {P(TN > t)− inf
A∈A

P(T A
N > t)

}
P(TN > s)+ P(TN > s, ξN (s) /∈ A)

≤ sup
A∈A

P(TN �= T A
N ) P(TN > s)+ P(TN > s, ξN (s) /∈ A),

(4.120)

where at the last step we are using the coupling provided by the graphical con-
struction. The right-hand side of (4.120) does not depend on t and the goal is
to determine suitable sets A, for which it yields (4.119). For the first term to be
small, it seems good to take the elements of A somehow ‘thick’; they should not
be too ‘thick’ if we want the second term to vanish as well. A good choice is

Ab =
{

A :
|A ∩ [−b,−1]|

b
≥ ρ,

|A ∩ [1, b]|
b

≥ ρ

}
,

where ρ ∈ (0, ρλ) is fixed, b > 0 is an integer to be chosen and, to simplify the
notation, | · | = �(·) denotes the cardinality. Clearly, we take N ≥ b.

We start by the second term on the right-hand side of (4.120). If L ≥ 1, N ≥
b + L we write:

P(TN > s, ξN (s) /∈ Ab)

≤P(ξN (s) /∈ Ab, TN > s,min ξN (s) < −N + L ,max ξN (s) > N − L)

+ P(min ξN (s) ≥ −N + L , TN > s)+ P(max ξN (s) ≤ N − L , TN > s).

Using the nearest neighbour character of the graph we have,

{TN > s}⊆ {ξN (s)∩ [min ξN (s),max ξN (s)] = ξ(s)∩ [min ξN (s),max ξN (s)]},
{TN > s} ⊆ {min ξ[−N ,+∞)(s) = min ξN (s) , max ξ(−∞,N ](s) = max ξN (s)},
and since b ≤ N − L < N :

P(TN > s, ξN (s) /∈ Ab) ≤ P(TN > s, ξ(s) /∈ Ab)

+ P(TN > s,min ξ[−N ,+∞)(s) ≥ −N + L)

+ P(TN > s,max ξ(−∞,N ](s) ≤ N − L).

We may apply the Harris inequality to each of above intersections ({TN > s} is
increasing and the other event is decreasing, in each case), so that the right-hand
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side on the previous expression is bounded from above by

P(TN > s)
{

P(ξ(s) /∈ Ab)+ P(min ξ[−N ,+∞)(s) ≥ −N + L)

+ P(max ξ(−∞,N ](s) ≤ N − L)
}

which, by attractiveness, is less than or equal to

P(TN > s)
(
µ(λ)(Ac

b)+ 2µ(λ)
[0,+∞){η : η ∩ {0, . . . , L − 1} = ∅}

)
,

provided L ≥ 1 and N ≥ b + L .
We now turn to the first term on the right-hand side of (4.120). A minor modi-

fication of Remark 4.19 gives that if A ⊆ {0, 1, . . .} and |A| ≥ L , then

P(T A
[0,+∞) = +∞) ≥ P(T {0,...,L−1}

[0,+∞) = +∞),

which by self-duality coincides with µ
(λ)
[0,+∞){η : η ∩ {0, . . . , L − 1} �= ∅}. Con-

sequently, and using the translation invariance of the graph, if b ≥ L/ρ we have

P
(

T A∩[−b,−1]
[−N ,+∞) = +∞

)
≥ µ

(λ)
[0,+∞){η : η ∩ {0, . . . , L − 1} �= ∅}, (4.121)

for each A ∈ Ab and N > b. The same applies to P(T A∩[1,b]
(−∞,N ] = +∞).

For A ∈ Ab and N > b we set:

G A := {T A∩[−b,−1]
[−N ,+∞) = +∞ = T A∩[1,b]

(−∞,N ]},
UA := inf{u > 0: N ∈ ξ

A∩[−b,−1]
[−N ,+∞) (u)},

VA := inf{v > 0: − N ∈ ξ
A∩[1,b]
(−∞,N ](v)},

with the usual convention that inf∅ = +∞. We easily see that

P
(

T A∩[−b,−1]
[−N ,+∞) = +∞ = UA

)
= P

(
T A∩[1,b]
(−∞,N ] = +∞ = VA

)
= 0,

as well as G A ⊆ {max(UA, VA) < T A
N ≤ TN } a.s. On the other hand, again by

the nearest neighbour character of the random graph, ξN (u) = ξ A
N (u) for u >

max(UA, VA). Therefore, P(TN �= T A
N ) ≤ P(Gc

A), and from (4.121) we get for
b ≥ L/ρ and N > b,

sup
A∈Ab

P(TN �= T A
N ) ≤ 2µ(λ)

[0,+∞)
{η : η ∩ {0, . . . , L − 1} = ∅} .

We now put together the two estimates. If 0 < ρ < ρλ has been fixed, L ≥ 1 and
b ≥ L/ρ are integers, N ≥ b + L , and υN is given by (4.119), then

υN ≤ µ(λ)(Ac
b)+ 4µ(λ)

[0,+∞){η : η ∩ {0, . . . , L − 1} = ∅}.

It remains to show that this can be made small. As noticed before, µ(λ)
[0,+∞)(∅) = 0

for each λ > λc, and so L = L(ε) may be taken so that

µ
(λ)
[0,+∞){η : η ∩ {0, . . . , L(ε)− 1} = ∅} ≤ ε/8.
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On the other hand, since µ(λ) is ergodic with density ρλ > ρ, we may take integer
b(ε) ≥ L(ε)/ρ so that µ(λ)(Ac

b) ≤ ε/2 for any b ≥ b(ε). Consequently, if N >

N (ε) := b(ε)+ L(ε) the right-hand side of (4.119) is bounded from above by ε,
concluding the proof of part (i).

Part (ii) is very simple in this case, as in Theorem 4.6. By (4.114) and the
first inequality in (4.120) we have P(TN > sβN ) ≤ e−[s], for each s ≥ 0, which
allows us to apply the dominated convergence theorem to the identity

E(TN )

βN
= 1

βN

∫ +∞

0
P(TN > s)ds =

∫ +∞

0
P(TN > sβN )ds,

yielding the conclusion, due to part (i). �

Comments Theorem 4.20 was originally proven in [48] for λ > λc(o) , the criti-
cal parameter when the infection propagates only to the right. The present proof
is essentially that given by Schonmann in [265], where a suitable choice of the
set Ab allows comparison with semi-infinite processes. Using the renormaliza-
tion procedure introduced in [101], Durrett and Schonmann provided a shorter
and elegant proof of Theorem 4.20 (see Remark 4.32 below). The previous proof
works at once for λ > λ+c , the critical parameter of the semi-infinite process. On
the other hand, the verification that λ+c = λc relies on such renormalization tech-
niques (see Remark 4.30).

We now address the proof of Theorem 4.21. Explicit conditions on RN are
obtained from the exponential convergence to µ(λ), stated as Theorem 4.23 below.
This result was obtained by Durrett and Griffeath in [101], and the proof uses the
just mentioned renormalization procedure. Postponing a brief discussion of this
procedure, we first recall its main corollary for our present purposes, in the form
of a large deviation estimate for the edge process.

Proposition 4.22 If λ > λc and a < α(λ), then limt→+∞ t−1 log P(rt < at) ex-
ists and is negative.

The discussion of the previous proposition is deferred to the end of this section.
Following Theorem 5 in [101] or Theorem 3.23, Chapter VI of [199], we first see
how it applies to the proof of exponential convergence, which will be crucial in
our proof of Theorem 4.21.

Theorem 4.23 (Durrett and Griffeath) Assume λ > λc. Then:
(i) there exist positive constants c, γ so that for any t ≥ 0 and any finite set

B ⊆ Z

P(t < T B < +∞) ≤ ce−γ t ; (4.122)
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(ii) for any cylinder function f : P(Z)→ R there exists a positive constant c f

such that

|E f (ξZ(t))− µ(λ)( f )| ≤ c f e−γ t , (4.123)

with γ as in part (i).

Proof We first check (4.122) for B = {0}. With the notation introduced in the dis-
cussion of the complete convergence theorem, {ξ {0}(t) �= ∅}= {�s ≤ rs,∀s ≤ t},
and we can write

P(t < T {0} < +∞) ≤ P(�s > rs for some s > t)

≤ 2P(rs < 0 for some s > t),

also using the symmetry between �s and rs . From Proposition 4.22, given 0 < a <

α(λ) we may take c, γ > 0 so that P(rm < am) ≤ ce−γm for all m ≥ 1. In this
case P(rm < am for some integer m ≥ n) ≤ ce−γ n/(1− e−γ ), taking care of the
process along integer times. But rt increases only by jumps of size one, which
happen with rate λ, so that P (rs < 0 for some s ∈ [m − 1,m), rm > am) ≤
P(sups∈[m−1,m)(rm − rs) > am) ≤ P(X > am), where X is a Poisson random
variable with average λ. Using the exponential Markov inequality we see that
P(X > am) ≤ c̃e−γm for all m, and suitable c̃ = c̃(a, γ, λ) < +∞. Summing
up for m ≥ t , and putting together with the previous estimate we get (4.122),
for B = {0}. That this implies (4.123) follows from the following observa-
tions. By self-duality, E f (ξZ(t))− µ(λ)( f ) = P(t < T B < +∞) when f =
gB = 1{ξ : ξ∩B �=∅}. Since any cylinder function may be written as a finite linear
combination of the gB , (ii) follows at once from a weaker version of (i) (replacing
c by c|B|), itself an immediate consequence of the case B = {0}. Indeed, accord-
ing to Remark 4.18:

0 ≤ E
(
gB(ξ

Z(t))
)− µ(λ)(gB) = µ̄t ({(η, η′) : η ∩ B = ∅, η′ ∩ B �= ∅})

≤
∑
x∈B

µ̄t {(η, η′) : x ∈ η′, x /∈ η} =
∑
x∈B

(
P{x ∈ ξZ(t)} − µ(λ){x ∈ ξ}

)
.

The restart argument used in Section 12 of [99] shows (i) with c, γ > 0 depend-
ing only on λ once it holds (with possibly different c, γ ) for B = {0}: let τ0 = 0,
x0 = sup B and τ1 = T {x0}. If τ1 < +∞ but ξ B(τ1) �= ∅ set x1 = sup ξ B(τ1);
otherwise set x1 = 0; repeat the procedure considering η1

t =(τ1)
ξ {x1}(t − τ1)

for t > τ1, cf. (4.101), and τ2 = inf{t > τ1 : η1
t = ∅}, and defining recursively

xk, τk+1 when k ≤ K = sup{k : τk < +∞}. From the construction one has that
{t < T B < +∞} ⊆ {τK > t}. We see that P(K ≥ k) = (1− ρλ)

k and condi-
tioned on K ≥ k, τi − τi−1, i = 1, . . . , k are independent and distributed as T {0}

conditioned to be finite, which has an exponential tail, and easily conclude
that P(τK > t) ≤ ce−γ t for suitable c, γ > 0, depending only on λ. (Of course,
(4.122) becomes trivial for B infinite or empty.) �
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We shall in fact need the following consequence of Theorem 4.23, proven in
[265].

Corollary 4.24 Let γ be as in Theorem 4.23. Given f, g : P(Z)→ R cylinder
functions, a positive constant c f,g may be taken so that

|E ( f (ξ(s))g(ξ(r)))− E ( f (ξ(s))) E (g(ξ(r))) | ≤ c f,g e−γ |r−s|.

Proof We may assume 0 < r < s. Taking linear combinations, it suffices to con-
sider f = gA, g = gB with A and B finite, as in the previous proof. By self-
duality, this can be phrased in terms of part (i) of Theorem 4.23. To see this, one
considers the inverted graph structure introduced in the beginning of this section,
letting, as in (4.109):

ξ̂ B,s(u) = {x ∈ Z: ∃ a reversed path from some (y, s), y ∈ B, to (x, s − u)},
for 0 ≤ u ≤ s, and

ξ̂ A,r (u) = {x ∈ Z: ∃ a reversed path from some (y, r), y ∈ A, to (x, r − u)},
for 0 ≤ u ≤ r . Then:

(a) law(ξ̂ B,s(u) : 0 ≤ u ≤ s) = law(ξ B(u) : 0 ≤ u ≤ s),
(b) law(ξ̂ A,r (u) : 0 ≤ u ≤ r) = law

(
ξ A(u) : 0 ≤ u ≤ r),

(c) the process (ξ̂ A,r (u) : 0 ≤ u ≤ r) depends only on the portion of the initial
graph which is contained in Z× [0, r ],

(d) gB(ξ(s)) = 1B̃ and gA(ξ(r)) = 1 Ã, where B̃ = {ξ̂ B,s(s) �= ∅} and Ã =
{ξ̂ A,r (r) �= ∅}.

Due to (c) and the independence properties of Poisson processes the events Ã
and H := {ξ̂ B,s(s − r) �= ∅} are independent, and B̃ ⊆ H . From this we easily
obtain:

E
(
gB(ξ(s))gA(ξ(r))

)− E
(
gB(ξ(s))

)
E
(
gA(ξ(r))

) = P( Ã ∩ B̃)− P( Ã)P(B̃)

= P( Ã)P(H ∩ B̃c)− P( Ã ∩ H ∩ B̃c),

so that

|E(gB(ξ(s))gA(ξ(r))
)− E

(
gB(ξ(s))

)
E
(
gA(ξ(r))

)| ≤ P(H ∩ B̃c).

By (a), P(H ∩ B̃c) = P(s − r < T B < s), which we bound by P(s − r <

T B < +∞) and apply Theorem 4.23 to conclude the proof. �

Remark 4.25 Theorem 4.23 and Corollary 4.24 also apply to ξ[0,+∞).

Proof of Theorem 4.21. We start with RN satisfying condition (i) in the state-
ment. By Theorem 4.20 we see that P(TN > 2RN )→ 1 as N →+∞. Replac-
ing ε by 2ε in (4.117) and setting KN : = max{� ∈ Z+ : �RN < TN }, it suffices to
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have that for each f as in the statement and each ε > 0:

lim
N→+∞

P

(
max

�∈Z,0≤�<KN

max
i∈I f,N (L)

|AN
RN

(�RN , θi f )−µ(λ)( f )|>ε, KN ≥ 1

)
= 0.

Notice that KN < +∞ a.s. If m N ∈ N we write

P

(
max

�∈Z,0≤�<KN

max
i∈I f,N (L)

| AN
RN

(�RN , θi f ) − µ(λ)( f )| > ε, KN ≥ 1

)
≤ P(KN > m N )

+
m N∑
j=1

P

 j−1⋃
�=0

⋃
i∈I f,N (L)

B N
�,i , KN = j


≤ P(KN > m N )

+(2N + 1)
m N∑
j=1

j max
0≤�< j

max
i∈I f,N (L)

P(B N
�,i , KN = j),

where B N
�,i = {| AN

RN
(�RN , θi f ) − µ(λ)( f )| > ε}. Due to the definition of

I f,N (L), if we set CN ,L : = {η : η ∩ [−N ,−N + L] = ∅}, and C̃N ,L := {η : η ∩
[N − L , N ] = ∅}, the nearest neighbour character of the graph implies that{

ξN (t) �∈ CN ,L ∪ C̃N ,L
} ⊆ {θi f (ξN (t)) = θi f (ξ(t)),∀i ∈ I f,N (L)

}
,

and so

|θi f (ξN (t))− θi f (ξ(t))| ≤ 2|| f ||∞
(
1CN ,L (ξN (t))+ 1C̃N ,L

(ξN (t))
)
.

Moreover, on the event {t < TN } we have:

1CN ,L (ξN (t)) = 1CN ,L (ξ[−N ,+∞)(t)),

1C̃N ,L
(ξN (t)) = 1C̃N ,L

(ξ(−∞,N ](t)),

so that

max
0≤�< j

max
i∈I f,N (L)

P(B N
�,i , KN = j)

≤ max
0≤�< j

max
i∈I f,N (L)

P

(∣∣∣∣ 1

RN

∫ (�+1)RN

�RN

θi f (ξ(t))dt − µ(λ)( f )

∣∣∣∣ > ε

2

)

+ max
0≤�< j

2P

(
2|| f ||∞ 1

RN

∫ (�+1)RN

�RN

1CN ,L (ξ[−N ,+∞)(t))dt >
ε

4

)
,

(4.124)
where we used that ξ[−N ,+∞)(t) and Rξ(−∞,N ](t) have the same law. The proba-
bility on the first term of the right-hand side of (4.124) does not depend on i and
we get

P
(

max
0≤�<KN

max
i∈I f,N (L)

∣∣ AN
RN

(�RN , θi f ) − µ(λ)( f )
∣∣ > ε, KN ≥ 1

)
≤ P(KN > m N )+ (2N + 1)m2

N

{
max
�≥0

P()N
� )+ 2 max

�≥0
P()̃N

� )
}
,

(4.125)
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where

)N
� =

[∣∣ 1

RN

∫ (�+1)RN

�RN

f (ξ(t))dt − µ(λ)( f )
∣∣ > ε

2

]
and

)̃N
� =

[
1

RN

∫ (�+1)RN

�RN

1CN ,L (ξ[−N ,+∞)(t))dt >
ε

8|| f ||∞

]
(if f = 0 we set )̃N

� = ∅).
The events )̃N

� ()N
� ) depend on f and L ( f , respectively). L is properly cho-

sen, depending on f and ε. RN has to be found verifying condition (i) in the
statement and so that the expression on the right-hand side of (4.125) tends to
zero, as N →+∞, for each f and ε.

Due to the spatial shift invariance of the random graph

P()̃N
� ) = P

(
1

RN

∫ (�+1)RN

�RN

1C0,L (ξ[0,+∞)(s))ds >
ε

8|| f ||∞

)
,

and since 1C0,L is a decreasing function, from the monotonicity of the process, we
have

E

(
1

R

∫ (�+1)R

�R
1C0,L (ξ[0,+∞)(s))ds

)
≤ µ

(λ)
[0,+∞)

{
η: η ∩ {0, . . . , L} = ∅},

uniformly on R > 0 and � ≥ 0. As seen in the previous proof, we may take L
depending on ε/|| f ||∞, so that

µ
(λ)
[0,+∞)

{
η: η ∩ {0, . . . , L} = ∅} ≤ ε

16|| f ||∞ .

With such fixed L = L(ε, f ) we set

Y R
� = 1

R

∫ (�+1)R

�R
1C0,L (ξ[0,+∞)(s))ds,

so that from the above observations we have

max
�≥0

P()̃N
� ) ≤ max

�≥0
P

(
|Y RN

� − EY RN
� | ≥ ε

16|| f ||∞

)

≤
(

16|| f ||∞
ε

)2

max
�≥0

Var(Y RN
� )

≤
(

16|| f ||∞
ε

)2 2

R2
N

∫ RN

0
ds
∫ s

0
du cLe−γL (s−u) ≤ C(L , f, ε)

RN
,

(4.126)
where cL and γL come from Remark 4.25 applied to f = g = 1C0,L , and
C(L , f, ε) = (16|| f ||∞/ε)22cL/γL .
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For max�≥0 P()N
� ) the strategy is very similar. Let

X R
� =

1

R

∫ (�+1)R

�R
f (ξ(s))ds,

so that

E X R
� =

1

R

∫ R

0
E f (ξ(�R + u))du.

Using Corollary 4.24 we see that:

Var(X R
� ) = 2

R2

∫ R

0
ds
∫ s

0
du cov

(
f (ξ(�R + u)), f (ξ(�R + s))

) ≤ C( f )

R
,

for a suitable positive constant C( f ) (depending on λ) simultaneously on �. On
the other hand, as t →+∞ the law of ξ(t) converges to µ(λ) so that E X R

� tends
to µ(λ)( f ) uniformly in �, as R →+∞. Given ε > 0 we take R = R(ε, f ) so
that for R ≥ R(ε, f )

sup
�≥0

|E X R
� − µ(λ)( f )| ≤ ε

4
.

Thus, if N is large enough (N ≥ N0(ε, f )), applying the previous observations
and the Chebychev inequality we get:

max
�≥0

P()N
� ) ≤ max

�≥0
P
(
|X RN

� − µ(λ)( f )| ≥ ε

2

)
≤ max

�≥0
P
(
|X RN

� − E X RN
� | ≥ ε

4

)
≤ 16

ε2
max
�≥0

Var(X RN
� ) ≤ 16C( f )

ε2 RN
.

(4.127)

Putting together (4.125), (4.126) and (4.127), and due to Theorem 4.20, it suf-
fices to find RN > 0 and m N so that, as N →+∞: (a) RN/βN → 0, (b)
m N RN/βN →+∞, and (c) Nm N

2/RN → 0. This is equivalent to:

1 + βN

RN
+ m N +

(
RN

N

)1/2

+
(
βN

N

)1/2

, (4.128)

where aN + bN stands for limN→+∞ aN/bN = 0. In particular we need N +
βN . This is a very rough lower bound for βN . A simple proof (given in [265])
is written in the next lemma. We assume it for the moment and conclude the ar-
gument, for which we take RN such that N 1/3β

2/3
N + RN + βN . In this case

βN/RN + (
RN/N

)1/2 and we may take m N ‘in between’. For example, set

RN = N 1−aβa
N with 2/3 < a < 1 and m N = (βN/N

)a′ with 1− a < a′ < a/2,
so that (4.128) holds. �

Lemma 4.26 limN→+∞ N/βN = 0 under the conditions of Theorem 4.20.
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Proof We again consider the processes ξN (·) and ξ(·) constructed on the same
random graph, and let BN : = {T [−N/2,N/2]∩Z = +∞}, as well as

SN := inf
{

t > 0: {−N , N } ∩ ξ [−N/2,N/2]∩Z(t) �= ∅
}
,

which is a.s. finite on BN . Due to the common graph, ξ
[−N/2,N/2]∩Z
N (t) =

ξ [−N/2,N/2]∩Z(t) if t < SN . Thus, BN ⊆ [SN ≤ TN ].
Since the rightmost particle in ξ [−N/2,N/2]∩Z(t) is bounded from above by

N/2+ nt where nt is a Poisson process with rate λ (analogously for the leftmost
particle), we have

P(TN ≤ aN ) ≤ 2P(S̃N ≤ aN )+ P(Bc
N ),

where S̃N is a sum of [N/2] i.i.d. exponential random variables with rate λ.
By self-duality, cf. (4.110), P(BN ) = µ(λ){ξ : ξ ∩ [−N/2, N/2] �= ∅}, so that

P(Bc
N ) tends to zero as N →+∞. Also P(S̃N ≤ aN ) tends to zero if 2a < 1/λ,

by the weak law of large numbers. Thus limN→+∞ P(TN ≤ aN ) = 0 if 2a <

1/λ. Using Theorem 4.20 we easily deduce that N + βN . �

Though sufficient for the conclusion of the proof of Theorem 4.21, the previ-
ous argument is just too simple to provide a reasonable lower bound for βN , cf.
Remark 4.33 below.

Comment Equation (4.116) was initially proven in [48] without recource to the
exponential convergence of ξ(t) and, consequently, with a much poorer control
on RN . The proof we discussed is essentially contained in [265].

The following corollary on the thermalization along spatial Cesaro averages is a
simple consequence of (4.117).

Corollary 4.27 Under the conditions of Theorem 4.21, for any ε > 0 and cylin-
der function f one has

P

(
sup

0≤s<TN−2RN

∣∣∣AN
RN

(s, f̄ )− µ(λ)( f )
∣∣∣ ≤ ε, TN > 2RN

)
→ 1,

as N →+∞, where RN is as in Theorem 4.21, I f,N = {i : ,(θi f ) ⊆ (N }, and

f̄ = 1

|I f,N |
∑

i∈I f,N

θi f .

Proof Omitted (see [265]). �

Taking f (η) = η(0) in the previous corollary we have the thermalization property
for the empirical spatial density |ξN (·)|/(2N + 1); similarly for empirical pair
correlation functions.
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Problem In spite of the reasonably good description of the thermalization prop-
erty, contained in Theorem 4.21 and Corollary 4.27, nothing is said about the final
stage, i.e. the typical behaviour of ξN (·) in the time interval [TN − RN , TN ]. A
description of ‘how’ the process disappears is still lacking and it is an interesting
problem.

A renormalization procedure For the sake of completeness we give a brief de-
scription of the renormalization procedure leading to the proof of Proposition
4.22.

Such arguments were first applied to percolation in the works of Kesten
[175], Russo [261] and Seymour and Welsh [277]. The application to the one-
dimensional contact process appeared in [101], being extended by Gray to a quite
general class of attractive one-dimensional systems, cf. [140]. The method has
been shown to be useful in many applications and further developments. The basic
point is that by changing the scale one is able to compare the original system to an
oriented one-dependent percolation model where the density of ‘open’ sites is ar-
bitrarily close to 1. The use of contour arguments becomes possible and provides
very useful information for the original process at any supercritical parameter λ.

In this short discussion, aiming to point out the basic scheme, we follow [199]
and [99], where the construction of [101] has been presented with modifications
proposed in [140]. For full details we refer to any of these texts.

Definition 4.28 Let S = {(i, j) ∈ Z× Z+ : i + j is even}. Sites (i, j), (i ′, j ′) ∈
S are declared neighbours5 iff |(i, j)− (i ′, j ′)|1 := |i − i ′| + | j − j ′| = 2. A
one-dependent oriented percolation model on S, with parameter p, refers to any
set of random variables {U(i, j) : (i, j) ∈ S} such that:

(i) P(U(i, j) = 1) = p and P(U(i, j) = 0) = 1− p for each (i, j);
(ii) if F ⊆ S and |(i, j)− (i ′, j ′)|1 > 2 for each (i, j), (i ′, j ′) ∈ F distinct,

then the random variables {U(i, j) : (i, j) ∈ F} are independent.

An open oriented path in this model is a sequence of sites (i1, j1), . . . , (im, jm)

with jk+1 = jk + 1, |ik+1 − ik | = 1, if 1 ≤ k ≤ m − 1, such that U(ik , jk ) = 1 if
1 ≤ k ≤ m. (That is, site (i, j) is ‘open’ if U(i, j) = 1; otherwise it is closed.)

The attribute ‘one-dependent’ means that U(i, j), (i, j) ∈ F are independent
when F does not contain a pair of neighbours. (If j ≥ 2, (i, j) has eight neigh-
bours in S.)

One says that percolation from the origin occurs if there exists an infinite
open oriented path starting at (0, 0), i.e. if C(0,0) := {(i, j) : ∃ open oriented
path from (0, 0) to (i, j)} is infinite. The interpretation of a fluid flowing along
channels through open sites is a natural one, being the reason for the expression

5 The minimal | · |1 distance between distinct points in S is 2.
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‘(i, j) is wet’ if (i, j) ∈ C(0,0). The occurrence of percolation means that ‘the
fluid reaches infinitely many sites’.

In other words, S is made into a graph with oriented edges connecting each
(i, j) to each of (i ± 1, j + 1), on which one considers site percolation with the
described dependence.

Remark 4.29 In the set-up of Definition 4.28 we need the following applications
of Peierls type contour arguments (p close to one), which are crucial for Propo-
sition 4.22. We follow Theorem 3.19 and Theorem 3.21, Chapter VI of [199], cf.
also Sections 9 and 10 in [99].

(i) P(C(0,0) is infinite) > 0 if p is sufficiently near to 1.

Proof If U(0,0) = 1 and C(0,0) is finite, we may consider a ‘closed’ contour which
blocks percolation. (Contours are defined in the dual lattice of S. Since we have an
oriented site model, the situation is a little different from that in Proposition 3.30.)
Equivalently, we may think of the region D := ∪(i, j)∈C(0,0) D(i, j) ⊆ R2, i.e. each
site (i, j) is replaced by the diamond D(i, j) := {(x, y) ∈ R2 : |x − i | + |y − j | ≤
1}. Non-occurrence of percolation implies that R2 \ D has a unique infinite com-
ponent. Its boundary ) consists of an even number (at least four) of ‘segments’,
i.e. any of the four segments forming the boundary of a diamond D(i, j). Let g be a
fixed realization of ) with 2n ‘segments’, each of which belongs to the boundary
of a unique ‘wet’ D(i, j). Exactly n ‘segments’ are the upper (left or right)
boundary of the corresponding ‘wet’ D(i, j), implying that U(i−1, j+1) = 0 (upper
left) or U(i+1, j+1) = 0 (upper right). We see that g determines a set of at least n/2
different sites on which U· = 0 (the same site corresponds to at most two different
upper ‘segments’); since each site has at most eight different neighbours, we
extract (in a deterministic procedure, using a given fixed total order in S) a
set F with cardinality at least n/18, containing no pairs of neighbours, with
U(i, j) = 0 for each (i, j) ∈ F . Thus, P() = g | U(0,0) = 1) ≤ (1− p)n/18 and
since there are at most 32n−2 different possible γ with 2n ‘segments’, we get
P(C(0,0) is finite) ≤ (1− p)+ p

∑
n≥2 32n−2(1− p)n/18 < 1, for p close to

one. �

(ii) Set r̃n := max { j : ∃ open oriented path in S from (m, 0) to ( j, n) for
some m ≤ 0}. If ã < 1, P(r̃n ≤ ãn) ≤ ce−c̃n for suitable c, c̃ > 0 and all n ≥ 1,
provided p is close enough to 1.

Proof Let us consider

W = {(i, j) ∈ S: ∃ open oriented path from (m, 0) to (i, j) for some m ≤ 0},
and again it is convenient to replace W by V = ∪(i, j)∈W D(i, j) ⊆ R2. Given n≥ 1,
with probability one, the set R× [0, n] \ V has only one infinite component,
whose boundary we denote by ). The number of ‘segments’ in ) is of the form
n + 2m for some m ≥ 0. Each such ‘segment’ is contained in the boundary of
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exactly one D(i, j), with (i, j) ∈ W , and is classified according to its position in
this diamond, as upper left, upper right, lower left and lower right. For any fixed
m, and calling nul , nur , nll , and nlr the number of segments of the corresponding
type, one has:

nlr + nll + nul + nur = n + 2m,

nlr + nll − nul − nur = r̃n,

and so 2(nul + nur ) = n − r̃n + 2m, implying that {r̃n < ãn} ⊆ {nul + nur >

(2m + n(1− ã))/2}. Taking into account the same observations as in the pre-
vious remark, and since the number of possible different realizations of ) with
n + 2m segments is at most 3n+2m , one ends up with P(r̃n < ãn) ≤∑m≥0 3n+2m

(1− p)(2m+n(1−ã))/36 < 3−n+1, provided 1− p < 3−72/(1−ã). �

Remark The reduction from 2n to n/18 on the number of ‘segments’ (bonds in
the dual lattice) contributing to the estimate comes from the orientation, the fact
that we have a site model, and that we cannot use nearest neighbour sites.

It remains to see how a rescaling procedure relates the supercritical contact pro-
cess to a one-dependent percolation model, with p close to one, as demon-
strated in [101] and [140]. This brief discussion follows Section 3, Chapter VI
of [199]. One again uses the existence and positivity of an asymptotic drift,
α(λ), for the ‘edge’ process rt , if λ > λc, as previously discussed. Let α = α(λ),
0 < β < α/3, and choose a parameter M > 0 such that Mβ/2 and Mα are inte-
gers. For (i, j) ∈ S, let us define the event E(i, j) as the set of those realizations
in the graphical construction such that for each of given parallelograms R(i, j)

and L(i, j) there is a path lying completely within the given parallelogram and
connecting its bottom edge to the top edge. R(i, j) and L(i, j) are translates by
(Mi(α − β), M j) of R(0,0) and L(0,0), respectively, where (see Figure 4.7):

R(0,0) = {(x, t) ∈ Z× [0, M(1+ β/α)] : αt − 3Mβ/2 ≤ x ≤ αt − Mβ/2},
L(0,0) = {(x, t) : (−x, t) ∈ R(0,0)}.

Clearly P(E(i, j)) is the same for each (i, j) ∈ S. The event E(i, j) depends only on
the portion of the graph inside the rectangle

A(i, j) : = [Mi(α − β)− M(α + β/2), Mi(α − β)

+M(α + β/2)]× [M j, M( j + 1+ β/α)].

Since 0 < β < α/3, A(i, j) ∩ A(i ′, j ′) = ∅ whenever |(i, j)− (i ′, j ′)|1 > 2, im-
plying condition (ii) in Definition 4.28 for variables U(i, j) := 1E(i, j) . To escape
away from criticality as previously mentioned, one verifies that for fixed α = α(λ)

and 0 < β < α/3

lim
M→+∞

P(E(0,0)) = 1. (4.129)
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The parallelograms L(i, j), R(i, j) for (i, j) ∈ S were constructed to ‘match’ prop-
erly, cf. Figure 4.7, in such a way that the existence of an open oriented path
(i1, j1), . . . , (im, jm) in S implies the existence of a path in the graph of the con-
tact process from the bottom of R(i1, j1) to the top of R(im , jm ) and of L(im , jm ). In
particular, percolation from (0, 0) guarantees the survival of the contact process
starting from A := [−3Mβ/2, 3Mβ/2] ∩ Z, and Remark 4.29 provides an upper
bound for P(T A < +∞), as one checks straightforwardly. It remains to prove
(4.129).

Proof of (4.129) For fixed α and β as above, let E be the set of configurations
exhibiting a path which lies inside R(0,0) and connects the bottom of R(0,0) to
its top. It suffices to show that limM→+∞ P(E) = 1. For n ∈ Z, let rn

t denote
the right edge of the contact process starting from ξ(0) = (−∞, n] ∩ Z, so that
r0

t = rt and the processes (rn
t : t ≥ 0) and (n + rt : t ≥ 0) have the same law.

From this and the a.s. convergence of rt/t to α, as t →+∞, we see that taking
e.g. M0 = [Mβ/3]+ 1 and t0 = M(1+ β/α), one gets

lim
M→+∞

P

{
r−Mβ/2−M0

t < αt − βM

2
,∀t ≤ t0

}
= 1,

and

lim
M→+∞

P

{
r−Mβ/2−M0

t0 > Mα − βM

2
+ M0

}
= 1.

On the intersection of these two events the graph of r−Mβ/2−M0
t , 0 ≤ t ≤ t0 does

not get to the right of R(0,0) and reaches its top at least M0 sites to the right of the
left extreme.
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To guarantee the existence of a path as desired, it suffices to impose that
r−Mβ/2−M0 does not touch the left boundary of R(0,0). By itself this is the more
complicated estimate of the lower tail of rt . An observation due to Gray trans-
forms it into a control on the upper tail: under the given conditions, if r−Mβ/2−M0

arrives at the top of R(0,0) in the prescribed way after touching its left bound-
ary, the average drift must be larger than α. To prove the statement let Dn be the
set of realizations of the graph such that there is a path connecting the vertical
space-time segment {−3βM/2+ n} × [(n − 1)/α, n/α) to the horizontal strip
{(m, t0) : m ≥ Mα − βM/2+ M0}. The intersection of

{r−Mβ/2−M0
t < αt − βM/2,∀t ≤ t0, r−Mβ/2−M0

t0 > Mα − βM/2+ M0},

with ∩M(α+β)

n=1 Dc
n is contained in E , and it remains to show that

∑M(α+β)

n=1 P(Dn)

tends to zero as M →+∞. Looking at the reversed graph from time t0 we see
that

P(DM(α+β)−n) = P(rs > M0 + n for some s ∈ [n/α, (n + 1)/α))

≤ P(rn/α > 3M0/4+ n)+ P( sup
s∈[n/α,(n+1)/α)

rs − rn/a > M0/4).

By the attractiveness and (4.102) rt+u ≤ ru + ru,t , where (ru,t : t ≥ 0) is indepen-
dent of ru , and has the same law as (rt : t ≥ 0). Using this and the comparison of
rt with a Poisson process with rate λ, we see immediately that the second term of
the above decomposition decreases exponentially in M , uniformly in n. It remains
to prove that

lim
M→+∞

M(α+β)∑
n=1

P(rn/α > 3M0/4+ n) = 0. (4.130)

Since Ert/t tends to α as t →+∞, given ε > 0 to be chosen later, we can take
t = tε so that Ert < (α + ε)t . Previous observation tells us that the variable rkt is
stochastically smaller than a sum of k i.i.d. random variables distributed as rt . But
rt is dominated by a Poisson random variable, so that E(eθrt ) < +∞ for θ > 0,
and we may use Theorem 1.1 to see that if t = tε is picked as above, there exists
γε > 0 so that

P(rkt ≥ kt (α + ε)) ≤ e−γεk,

for all k ≥ 1. Choosing ε so that ε(1+ β/α) < β/4 we see that given δ > 0 we
can take nδ (independent of M) so that the sum for n ≥ nδ in (4.130) is smaller
than δ. Taking M large we control the remaining terms. �

Proof of Proposition 4.22 The existence of the limit is a consequence of the
previous observation that rt+s ≤ rs + rs,t , which entails

P(rt+s < a(t + s)) ≥ P(rs < as)P(rt < at).
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We must check that the limit is strictly negative. With α, β, and M as in the
previous construction and r̃n cf. Remark 4.29, we have rnM ≥ (α − β)Mr̃n −
3βM/2. It suffices to take β < α/3 so that a < α − β, in which case we take any
a/(α − β) < ã < 1 and M large enough for the renormalized model to fit into
item (ii) of Remark 4.29, according to (4.129). For example, β < α/3 ∧ (α −
a)/2 with the choice ã ∈ (2a/(α + a), 1) works. �

The usefulness of the renormalization procedure is that the choice of M large
enough allows us to use simple contour methods successfully. As one sees, it
leads to poor control on the limit in Proposition 4.22, and consequently on the
value γ in Theorem 4.23.

Remark 4.30 The previous construction allows us to see that if λ > λc the re-
stricted process ξ

{0}
[0,+∞) also has positive probability of survival, i.e. λ+c = λc.

(For large p the related one-dependent oriented site percolation model has posi-
tive probability of survival even if restricted to {(i, j) ∈ S : i ≥ 0}.)
Remark 4.31 (Rate of convergence in Theorem 4.20) A general and simple ar-
gument on the stability of exponential laws (Lemma 4.34 below) gives:

sup
t≥0

|P(TN/ETN > t)− e−t | ≤ 2υN ,

with υN defined by (4.119). Having fixed ρ ∈ (0, ρλ), if L N = [ρ(N − 1)/(ρ +
1)] and bN = [(N − 1)/(ρ + 1)]+ 1, the proof of Theorem 4.20 gives us:

2υN ≤ 2µ(λ)(Ac
bN

)+ 8µ(λ)
[0,+∞){η : η ∩ {0, . . . , L N − 1} = ∅}. (4.131)

([x] denotes the integer part of x ∈ R+.) Both terms on the right-hand side of
(4.131) refer to large deviation probabilities (under µ(λ) and µ

(λ)
[0,+∞)).

(a) Adapting the renormalization procedure to the restricted process ξ[0,+∞),

the term µ
(λ)
[0,+∞){η : η ∩ A = ∅} = P(T A

[0,+∞) < +∞), with A = {0, . . . , L −
1}, may be estimated with the help of the contour argument. This allows us to see
that the second term on the right-hand side of (4.131) tends to zero exponentially
in L N (see [99] for more details).

(b) The term µ(λ)(Ac
b) involves a more elaborate estimate, since ρ > 0. But, in

the proof of Theorem 4.20 we have freedom to choose ρ ∈ (0, ρλ) small enough,
in which case the exponential decay of µ(λ)(Ac

b) follows from the result used in
(a) (for the unrestricted process). Indeed, as observed in [194]:

µ(λ)(Ac
b) ≤ 2µ(λ)(η : ∃J ⊆ [1, b] ∩ Z, |J | ≥ [(1− ρ)b], η ∩ J = ∅)

≤ 2

(
b

[(1− ρ)b]

)
c̃e−γ̃ [(1−ρ)b],

with γ̃ > 0. Applying the Stirling formula (1.7), we see that lim supb→+∞ b−1

logµ(λ)(Ac
b) ≤ −(1− ρ) log(1− ρ)− ρ log ρ − (1− ρ)γ̃ < 0 provided ρ > 0

is small (see Remark 4.33 below).
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Collecting the previous observations and recalling the above choices of
L N , bN , we conclude that given λ > λc, there exist c̄ = c̄(λ), γ̄ = γ̄ (λ) ∈
(0,+∞) so that for each N

sup
t≥0

|P(TN/ETN > t)− e−t | ≤ c̄e−γ̄ N .

Remark 4.32 (A shorter proof of (i) of Theorem 4.20) (See [104].) If 0 ≤ u < v,
consider the following event in the graphical construction

E(N , u, v) : = {∃ a path contained in (N × [u, v] connecting (N

×{u} to (N × {v}}.
By the construction and the time homogeneity of the Poisson point processes we
have P(E(N , u, v)) = P(TN > v − u) for any N ≥ 1 integer and any 0 < u < v.
In particular, if s, t > 0 we may write

P(TN > βN s)P(TN > βN t) = P(E(N , 0, βN s)) P(E(N , βN s, βN (s + t)).

From Lemma 4.26 we know that βN/N →+∞. If α = α(λ) as before and
βN s ≥ 4N/α, we consider the following three parallelograms, where L =
2N/0.9α (see Figure 4.8):

� Q0 has vertices (N , βN s − 0.5L), (N + 0.1αL , βN s − 0.5L),
(−N , βN s + 0.5L), and (−N − 0.1αL , βN s + 0.5L);

� Q1 has vertices (−N − 0.1αL , βN s + 0.3L), (−N , βN s + 0.3L), (N +
0.1αL , βN s + 1.3L), and (N , βN s + 1.3L);

� Q−1 has vertices (−N − 0.1αL , βN s − 1.3L), (−N , βN s − 1.3L), (N +
0.1αL , βN s − 0.3L), and (N , βN s − 0.3L).

Let E(N , s) denote the event that each of these three parallelograms contains
a path (entirely contained in the parallelogram) connecting its bottom edge to the
top edge. Since the graph lies on the plane and horizontal arrows connect nearest
neighbour sites we see that on E(N , s), and if βN t ≥ 4N/α, any couple of paths
as prescribed in the definition of E(N , 0, βN s) and E(N , βN s, βN (s + t)) can be
concatenated. Moreover, we see that

E(N , 0, βN s) ∩ E(N , βN s, βN (s + t)) ∩ E(N , s) ⊆ E(N , 0, βN (t + s)),
(4.132)

for any t ≥ 0. The events entering (4.132) are increasing, so we may apply the
Harris inequality to see that

P(TN > βN s)P(TN > βN t)P(E(N , s)) ≤ P(TN > βN (t + s)). (4.133)

Thus, if t ≥ 0, s ≥ 4N/(αβN ), we may write

P(TN > βN (t + s)) ≤ P(TN > βN s)P(TN > βN t)

≤ P(TN > βN (t + s))/P(E(N , s)).
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As in the proof of (4.129) we see that P(E(N , s)) (it does not depend on the
given s) tends to 1 as N →+∞. We obtain (4.118) for any s, t > 0, which proves
(i) in Theorem 4.20.

The argument shows that the ratio P(TN > βN (s + t))/(P(TN > βN s)
P(TN > βN t)) tends to one uniformly for s ≥ 0, t ≥ 4N/(αβN ), as N →+∞.
In particular (compare with (4.119)):

υ̃N := sup
s≥0,t≥4N/αβN

∣∣∣∣ P(TN/βN > s + t)

P(TN/βN > s)
− P(TN/βN > t)

∣∣∣∣→ 0,

from which a proper estimate of the rate of convergence follows, cf. Lemma 4.34.

Remark 4.33 (Large deviations. Order of magnitude of βN ) Let d ≥ 1, λ > λd
c .

Since µ(λ) is FKG, translation invariant and non-degenerate (0 < ρλ < 1), the
limits

−ϕ+(ρ) := lim
n→+∞

1

|(d
n |

logµ(λ){η : |η ∩(d
n | ≥ ρ|(d

n |},

−ϕ−(ρ) := lim
n→+∞

1

|(d
n |

logµ(λ){η : |η ∩(d
n | ≤ ρ|(d

n |}, 0 ≤ ρ ≤ 1

(4.134)
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exist and define convex bounded functions (ϕ−(ρ) decreases, ϕ+(ρ) increases in
ρ) This follows from a simplification of Lemma 3.40: if ((n1, . . . , nd) is a par-
allelogram of sides n1, . . . , nd , the function f (n1, . . . , nd) := logµ(λ)(η : |η ∩
((n1, . . . , nd)| ≥ ρ|((n1, . . . , nd)|) is superadditive in each ni . Similarly if
≥ ρ is replaced by ≤ ρ. (If d = 1 this is Lemma 1.31.) The argument is elab-
orated in [194] to obtain large deviation estimates for the empirical density
|(d

n |−1∑
i∈(d

n
ηi under non-degenerate translation invariant FKG measures on

X = {0, 1}Zd
. It provides a l.d.p. if the corresponding functions ϕ±(ρ) do not

vanish simultaneously at more than a single point, the rate function given by the
convex function ϕ(ρ) = max{ϕ+(ρ), ϕ−(ρ)}. (Mixtures of two Bernoulli product
measures with different densities show that this restriction cannot be eliminated
without further conditions.)

Applied to µ(λ), the positivity of ϕ+(ρ) for ρ > ρλ follows from a quite gen-
eral result in [194] using the attractiveness of the contact process. Extra difficulty
is involved in verifying that ϕ−(ρ) > 0 for all ρ < ρλ. For d = 1 this was proven
in [105], using the renormalization construction and exploiting the planar graph
duality. (In relation to Remark 4.31, the result implies that µ(λ)(Ac

b) decays expo-
nentially in b, for any ρ < ρλ.)
Remark It is interesting to contrast the above large deviation behaviour of µ(λ)

with that of the Gibbs measures in the phase transition region.

P(T (d
N < +∞) = µ(λ){η : η ∩(d

N = ∅} by self-duality, and the previous ar-
gument tells us that

lim
N→+∞

1

N d
log P(T (d

N < +∞) = −γ̃ (λ),

where γ̃ (λ) = 2dϕ−(0) ≤ 2d | log(1− ρλ)| ≤ 2d log(1+ 2dλ), as one sees at
once. That γ̃ (λ) > 0 already follows from the argument used in Remark 4.33,
if d = 1, λ > λc. In this case Durrett and Liu [102] proved that for any ε > 0,
P(TN > e(γ̃ (λ)+ε)N ) tends to zero as N tends to infinity; Durrett and Schonmann
[104] have shown that P(TN < e(γ̃ (λ)−ε)N ) vanishes as N →+∞, concluding
that

lim
N→+∞

1

N
log TN = γ̃ (λ) in probability.

Now using Theorem 4.20 we see that limN→+∞ N−1 logβN = γ̃ (λ), if d =
1, λ > λc.

Several proofs mentioned above require that d = 1. In the next section we
comment briefly on the case d ≥ 2. From the methods outlined there one should
be able to give a full answer to the l.d.p. mentioned above.

One should contrast the previously described behaviour of TN for λ > λc with
that in the sub-critical case: if λ < λd

c , TN/ log N → d/γ−(λ) in probability,
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where

γ−(λ) = − lim
t→+∞

1

t
log P(T {0} > t) ∈ (0,+∞)

(see [102] or Theorem 3.3, p. 72 in [200]). For λ = λc, d = 1, Durrett, Schon-
mann and Tanaka [106] have proven that P(aN ≤ TN ≤ bN 4) tends to 1 as
N →+∞, if a, b > 0. The exact asymptotics of TN at λ = λd

c with d ≥ 2 is
not known, to our knowledge.

We conclude the section with a lemma related to the stability of exponential
laws. Part (a) is taken from Chapter 1 of [8] and was used in Remark 4.31.

Lemma 4.34 Let τ be a non-negative and non-degenerate random variable. Set
F(t) = P(τ ≤ t), F̄(t) = 1− F(t), and

h(s, t) = F̄(s + t)

F̄(s)
− F̄(t), s, t ≥ 0, (4.135)

with the convention that h(s, t) = 0 if F̄(s) = 0.
(a) If

sup
s≥0,t≥0

|h(s, t)| ≤ u < 1, (4.136)

then:
(i) τ is integrable (in fact it has all positive moments);

(ii) supt≥0 |F̄(t)− e−λt | ≤ 2u, where λ = (Eτ)−1.
(b) If we replace (4.136) by

sup
s≥0,t≥u

|h(s, t)| ≤ u < 1, (4.137)

then item (i) still holds; if 0 < λu < log((1+√5)/2) and Gλ(t) =
(1− e−λt )+ we have �(F, Gλ) ≤ 2u ∨ F(u), where

�(F, G) = inf{δ > 0: F(x − δ)− δ ≤ G(x) ≤ F(x + δ)+ δ, ∀x ∈ R}
is the Lévy distance, as in Section 1.6.

(c) If τn, n ≥ 1 is a sequence as in (b), with un → 0 and P(τn > 1) ≤ e−1 ≤
P(τn ≥ 1), then Eτn → 1. (Notation. λ in this lemma has nothing to do
with its use elsewhere in this section.)

Proof Under (4.137), take t0 > u such that F̄(t0)+ u < 1. Since F̄(s + t) =
F̄(s)(F̄(t)+ h(s, t)) for all s, t ≥ 0, we have F(mt0) ≤ F̄(t0)(F̄(t0)+ u)m−1 for
all m ≥ 1, implying (i). For (ii) we may suppose u < 1/2 since otherwise the con-
clusion is trivial. Integrating in s the relation F̄(s + t) = F̄(s)(F̄(t)+ h(s, t)) we
write ∫ +∞

0
F̄(s + t)ds = 1

λ
F̄(t)+ 1

λ
ϑ(t)
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where ϑ(t) = λ
∫ +∞

0 F̄(s)h(s, t)ds, for t ≥ 0. Under (4.136) we have |ϑ(t)| ≤ u

for all t ≥ 0. Calling ψ(t) = ∫ +∞0 F̄(s + t)ds = ∫ +∞t F̄(s)ds we have ψ(0) =
λ−1 and ψ ′(t) = −F̄(t) for all t ≥ 0, from which we see that λψ(t)+ ψ ′(t) =
ϑ(t) so that

ψ(t) = 1

λ
e−λt +

∫ t

0
e−λ(t−s)ϑ(s)ds,

and we get the representation

F̄(t) = e−λt + λ

∫ t

0
e−λ(t−s)ϑ(s)ds − ϑ(t), t ≥ 0. (4.138)

Item (ii) follows at once from this. As for part (b), we need to verify the estimate
on the Lévy distance. The remaining cases being trivial, it suffices to check that
for z = 2u ∨ F(u):

F̄(t + z) ≤ e−λt + z, ∀t ≥ 0 and F̄(t − z) ≥ e−λt − z, ∀t ≥ z.

For the first inequality, using (4.138) and the assumption we have for any v ≥ u
and t ≥ 0:

F̄(t + v) ≤ e−λ(t+v) +
∫ u

0
λe−λ(t+v−s)ds + 2u

= e−λ(t+v) +
∫ t+v

t+v−u
λe−λsds + 2u = e−λ(t+v−u) + 2u ≤ e−λt + 2u.

For the second inequality, we split into two cases: if t − z ≤ u, we just write
F̄(t − z) ≥ F̄(u) = 1− F(u) ≥ e−λt − z. If t − z > u, we use (4.138) to write

F̄(t − z) ≥ F̄(t − 2u) ≥ e−λ(t−2u) −
∫ u

0
λe−λ(t−2u−s)ds − 2u

= 2e−λ(t−2u) − e−λ(t−3u) − 2u ≥ e−λt − 2u,

where at the first inequality we used that z ≥ 2u and at the last one we used that
2e2λu − e3λu ≥ 1 if 0 < λu < log((1+√5)/2).

For part (c), since �(Fn, Gλn ) ≤ 2un , we have F̄n(1+ 2un)− 2un ≤ e−λn ≤
F̄n(1− 2un)+ 2un . Recalling the assumption that F̄n(1) ≤ e−1 ≤ lims↑1 F̄n(s),
we see that |λn − 1| → 0. (Alternatively, we could argue as in the proof of Theo-
rem 4.6.) �

Remark 4.35 Part (a) of the previous lemma is suitable for application in The-
orem 4.20 (cf. (4.119)) and part (b) is directly applicable to its shorter proof, cf.
Remark 4.32. The lemma can be modified to apply under the estimates given in
the proof of Theorems 4.6 or 5.21. For instance, in (4.88) the loss of memory
controlled as

(F̄n(s + un)− un)F̄n(t) ≤ F̄n(s + t) ≤ F̄n(s)(F̄n(t − un)+ un),
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uniformly on s ≥ 0, t ≥ un (see (4.88)) where τn are non-negative random vari-
ables as in part (c) above. This may be handled similarly to the case in (b), with a
modified upper bound for the Lévy distance. Details are omitted.

4.5 Notes and comments
Metastability for higher dimensional contact process
Several arguments in the last section (and in the quoted proofs) required that
d = 1. Due to the planarity of the graphical construction, one could take advan-
tage of path intersection properties. Together with the subadditive ergodic theo-
rem, this was a key fact in the proofs of basic theorems used in the description of
metastability. One example is the linear growth of ξ

{0}
t given its survival, used in

Durrett–Griffeath’s renormalization procedure.
The replacement of a priori fixed blocks in the renormalization procedure by a

more flexible dynamical construction represented a breakthrough in the analysis
of percolative systems. This is due to Barsky, Grimmett and Newman [14], who
considered high dimensional (non-oriented) percolation and to Bezuidenhout and
Grimmett [18], who constructed a variant of the procedure for the higher dimen-
sional contact process.

Taking advantage of the flexibility of the construction, Bezuidenhout and
Grimmett proved that if the contact process survives on Zd × [0,+∞) with pos-
itive probability, the same holds on a sufficiently deep space-time slab (d−1

K ×
Z× [0,+∞), where (K = {−K , . . . , K } as before.

The statement is based on the validity of a finite volume condition: if λ > λd
c ,

ε > 0, and M is any given (large) number, one can find r, L , T so that start-
ing from (d

r × {0}, the (space-time) process restricted to BL ,T = (d
L × [0, T ]

not only survives up to time T with probability at least 1− ε, but also produces
at least M infected points on (d

L × {T } and at least M well separated infected
points on each side of BL ,T , i.e. points connected to (d

r × {0} through a path
contained in BL ,T . (In fact, one can find such many points on each orthant of the
top and of the sides of BL ,T .) Having many well separated points one is able to
grow again a suitable translate of (d

r × {0}, using only properly restricted
paths. (The FKG inequality plays an important role in the verification of this
property.)

Using this kind of estimate and successive restarting, one is able to compare
the process on a slab (d−1

2L × Z× [0,+∞) to a suitable one-dependent oriented
bond percolation on S = {(u, v) ∈ Z× Z+, u + v is even}, each bond (u, v)→
(u ± 1, v + 1) being open with probability very near to one. For this, if k ∈ N,
one considers the sets

L± = (d−1
2L

×
{
(y, t) ∈ Z× R : 0≤ t ≤ (2k+ 2)T,−5L ± L

2T
t ≤ y ≤ 5L ± L

2T
t

}
,



278 Metastability. General description

and for each x ∈ (d−1
2L × [−2L , 2L] and t ∈ [0, 2T ], let E±(x, t) be the

event that (x, t)+(d
r × {0} is connected inside L± to each point in some

translate (y, s)+(d
r × {0}, with (y, s) ∈ (d−1

L × ((±k − 2)L , (±k + 2)L]×
[2kT, (2k + 2)T ]. The basic estimate iterated k times tells us that given δ >

0, k ∈ N, k ≥ 10, we can take r, L and T so that P(E±(x, t)) ≥ 1− δ, for all
such (x, t). Using ‘seeds’ (fully infected translates of initial (d

r × {0}) located
in (ukLed , 2vkT )+(d−1

L ×(2L × [0, 2T ], with (u, v) ∈ S, one gets the previ-
ously mentioned comparison, and the survival (with positive probability) in the
space-time region

L = ∪(u,v)∈S{(ukLed , 2vkT )+ (L+ ∪ L−)}
(ed denotes the canonical unit vector in Rd ).

Without the possibility of discussing this dynamical renormalization proce-
dure, we refer to [18]. (See also [100, 200], where modified versions are pre-
sented.) An important feature is that once the basic growth condition involves
only a finite volume, it is continuous in λ. This implies one of the important con-
clusions in [18]: the critical contact process dies out.

In terms of applications to metastability, ideas and methods from [18] were
used by Mountford [220] and Simonis [279] to obtain multidimensional versions
of Theorem 4.20 and Theorem 4.21, respectively, with ξN (·) the contact process
on the space volume (d

N .
Recalling Remark 4.32 and Lemma 4.34, and extending the previous notation

in the obvious way, for the analogue of Theorem 4.20 it suffices to find γ̃N , γN

tending to +∞ so that, as N →+∞:
(a) γN/γ̃N → 0;
(b) P(TN < γ̃N )→ 0;
(c) supA⊆(d

N
P(ξ A

N (γN ) �= ξN (γN ), ξ A
N (γN ) �= ∅)→ 0.

For the sake of simplicity let d = 2. Given the comparison with a one-
dependent percolation model as in [18], with given r, L , T, k and 1− δ the prob-
ability of each bond to be open, one considers M = [(2N + 1)/4L] vertical strips
Bi = {4Li, . . . , 4L(i + 1)− 1} ×(N ⊆ (2

N and the contact process restricted
to each of them is compared to the percolation model restricted to {(u, v) ∈
S : u ∈ {−cN , . . . , cN }}, for some c > 0. As in the case of one-dimensional su-
percritical contact process, this implies that condition (b) will be satisfied for
γ̃N = ec̃N , for some c̃ > 0.

With a beautiful combination of the results in [18], couplings and duality,
Mountford proves in [220] that condition (c) is satisfied with γN = 2(aN +
bN )2kT , where aN = (2N + 1)4 and bN = (2N + 1)2. For this he proves that
a < 1 can be found so that

sup
A⊆(2

N , x∈(2
N

P(ξ A
N (γN ) �= ∅, ξ̂ x,γN

N (γN ) �= ∅, ξ A
N (γN/2) ∩ ξ̂

x,γN
N (γN/2) �= ∅)≤ aN

(4.139)
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for all N large, where ξ̂
x,γN
N is the dual process starting at {x} at time γN (using

the reversed graph restricted to (2
N × [0, γN ]). That this implies condition (c)

above follows from duality and the graphical construcion. Indeed, (4.139) implies
at once that

sup
A

∑
x∈(2

N

P(ξ A
N (γN ) �= ∅, ξ̂ x,γN

N (γN ) �= ∅, ξ̂ x,γN
N (γN ) ∩ A = ∅)→ 0,

from which one has condition (c) above, through duality. To prove (4.139),
Mountford first shows that a < 1 may be found so that

sup
A

P(ξ A
N (2kT aN ) �= ∅, ξ A

N (2kT aN ) ∩ Bi = ∅, for some i) < aN . (4.140)

Applying this to the dual process starting at {x} at time γN , one has

sup
x

P(ξ̂
x,γN
N (2kT aN ) �= ∅, ξ̂ x,γN

N (2kT aN ) ∩ Bi = ∅, for some i) < aN .

(4.141)

Let EA = {ξ A
N (2kT aN ) ∩ Bi �= ∅,∀i} and Êx = {ξ̂ x,γN

N (2kT aN ) ∩ Bi �= ∅,∀i}.
We now look at both processes (forward and backward) on the time inter-
val [2kT aN , γN/2] which depend on the portions of the graph restricted to
(2

N × [2kT aN , γN/2] and [γN/2, γN/2+ 2kT bN ], and moreover we restrict
them to each strip Bi , i.e. eliminate all the horizontal arrows not entirely contained
in Bi , for some i . In this case we have evolutions which are conditionally inde-
pendent given ξ A

N (2kT aN ), ξ̂ x,aN (2kT aN ). Moreover, from the results in [18] one
can prove the existence of δ̃ = δ̃(L , T, k, r) > 0 so that for any z, y ∈ Bi , with
probability at least δ̃ there is a path connecting z to y in the graph restricted to
Bi × [0, 2kT bN ]. Applying this to both the direct and dual processes we conclude

sup
A⊆(2

N ,x∈(2
N

P([ξ A
N (γN/2) ∩ ξ̂ x,γN (γN/2) = ∅] ∩ EA ∩ Êx ) ≤ (1− δ̃2)M .

Together with (4.140), (4.141) this implies (4.139). For the full proof see [220].
Concerning the order of magnitude of E(TN ), Chen [60] has shown the ex-

istence of positive constants c1, c2 so that ec1 N d ≤ E(TN ) ≤ ec2 N d
for all N if

λ > λd
c . More recently, using the renormalization ideas of [18] together with con-

tour and coupling methods, Mountford [221] has proven the existence of a posi-
tive constant γ (λ) so that limN→+∞ N−d log E(TN ) = γ (λ). For that (taking e.g.
d = 2) he uses a special coupling between the contact process on (2N ×(N and
two independent irreducible chains on {0, 1}(2

N similar to a contact process with
regeneration, obtaining an ‘approximate superadditivity’ property which leads to
the existence of the limit. Together with the asymptotic exponentiality, this im-
plies that N−d log TN converges in probability to γ (λ). More information on
γ (λ), cf. Remark 4.33, is still lacking.
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Further examples of asymptotic behaviour (not only metastable) of finite sys-
tems when the infinite system is non-ergodic can be found in [68].

Local mean field model on the circle
To keep the discussion technically simple and still present the basic ideas we
considered in Section 4.3 an extremely simplified model, which besides being
unphysical has no geometric structure. One of the simplest extensions in the set-
up of mean field spin models consists in replacing the Hamiltonian HN in (4.11)
by

HN (σ ) = −
N∑

i=1

h(i/N )σ (i)− 1

2N

N∑
i, j=1

J ((i − j)/N )σ (i)σ ( j)

where J is a continuous symmetric function on R with period one. It describes
the mean field interaction among spins, and the magnetic field variables are asso-
ciated with a function h, continuous on unit circle T = R(mod Z). σ(i) can be in-
terpreted as a spin variable at the (macroscopic) position i/N ∈ T. As N →+∞,
the laws of the empirical measures

µN := 1

N

N∑
i=1

σN (i)δ i
N

(δx denotes the Dirac point-mass at x) under the corresponding Gibbs measure at
inverse temperature β satisfy a l.d.p. on M(T),6 with scaling N and rate function
given by I (µ) = βF(µ)− infµ̃ βF(µ̃), where:

F(µ) = −
∫

T

m(r)(h(r)+ 1

2
(J ∗ m)(r))dr + 1

β

∫
T

E(m(r))dr,

if µ is absolutely continuous with respect to the Lebesgue measure with density
m in the unitary ball of L∞(T, dr), J ∗ m(r) = ∫T J (r − s)m(s)ds, and E given
by (4.15); otherwise F(µ) = +∞. As for the empirical magnetization for the
Curie–Weiss model, cf. (4.19), this result follows by a tilting argument from the
non-interacting case (see also [107] or [108]).

If J ≥ 0 (ferromagnetic interaction) the behaviour is similar to that of the
Curie–Weiss model. Let h = 0. If β ≤ βc: = (

∫
T J (r)dr)−1, m = 0 is the unique

point of minimum of F ; it becomes unstable at βc, and for β > βc there are two
global minima, given by the constant densities ±m∗, where m∗ is the unique pos-
itive solution of tanhββ−1

c m∗ = m∗. The dynamical transition from one mini-
mum to another was investigated by Comets in [66] through spin-flip dynamics
reversible under the Gibbs measure at temperature β−1. After obtaining a l.d.p.
analogous to that of Freidlin and Wentzell (but in M(T)) and a law of large

6 The space of bounded signed measures on (T,B(T)), with weak* topology.
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numbers (the limiting equation has as stationary points exactly the points of min-
ima of F , cf. [177]), the analogue of Freidlin and Wentzell theory is developed:
basic properties of the quasi-potential are studied and a proof (under some tech-
nical conditions) that typically the exit from attracting domains happens near the
lowest saddle points is given. Extra technical difficulties appear in part due to the
lack of continuity of the quasi-potential for the weak* topology. This has been
done for a large class of rates and also in higher dimensions.

One particular example in [66] which brings in a nice geometric picture is the
following: h = 0, J (r) = 1+ 2br cos(2πp) with p ∈ Z \ {0}, and 0 < b ≤ 1/2.
The description of the phase diagram becomes: for β < 1 = βc one has only the
equilibrium point m = 0; for β = βc this becomes a saddle and the two new sta-
ble equilibrium points appear, the constants m∗,−m∗. For β ≥ βp := 1/b there
are also non-constant equilibria, which bifurcate from the zero solution and are
obtained by all translations of a basic function m p(·), described explicitly. For
β > βp these are the lowest saddle points connecting the two constant equilib-
ria, which can be understood as indication of the existence of the ‘nucleation’
phenomenon. (To our knowledge the full description of the extremal trajectories
in this case, which would confirm this conjecture, has not yet been done. Simula-
tions could also be helpful.) We refer to [66] for details, and in the next subsection
discuss related works for the infinite volume version.

Glauber dynamics for Kac interaction
Several features of spin dynamics for mean field models in the set-up of Kac
potentials have been investigated in the recent years, and questions related to
metastability emerge naturally.

One may consider {−1, 1}Zd
-valued Markov processes, given by Glauber-type

dynamics under a mean field interaction as in (4.27), with J (·) ≥ 0, symmetric,
and with compact support. For convenience let

∫
Rd J (r)dr = 1. Following vali-

dation of the continuum7 limit as γ → 0, leading to the infinite volume evolution
equation

∂mt

∂t
= −mt + tanh{β(J ∗ mt + h)}, (4.142)

where J ∗ m(x) = ∫ J (x − y)m(y)dy, β represents the inverse temperature, h
is an external magnetic field, and mt (·) corresponds to magnetization density,
various aspects of the long time behaviour of the spin system (for γ > 0 small)
have been studied (see [82] and references therein).

Carrying out the full pathwise description of metastability for Glauber-type
dynamics presents non-trivial difficulties. De Masi, Olivieri and Presutti [83]
made the first step, studying the spectral properties of operators obtained by the

7 It involves space scales like γ−1.
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linearization of (4.142) around profiles in some given class, for d = 1. Recall
that for β > 1 one has a mean field phase transition, in the sense described in
Section 4.1; for 0 ≤ h < h∗(β) there exist three stationary and spatially homoge-
neous solutions of (4.142), given by the roots of m = tanh(βm + βh), and written
as m−(β, h) < m0(β, h) ≤ 0 < m+(β, h). One knows that if h = 0, m+(β, 0) =
−m−(β, 0) are stable and correspond to the pure phases; m0(β, 0) = 0 is un-
stable. For h > 0, m0(β, h) < 0, |m−(β, h)| < m+(β, h); in this case m−(β, h)
corresponds to a metastable state, and m+(β, h) to the unique thermodynamically
stable state; m0(β, h) remains unstable. The study of the above mentioned spec-
tral properties is a basic step towards the understanding of the interface dynamics
describing how one phase takes over, such as the instantons when h = 0, or the
travelling fronts when h > 0.

The profiles of main interest for metastability are those where the region oc-
cupied by one of the phases is bounded. The initial problem is the existence
of a critical droplet within the metastable phase, given by a suitable ‘bump’,
i.e. a non-constant stationary solution m̃ of the equation (4.142), such that
lim|x |→+∞ m̃(x) = m−(β, h). In [84] it is proven that the linearization of (4.142)
around the bump is described by an operator which has a single maximal eigen-
value larger than 1, with a positive eigenvector, and that the rest of its spectrum
is contained in the open unit ball. Buttà, De Masi and Rosatelli [41] have proven
the existence of a one-dimensional invariant manifold connecting the bump to the
metastable and to the stable states. Having a droplet large enough of the m+(β, h)
phase would lead to the stable phase, but otherwise the metastable state persists
under small perturbations of the evolution (4.142). This suggests a similar tun-
nelling mechanism for the spin system, for small γ , but it needs further investi-
gation since the times for which (4.142) is known to describe the behaviour of
the spin system are shorter than those involved in the escape from the metastable
phase.

The description of the typical profiles under the infinite volume Gibbs measure,
for d = 1, was given in [50].

Random field Curie–Weiss models
In the domain of disordered systems (random interactions), it is natural to consider
again the Curie–Weiss model as a good initial ‘laboratory’, in spite of its unphys-
ical aspects. One of the simplest possibilities is to assume the presence of random
magnetic fields, replacing the Hamiltonian HN in (4.11) by (fixing J = 1):

HN (σ ) = − 1

2N

N∑
i, j=1

σiσ j −
N∑

i=1

hi (ω)σi (4.143)

where h1, . . . , hN are i.i.d. random variables on some probability space (�,!,P)

with P(hi = h) = 1/2 = P(hi = −h) for a fixed h > 0. A full description of the
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phase diagram of this model, from the point of view of equilibrium statistical me-
chanics, was given in [262]. The metastable behaviour of a class of stochastic dy-
namics related to this model has been analysed in [216] and more recently in [31],
in a more general set-up. There are basically two types of results one searches for:
a.s. in P, or involving averages in the disorder (random fields). For the example
above, since the random field takes only two possible values, for each realization
of (hi )i the Hamiltonian is a function of two variables: the average magnetiza-
tion along the sites where hi = +h, and along those where hi = −h. Even in
this simple situation, we see immediately that the very simple analysis based on
the difference equations, used for the birth and death chains, can no longer be
used: it must be suitably replaced by a more delicate study of the boundary value
problem corresponding to the (random) generator of the present Markov chain.
The problem can be treated with the estimation of the spectral gap of the genera-
tor corresponding to the process killed (or reflected) on the boundary of suitable
domains of interest. In [216] the authors consider a continuous time spin-flip dy-
namics on XN = {−1,+1}N as described at the end of Remark 4.4, for HN given
by (4.143), reversible for the corresponding (random) Gibbs measure at inverse
temperature β. Relevant macroscopic variables, corresponding to the m N (σ ) in
Section 4.3, are given by the pair (m+

N (σ ),m−
N (σ )):

m±
N (σ ) = 1

N

∑
i :hi=±h

σi .

Since the Hamiltonian can be written as

HN (σ ) = HN (m+
N (σ ),m−

N (σ )) = −N

[
1

2
(m+

N (σ )+ m−
N (σ ))2

+ h(m+
N (σ )− m−

N (σ ))

]
,

one may naturally consider spin-flip Markov dynamics such that the evolution
induced by the map σ &→ (m+

N (σ ),m−
N (σ )) is also Markovian, with values on a

random subset of [−1,+1]2:

YN =
{−N+

N
,
−N+

N
+ 2

N
, . . . ,

N+
N

}
×
{−N−

N
,
−N−

N
+ 2

N
, . . . ,

N−
N

}
,

where N+ (N−) denote the number of spins where the field is positive (nega-
tive) respectively. One possible example is given by the spin-flip rates c(i, σ ) =
e−β/2(HN (σ (i))−HN (σ )). The induced process (m+

N (σ (t)),m−
N (σ (t)) is a Markov

chain, reversible under the Gibbs measure on YN :

G̃β
N (m+,m−) = e−βN fN (m+,m−)

Z N
,
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where

fN (m+,m−) = −1

2
(m+ + m−)2 − h(m+ − m−)

− 1

βN
log

(
N+

N+
2 (1+ Nm+

N+ )

)(
N−

N−
2 (1+ Nm−

N− )

)
.

The random variables N±/N tend P a.s. to 1/2, implying the a.s. convergence of
fN , uniformly on the compact subsets of (−1/2, 1/2)2, to the Gibbs canonical
free energy8 given by

fβ,h(m
+,m−) = −1

2
(m+ + m−)2 − h(m+ − m−)+ 1

2β
(E(2m+)+ E(2m−)),

for m± ∈ [−1/2, 1/2], where E is given by (4.15). To obtain the points of minima
of fβ,h , observe that its critical points (m+,m−) satisfy the pair of equations

m± = 1

2
tanh(β(m+ + m−)± βh).

The sum m = m+ + m− must then satisfy the equation

m = 1

2
[tanh(β(m + h))+ tanh(β(m − h))]. (4.144)

One checks that for 0 < β ≤ 1 the unique solution to (4.144) is m = 0; if β > 1
we can find h0(β) > 0 so that if 0 < h < h0(β) there are exactly three solutions
of (4.144), m = 0,±m∗(β, h). In this region the critical points of fβ,h are three
and are given by:

m(0) =
(

1

2
tanh(βh),−1

2
tanh(βh)

)
m(+) =

(
1

2
tanh(βm∗ + βh),

1

2
tanh(βm∗ − βh)

)
m(−) =

(
1

2
tanh(−βm∗ + βh),−1

2
tanh(βm∗ + βh)

)
.

m(+) and m(−) are the points of minima with fβ,h(m(+)) = fβ,h(m(−)) and m(0)

is a saddle point.
After suitably defining a kind of ‘discrete basin of attraction’ for m(+), the

following results concerning metastability are proven in [216].
(a) For almost all realizations of (hi )i , if the magnetization process starts near

m(+) and TN denotes the escape time from the basin of m(+), there exist γN , de-
pendent on the disorder, such that TN/γN tends in law to a unit mean exponential
random variable. The quantity γN may be given as the inverse of the (random)

8 More precisely, limδ→0 limN→+∞ inf{ fN (m1,m2) : (m1,m2) ∈ YN , |m1 − m+| + |m2 −
m−| ≤ δ} = fβ,h(m

+,m−)P a.s.
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spectral gap of the generator of the process killed upon leaving such a ‘basin of
attraction’. A first estimate for this gap is provided in [216]; it implies that γN

is logarithmically equivalent to the non-random quantity eβN, f as N →+∞,
P− a.s., where , f = , fβ,h = fβ,h(m(0))− fβ,h(m(+)). The same asymptotic
properties apply to the spectral gaps of the generator of the full process (denoted
below by 1/γ̃N ), and for the generator of the process reflected upon meeting the
‘boundary’ of the ‘basin of attraction’. More refined estimates on the time needed
to reach the equilibrium were obtained in [119], providing a good insight on how
a certain class of realizations of (hi )i leads to faster approach to the equilibrium
measure G̃N .

(b) For almost all realizations of (hi )i , and initial conditions as in (a) above,
the distribution of (m+

N (σ (t γ̃N ),m−
N (σ (t γ̃N ))) is well approximated (for large

N ) by e−tδm(+)
+ (1− e−t )G̃β

N , the single time marginal of a measure-valued
Markov jump process.

(c) As for the equilibrium Gibbs measure G̃β
N (m+,m−), there is no P− almost

sure convergence; they converge in law to a random mixture αδm(+)
+ (1−

α)δm(−)
where the random variable α takes the values 1 or 0 with probability

1/2 each. (For an analogous description in the infinite volume case (Kac model)
see [51, 52].)

(d) The statements in (b) and (c) can also be proven in terms of the micro-
scopic system, cf. [119]: under the conditions of (a), the distribution of σ(t γ̃N )

is well approximated, for large N by e−tµ+ + (1− e−t )Gβ
N or still by e−tµ+ +

(1− e−t )(αNµ+ + (1− αN )µ−) where the measures µ± are Bernoulli product
measures with the average of σi given by tanhβ(±m∗ + hi ) (disorder dependent).

(e) The asymptotic distribution of the escape time τN in (a) when aver-
aging also in the disorder was considered in [119], where it is proven that
(log τN − βN, f )/N 1/2 tends in distribution to a Gaussian random variable.

Analogous sharp estimates have been presented by Bovier et al. In [31], a large
class of reversible Markov chains modelling low temperature stochastic dynam-
ics for mean field interactions with disorder was studied. The authors consider
discrete time Markov chains on some lattice imbedded in Rd , reversible under a
probability measure νN (x) = (1/Z N )e− fN (x) where, analogously to the previous
situations, fN tends to a given landscape f as N →+∞. Regularity conditions
on fN and on f are assumed; the more important assumption involves the struc-
ture of the set local minima of fN : it is assumed to remain with bounded cardinal-
ity and to approximate that of f . Freidlin and Wentzell theory is developed in this
set-up. Using probabilistic techniques the authors obtain estimates on the spectral
properties of the corresponding generators. (L∞ estimates are obtained, instead of
L2); reversibility is used extensively and the probability of visiting a given point
before returning to the starting point is estimated in terms of the landscape fN .
The use of a suitable family of paths that reduces to a one-dimensional situation,
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where the boundary value problem (difference equation) becomes simple, is
important. The investigation of the long time behaviour of the process leads natu-
rally to consideration of a certain tree structure on the set of points of minima for
fN . The basic estimate refers to the escape time of a given ‘valley’ of the land-
scape fN , in terms of the value of N ( fN (z)− fN (x)), where z corresponds to the
lowest saddle and x is the minimum. Assuming, for simplicity, the transition prob-
abilities between neighbouring sites to be uniformly bounded from below (in N ),
one has lower and upper estimates of order cNeN ( fN (z)− fN (x)). With this basic in-
gredient they can suitably control the Laplace transforms of the escape times and
show their asymptotic exponentiality. Putting this together with the much smaller
order of magnitude of expected return times at the minima, they get a picture of
the long time behaviour, which due to the existence of several valleys, indeed
involves various scales.

The situation described by [31] applies to Glauber dynamics for the random
field Curie–Weiss model if the random field takes finitely many values. The sym-
metric case corresponds to the situation where the role of disorder becomes im-
portant with respect to symmetry breaking.

In Section 5.2 we sketch an alternative argument leading to estimates of tun-
nelling times in the context treated there. Analogous ideas can be applied to the
Markov chains which appear naturally in the random field Curie–Weiss mod-
els, such as for instance Metropolis dynamics (multidimensional birth and death
chains, in this case). The basic idea behind this proposal is to exploit more the
explicit knowledge of the stationary (reversible) measure and to control the loss
of memory in a suitable way. In Section 5.2 this relies on coupling methods, and
for the models mentioned above it depends on rough estimates of the recurrence
times. (This is simpler to perform in the case of a totally attracted domain, but it
can also be extended to tunnelling times.)



5

Metastability. Models of Freidlin
and Wentzell

Following the pathwise approach introduced in the previous chapter, we now dis-
cuss examples of metastable behaviour using the set-up of Chapter 2. In this con-
text, we describe the role of the basic large deviation estimates and of the theory
of Freidlin and Wentzell.

Let X x,ε be the Markov process obtained as the unique solution of the Itô
equation

X x,ε
t = x +

∫ t

0
b(X x,ε

s ) ds + εWt , t ≥ 0, (5.1)

where (Wt ) is a standard d-dimensional Brownian motion, x ∈ Rd is the initial
point, ε > 0, and the vector field b : Rd → Rd satisfies a global Lipshitz condi-
tion, cf. (2.51). According to Theorem 2.24, this is sufficient for the existence and
pathwise uniqueness of the solution, for each x . The process X x,ε satisfies the
strong Markov property, as remarked in Section 2.3. To simplify we shall in fact
take b(·) continuously differentiable (class C1) with bounded partial derivatives
of first order.

The simplest picture to keep in mind is that of b(x) = −∇U (x), where U (·)
is a double well potential, as in Figure 5.1. When U (·) grows fast enough at in-
finity so that the integral Zε := ∫Rd exp{−ε−22U (x)} dx is finite, then a (unique)
stationary probability measure exists; it is given by

µε(A) = 1

Zε

∫
A

exp{−ε−22U (x)} dx . (5.2)

As ε → 0, the measures µε converge to a Dirac point-mass at the bottom of the
deepest well, called q . Nevertheless, starting in the shortest well, and for ε suffi-
ciently small, the system exhibits characteristics associated with metastability:

(i) Due to the action of the field b(·) the process is attracted towards the bottom,
called p; when very close to p the importance of noise is considerable, since the

287
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U

p qz

Figure 5.1

field becomes negligible. This allows the process to get away from the bottom
and everything starts again, with a large number of attempts to escape from the
given well, followed by a strong attraction towards its bottom. During this period
the system may look as if it is in equilibrium with a stationary measure that is
concentrated around p. We say that ‘thermalization’ occurs, as in Chapter 4.

(ii) Finally, after many frustrated attempts, the process succeeds in overcoming
the barrier of the potential and reaching the deepest well. Due to the unsuccessful
trials, we expect this ‘tunnelling’ time to show little memory.

(iii) Once in the deepest well, everything is repeated. The new barrier is higher
so that the next ‘tunnelling’ time will happen on a much longer scale.

We want to make the above description rigorous in a more general situation.
Due to the specific properties of the double well potential, we consider this case
in detail in Section 5.2, exploiting its peculiarities and simplicity.

Concerning the proof of asymptotic exponentiality of the escape time, the sit-
uation here is more delicate than that in the Curie–Weiss chain. Among other
factors, we can no longer use pointwise recurrence. A more careful analysis is
needed to prove the loss of memory. Analytical tools were used by Day in [73],
in the context of Section 2.6, and extended to our tunnelling problem in [131].

In [210], these analytical tools were replaced by more probabilistic methods,
based on contraction properties of the stochastic map x &→ X x,ε

T , at a suitable
(large) time T > 0. These arguments were introduced in [209] and involve the
consideration of renormalization schemes. One advantage is their applicability
to some infinite dimensional situations. (We comment on that at the end of this
chapter.)

The search for a convenient coupling of two solutions of (5.1) with different
initial points appears naturally in this context. In [209] and [210] this is done
with the use of a common noise. For our present situation it will be convenient to
couple them differently. The next section is dedicated to explaining some details
of this coupling, proposed by Lindvall and Rogers in [202]. We then come back
to our basic problem.
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The other ingredient is identification of the relevant time scales: that in which
thermalization occurs and that of tunnelling. This type of problem is treated by
Freidlin and Wentzell in Chapter 6 of [122]. Their results are recalled in Section
5.3, and applied to the discussion of metastability in Section 5.4.

5.1 The coupling method of Lindvall and Rogers
Coupling methods have often been used in Markov processes and many textbooks
on stochastic processes include this useful tool. They have already appeared in
Chapter 4. Generally, a coupling of two processes refers to any joint construction
of them, i.e. on the same probability space. In a measure-theoretic sense, given
two probability measures ν1 and ν2 on spaces �1 and �2, respectively, a coupling
of ν1 and ν2 is any measure on the product space �1 ×�2 whose marginal dis-
tributions are ν1 and ν2, respectively. (General references include [201] and the
recent monograph [287].)

The problem which we now have in mind concerns the loss of memory of the
initial condition. Thus, one looks at two evolutions given by (5.1) starting from
different points, and tries to construct a ‘successful’ coupling, i.e. one for which
the two paths will meet in finite time, with probability one. If this happens, we can
let them move together once they meet, being able to conclude that both exhibit
the same asymptotic behaviour at large times. This kind of argument is used in
several situations, for example for a proof of the uniqueness of the stationary
probability measure for finite irreducible aperiodic Markov chains, in which case
letting the processes evolve independently until they meet provides a successful
coupling (see e.g. [201] and references therein).

For multidimensional diffusions we cannot expect independent coupling to be
successful. (Two independent Brownian motions on R2 starting at different points
do not meet, with probability one.) More adequate coupling methods are thus
required. We consider one that was proposed by Lindvall and Rogers in [202]. It
will be very useful to prove the asymptotic exponentiality of the tunnelling time
for a large class of diffusions in the Freidlin and Wentzell regime. This includes
the double well potential previously described. The coupling also furnishes upper
estimates for the time scale on which thermalization occurs. The analysis includes
the escape times considered in Section 2.6.

The coupling proposed by Lindvall and Rogers is based on the observation that
if (Wt ) is a d-dimensional standard Brownian motion and H is a d × d orthogo-
nal matrix with real entries, then W ′

t := H Wt for t ≥ 0 also describes a standard
Brownian motion on Rd . (We say that a matrix H is orthogonal if it is invert-
ible and H−1 = HT, where HT denotes the transpose matrix, i.e. HT

i, j = Hj,i for
1 ≤ i, j ≤ d.)

To see how this could be applied, let us start with the case when b = 0,
σ = I, the d × d identity matrix. We want a successful coupling of two standard
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Brownian motions starting at different points. Let us fix x �= x ′ in Rd and consider
the hyperplane orthogonal to the vector x − x ′ and passing through the middle
point (x + x ′)/2, i.e.

Lx,x ′ = {y ∈ Rd : 〈y − (x + x ′)/2, x − x ′〉 = 0}.
Let (Wt ) be a d-dimensional standard Brownian path starting at the origin,
Xt = x + Wt , and let X̃t be the specular reflection of Xt through Lx,x ′ . Thus,
the processes X and X̃ will meet for the first time at the (first) hitting time to
Lx,x ′ by X . Now, X̃ can be written as

X̃t = x ′ + H Wt

where H = H(x, x ′) is the matrix

H(x, x ′) = I− 2

(
x − x ′

|x − x ′|
)(

x − x ′

|x − x ′|
)T

(5.3)

with I denoting, as before, the d × d identity matrix, the vector (x − x ′)/|x − x ′|
written as a d × 1 matrix, (·)T denoting the transpose, and with the usual multipli-
cation of matrices. (Notation. For y ∈ R�, � ≥ 1, we let |y| denote its Euclidean
norm.)

To verify the last statement, notice that H(x, x ′)(x − x ′) = −(x − x ′), and
H(x, x ′)v = v, if v is orthogonal to x − x ′. That is, the matrix H(x, x ′) represents
the specular reflection through the hyperplane orthogonal to x − x ′ and passing
through the origin, so that x ′ + H Wt is the specular reflection of x + Wt through
Lx,x ′ .

Since H(x, x ′) is a d × d orthogonal matrix we see that X̃ is a standard d-
dimensional Brownian motion starting at x ′. (H(x, x ′) has determinant −1, cor-
responding to a reflection.) If we set

Tx,x ′ = inf{t > 0: Xt ∈ Lx,x ′ }
and

X ′t =
{

X̃t if t ≤ Tx,x ′ ,

Xt if t > Tx,x ′ ,
(5.4)

we can see that Tx,x ′ < +∞ a.s., that is, we have a successful coupling. Indeed,
we observe that Tx,x ′ represents the (first) hitting time to the origin for a one-
dimensional Brownian motion starting at r = |x − x ′|/2.

The extension of the previous reflection method to the case of varying coeffi-
cients suggests a way to couple two solutions X x , X x ′ of an Itô equation of the
type:

d Xt = b(Xt ) dt + σ(Xt ) dWt ,

with distinct starting points x, x ′, provided the coefficients b(·) and σ(·) satisfy
suitable conditions. Given a standard Brownian motion (Wt ) on Rd , starting at
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the origin, we may consider the (coupled) pair of Itô equations:

d X x
t = b(X x

t )dt + σ(X x
t )dWt , X x

0 = x,

d X x ′
t = b(X x ′

t )dt + σ(X x ′
t )H(X x

t , X x ′
t )dWt , X x ′

0 = x ′,
(5.5)

where H(·, ·) takes values on the set of orthogonal matrices and satisfies some
needed regularity conditions. A choice of the function H is considered good if it
provides a successful coupling.

A possible set of regularity conditions on σ and b is that already used in
Section 2.5:

(a) σ(·) and b(·) are globally Lipschitz;
(b) σ(·) and b(·) are bounded;
(c) σ−1(·) exists and is bounded.
The function H(·, ·) in the construction that we adopt is given by:

H(u, v) = I− 2y(u, v)(y(u, v))T

for u �= v in Rd , where

y(u, v) = (σ (v))−1(u − v)

|(σ (v))−1(u − v)| ,

i.e. H(u, v) corresponds to a reflection orthogonal to the vector y(u, v). We set
H(u, u) as the identity. (This discontinuity on H(·, ·) is not a true difficulty, as
we see next.)

With the above conditions on σ and b one can prove strong existence and
uniqueness of the solution (X x , X x ′) of equation (5.5) up to the hitting time to
the diagonal. If Tx,x ′ = inf{t > 0: X x

t = X x ′
t } is finite, then past Tx,x ′ we let the

two paths move together: we set X x ′(t) = X x (t), for t > Tx,x ′ , where X x is the
unique strong solution of the first equation in (5.5). This provides a strong solution
of (5.5). It has the proper marginal distributions, given by the laws of the basic
diffusion starting at x and x ′. (We omit full details.)

Remark Under the Lipschitz condition, it is a standard procedure to relax the
boundedness assumptions on σ, σ−1, and b through the use of localization argu-
ments, stopping the process when it hits the boundary of arbitrarily large balls.
For our present purposes this is less relevant, since the questions we have in mind
involve the process until it escapes from a fixed bounded domain. We omit a more
technical discussion.

We need conditions that guarantee the a.s. finiteness of Tx,x ′ . This task becomes
much easier in the case of a constant diffusion matrix (Example 5 in [202]). From
now on we assume that σ = ε I, where ε > 0. Let (X x,ε, X x ′,ε) be the correspond-
ing solution of (5.5), as described above, with H given by (5.3). T ε

x,x ′ denotes the
corresponding coupling time.
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Let us consider Y ε
t = |X x,ε

t − X x ′,ε
t |. Notice that

X x,ε
t − X x ′,ε

t = x − x ′ +
∫ t

0
{b(X x,ε

s )− b(X x ′,ε
s )}ds

+ ε

∫ t

0
(I− H(X x,ε

s , X x ′,ε
s ))dWs .

(5.6)

We may use the (extended) Itô formula, cf. (2.35), with f (u) = |u|, to get that the
one-dimensional process Y ε

t satisfies, for t < T ε
x,x ′ :

dY ε
t =

〈
b(X x,ε)− b(X x ′,ε),

X x,ε
t − X x ′,ε

t

|X x,ε
t − X x ′,ε

t |

〉
dt

+ ε

〈
(I− H(X x,ε, X x ′,ε))

X x,ε
t − X x ′,ε

t

|X x,ε
t − X x ′,ε

t |
, dWt

〉
;

Y ε
0 = |x − x ′|.

(5.7)

Remark Since the function f (u) = |u| is not differentiable at the origin, we need
in fact an extension of the usual Itô formula. We may use the stopping times ηn =
inf{t ≥ 0: |Y ε

t | ≤ 1/n} and check the expression for the processes stopped at ηn ,
Y ε

t∧ηn
and then let n →+∞ to get the extension of (2.35), applicable to Y ε

t for t <

T ε
x,x ′ . Clearly, the right-hand side of (5.7) does not make sense if X x,ε

t = X x ′,ε
t .

Since we are interested in the behaviour of Y ε up to T ε
x,x ′ , we shall not fill in all

details of the localization procedure. To check (5.7) we apply this extension of
Itô’s formula (2.35) and observe that the term with second derivatives

∑
i,k

∂2 f

∂xi∂xk
(X x,ε − X x ′,ε)

∑
j

(I− H(X x,ε
s , X x ′,ε

s ))i, j (I− H(X x,ε
s , X x ′,ε

s ))k, j

(5.8)
vanishes, as a simple computation using (5.3) shows.

After some computations we also see that for t < T ε
x,x ′ the second term on the

right-hand side of (5.7) equals

2ε

〈
X x,ε

t − X x ′,ε
t

|X x,ε
t − X x ′,ε

t |
, dWt

〉

which may be written as 2εd B̃t , for a one-dimensional standard Brownian motion
B̃t , starting at the origin.

The control of the first term on the right-hand side of (5.7) is simplified if

〈 b(u) − b(v) , u − v 〉 ≤ 0 (5.9)
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for all u �= v. In this case T ε
x,x ′ becomes bounded from above by

S̃ε
x,x ′ = inf{t > 0: |x − x ′| + 2ε B̃t = 0},

for a one-dimensional standard Brownian motion B̃t and we get:

P(S̃ε
x,x ′ ≤ ε−3) = P(infs≤ε−3 2ε B̃s ≤ −|x − x ′|)

= 2P(2ε B̃ε−3 ≤ −|x − x ′|)

= 2P(B̃1 ≥ ε1/2

2
|x − x ′|)

≥ 1− |x − x ′|√
2π

ε1/2,

(5.10)

where we have used the reflection principle (Theorem 2.14) in the second equality.
Observe that the coupling time has been estimated with such simplicity owing

to two important points:
(i) the hypothesis of a constant diffusion matrix, which makes the terms in-

volving second derivatives in Itô’s formula, cf. (5.8), vanish;
(ii) condition (5.9) on the vector field b(·).

An example verifying (5.9) is b(·) = −∇U (·), where U is convex.

Remark 5.1 As a basic application, consider the problem of proving the asymp-
totic exponentiality of the escape time τε in the context of Section 2.6. Concerning
(ii) above, it will suffice to guarantee the validity of (5.9) in a small neighbour-
hood of the stable fixed point x0 (see the next paragraph). Let b(·) = −∇U (·),
where U is of class C2 and x0 is a hyperbolic point of minimum of U (·).
Thus, the Hessian matrix D2U (x0) (the matrix of second order partial deriva-
tives of U (·) at x0) is symmetric and positive definite. Let δ > 0 be small. By the
mean value theorem, we can write the left-hand side of (5.9), for u, v ∈ Bδ(x0),
as 〈 A(u, v)(u − v) , u − v 〉, where A(u, v) is a d × d matrix with entries
−(∂2U/∂xi∂x j )(y(i, j)) for suitable points y(i, j) with max1≤k≤d |yk(i, j)−
x0,k | ≤ δ, so that |y(i, j)− x0| ≤ d1/2δ. Since U is of class C2 and the ma-
trix D2U (x0) is symmetric and positive definite, we see that (5.9) holds for
u, v ∈ Bδ(x0) and δ sufficiently small.

The arguments in Section 2.6 show that with overwhelming probability the pro-
cess visits Bδ(x0) and then takes a time of order at least exp{c/ε2} for a posi-
tive constant c = cδ to leave it. Since this is much larger than ε−3, for ε small
enough, (5.10) indicates the possibility of using the coupling technique to prove
the asymptotic loss of memory of τε. This is discussed in Section 5.4 in a more
general situation.

The situation with item (i) above is delicate. The coupling method was
discussed in [202] for nonconstant diffusion matrices, with conditions for a
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successful coupling when σ(·) does not vary too much. However, its applica-
bility to our basic problem would require more precise estimates of the order of
magnitude of the coupling time (its ε-dependence). This requires a more careful
analysis that we shall not pursue in this text.

5.2 The case of a double well potential
We shall now make rigorous the description given at the beginning of this chapter
in the simplest case of a vector field that derives from a double well potential. The
goal is to prove the analogue of Theorems 4.10 and 4.6 in Chapter 4, summariz-
ing the two basic ingredients: thermalization and unpredictability of the tunnelling
times. More general situations are treated later in this chapter, using the full ma-
chinery of Freidlin and Wentzell.

Assumptions 5.2 Let (X x,ε) be as in (5.1). We assume that for x ∈ Rd

b(x) = −∇U (x),

where
(i) U : Rd → R is a function of class C2;

(ii) lim inf|x |→+∞ U (x)/|x | > 0;
(iii) U (·) has exactly three critical points, denoted by p, q and z, all hyperbolic,

i.e. the determinant of the Hessian matrix of U at these points is different
from zero; p and q are assumed to be stable, i.e. they are points of local
minimum of U (·); z is a saddle point;

(iv) U (q) < U (p) < U (z);
(v) b is globally Lipschitz, i.e. condition (2.51) holds.

For the problems we have in mind condition (v) does not impose any extra
restriction, as we shall see.

Remark 5.3 Under the previous assumptions it follows that the Hessian ma-
trix −D2U (z) has only one positive eigenvalue, whose eigenspace is one-
dimensional. The eigenvalues of −D2U (x), for x = p, q are all negative.

Under Assumptions 5.2, the behaviour of the deterministic system X x,0
t is very

simple. We have a decomposition

Rd =Ws
p ∪Ws

q ∪Ws
z ,

where Ws
x denotes the (global) stable manifold of the fixed point x : Ws

x is in-
variant under the deterministic flow and attracted towards x (if y ∈Ws

x , then

X y,0
t ∈Ws

x for all t > 0 and limt→+∞ X y,0
t = x). For x = p, q we shall write

Ws
x = Dx to recall that in these cases Ws

x is an open domain in Rd , also called
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the domain of attraction of x . The separatrix of Dp and Dq is Ws
z , which is a

manifold of codimension one, under the above assumptions.
The saddle point z also admits a non-empty unstable manifold, which we de-

note by Wu
z . In this case, it is a one-dimensional manifold connecting p and q

(see Remark 5.3).
We keep here the same notation introduced in Chapter 2. In particular, τ x

ε (A)

will denote the hitting time to the set A for the process X x,ε. The starting point is
omitted from the notation if it appears as a subscript in the probability measure.
Br (x) (B̄r (x)) will denote the open (closed, respectively) Euclidean ball centred
at x , with radius r ; Sr (x) = {y ∈ Rd : |y − x | = r}. Domains are taken open.

Definition 5.4 Let us fix c > 0 so that B̄c(p) ⊆ Dp and B̄c(q) ⊆ Dq , and let us
set

τ x
ε = τ x

ε (B̄c(q))

and

τ̄ x
ε = inf{t > τ x

ε : X x,ε
t ∈ B̄c(p)},

with the convention that inf(∅) = +∞. Notice that τ x
ε and τ̄ x

ε are stopping times
(for the canonical filtration associated with the given Brownian motion).

We now state the basic results on metastability for this example.

Theorem 5.5 For each ε > 0 let βε be defined through the relation

Pp(τε > βε) = e−1. (5.11)

Under Assumptions 5.2,

limε→0 ε2 logβε = 2(U (z)−U (p)) =: ,, (5.12)

and for each x ∈ Dp and each t > 0,

limε→0 Px (τε > tβε ) = e−t . (5.13)

Similarly, if β̄ε is defined through the relation Pq(τε(B̄c(p)) > β̄ε) = e−1, then
for each x ∈ Dp and each t > 0,

lim
ε→0

Px (τ̄ε − τε > t β̄ε ) = e−t .

Theorem 5.6 Under the assumptions of Theorem 5.5 and with βε defined by
(5.11), we can find Rε > 0, with limε→0 Rε = +∞, limε→0 Rε/βε = 0, such that
the M1(R

d)-valued processes νε
t defined by

νε
t ( f ) = 1

Rε

∫ tβε+Rε

tβε

f (Xε
s )ds, f ∈ Cb(R

d), t > 0, (5.14)
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verify, for each x ∈ Dp, f ∈ Cb(R
d), and t > 0,

lim
ε→0

Px

(
sup

0<s<(τε−2Rε)/βε

|νε
s ( f )− f (p)| > δ

)
= 0 (5.15)

and

lim
ε→0

Px

(
sup

τε/βε<s<(τ̄ε−2Rε)/βε

|νε
s ( f )− f (q)| > δ

)
= 0. (5.16)

Possible choices of Rε include Rε = eα/ε
2
, with 0 < α < ,.

An immediate consequence of the last two theorems is that with a minor mod-
ification of the process (νε

t ) around τε/βε, we have convergence in law, in the
Skorohod space of measure-valued trajectories. The limit is a jump process which
performs a unique jump, from δp to δq , after a unit mean exponential random time.

Notation Given a measurable set A ⊆ Rd for which µε(A) > 0, we denote by
µε,A the corresponding restricted (conditioned) equilibrium measure

µε,A(dx) := 1

µε(A)
1A(x)µε(dx).

Proof of Theorem 5.5 We start by proving (5.12). The proof also provides the
main point for the loss of memory involved in (5.13). Given δ > 0 we shall prove
that for any x ∈ Dp

lim
ε→0

Px (e
,−δ

ε2 < τε < e
,+δ

ε2 ) = 1 (5.17)

where , = 2(U (z)−U (p)). This implies (5.12), as easily checked.
Given a small positive number ϑ so that B̄ϑ(z) ∩ (B̄c(p) ∪ B̄c(q)) = ∅, we

may take a bounded domain G = G(ϑ) with boundary ∂G of class C2, and such
that:

(a) B̄c(p) ∪ B̄c(q) ⊆ G , z ∈ G;
(b) 〈b(x), n(x)〉 < 0 for all x ∈ ∂G, where n(x) denotes the unit outward nor-

mal vector to ∂G at x ;
(c) G = G p ∪ Gq ∪ Gz with G p ⊆ Dp , Gq ⊆ Dq ,

Gz ⊆ Bϑ(z). (5.18);
Condition (b) guarantees that G ∪ ∂G is invariant under the deterministic
flow (X x,0

t ), as time evolves positively. We also assume that
(d) minx∈∂GU (x) > U (z).
Since the potential U (·) is of class C2, possible choices are G = {x :

U (x) < ū}, where ū = ū(ϑ) > U (z) is suitably close to U (z).
Having fixed any such auxiliary domain G, we may modify our prob-

lem slightly and restrict our attention to what happens inside G only. Due to
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Gp Gq
zG

p qz

Figure 5.2

Assumptions 5.2, the (d − 1)-dimensional manifold Ws
z is a separatrix for Dp

and Dq . Ws
z ∩ G divides G into two positively invariant domains Dp ∩ G and

Dq ∩ G. Our problem will be reduced to studying how the process X x,ε escapes
from one of these domains to the other, once we show that this happens before the
escape from G, with overwhelming probability. For convenience, in the proof of
the upper bound for the exit time we shall avoid the presence of the critical point
z in the boundary, for which reason we have singled out the small subdomain Gz ,
cf. (c) above. We call ∂q and ∂ p the portions of the boundary of Gz contained in
Dq and Dp respectively. In addition, we set

G ′ = G p ∪ ∂ p ∪ ∂q ∪ Gz . (5.19)

Notice that ∂q and ∂ p may be taken transverse to Wu
z .

As consequence of condition (d) above we have that

min
y∈∂G ′\∂q

U (y) > U (z). (5.20)

The picture to have in mind is that of Figure 5.2, drawn in the two-dimensional
case.

We start by first proving the lower bound for the tunnelling time, i.e. that

lim
ε→0

Px (τε < e
,−δ

ε2 )→ 0, (5.21)

for any x ∈ Dp and any δ > 0.
Observe that (5.21) was essentially proven in Section 2.6, when completely

attracted domains were considered and the upper bound in the l.d.p. was used.
Indeed, given the continuity of the trajectories, and explicit knowledge of the
quasi-potential inside Dp, cf. Proposition 2.37, the discussion in Section 2.6 gives
us the validity of (5.21) for all x ∈ Bc(p). The extension to all x ∈ Dp follows as
step (III) below.
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We now present a different argument, exploiting explicit knowledge of the
stationary measure µε, the rough estimate (2.53) and the coupling methods. This
proof will be done in three steps.

(I) Proof of (5.21) in some ‘averaged’ way, i.e. for x chosen randomly accord-
ing to µε,B , where B = Bρ(p) for sufficiently small ρ.

(II) Proof of (5.21) for each initial point x ∈ Bρ1(p), where ρ1 is positive, but
possibly smaller than ρ in (I); the convergence is uniform on such initial
points.

(III) Proof of (5.21) for each initial point x ∈ Dp.
Step (I). Due to path continuity, if the initial point x belongs to G p, τε is

greater than the exit time from Dp ∩ G, for any choice of ϑ as above. From the
stationarity of the measure µε, the continuity of U (·) and the choice of G, we
can take ρ > 0, ϑ ′ > 0 small enough (depending on δ) so that for any T and ε

positive:

Pµε,Bρ (p) (Xε
T ∈ ∂(Dp ∩ G)(ϑ ′)) ≤

µε(∂(Dp ∩ G)(ϑ ′))

µε(Bρ(p))

≤ e
− 2

ε2 infx∈∂(Dp∩G)
(ϑ ′) U (x)

λd(∂(Dp ∩ G)(ϑ ′))

e
− 2

ε2 supx∈Bρ (p) U (x)
λd(Bρ(p))

≤ λd(∂(Dp ∩ G)(ϑ ′))

λd(Bρ(p))
e−(,−δ/3)/ε2

(5.22)
where A(r) = {x ∈ Rd : |x − y| < r, for some y ∈ A} is the r -neighbourhood of
A. Here we have used the continuity of U and that minx∈∂(Dp∩G) U (x) = U (z),
which follows from the choice of the set G, since U (y) ≥ U (z) for y ∈Ws

z . (λd

denotes the d-dimensional Lebesgue measure.) Now, given δ > 0 we set

T− = T−(ε, δ) := e
,−δ

ε2 , (5.23)

let N = [T−/ε3
]

be the integer part of T−/ε3, ti = iε3, 0 ≤ i ≤ N , and tN+1 =
T−. Using the inequality in the reflection principle (Theorem 2.14) we can write

P

(
max

0≤i≤N
sup

ti≤t≤ti+1

|Wt − Wti | ≥ 1

)
≤ 2d(N + 1)e

− α

ε3 (5.24)

for a suitable positive constant α.
Calling �̃ the complement of the event in (5.24) and with the processes X x,ε

constructed as in Section 2.4, it is easy to see that for ε sufficiently small and any
initial x ,

�̃ ∩ (X x,ε
ti ∈ Dp ∩ G, ∀ 0 ≤ i ≤ N ) ⊆

(
sup

0≤i≤N
sup

ti≤t≤ti+1

|X x,ε
t − X x,ε

ti | ≤ 2ε

)
.

(5.25)
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To check the last inclusion, recall that if ti ≤ t ≤ ti+1 we have

|X x,ε
t − X x,ε

ti | ≤ |
∫ t

ti
b(X x,ε

s )ds| + ε|Wt − Wti |

≤
∫ t

ti
|b(X x,ε

s )− b(X x,ε
ti )|ds + |(t − ti )b(X x,ε

ti )| + ε|Wt − Wti |.

Using the Lipschitz property given by (2.51) and the Gronwall inequality, we see
that on the event [X x,ε

ti ∈ Dp ∩ G] ∩ �̃ and for ti ≤ t ≤ ti+1 we have:

|X x,ε
t − X x,ε

ti | ≤ eκ|t−ti |
ε + ε3 sup

x∈Dp∩G

|b(x)|


and (5.25) follows at once, for ε > 0 small. From this and (5.24) we can write

Pµε,Bρ (p) (τε < T−) ≤ 2d(N + 1)e
− α

ε3 +
N∑

i=1

Pµε,Bρ (p) (Xε
ti ∈ ∂(Dp ∩ G)(ϑ ′)),

provided ε > 0 is small. Recalling (5.22) and (5.23) we conclude that

lim
ε→0

Pµε,Bρ (p) (τε < T−) = 0, (5.26)

completing step (I).
Step (II). We now verify that the initial measure µε,Bρ(p) might be replaced

by any initial point x close enough to p. For this we use the coupling method of
Lindvall and Rogers, defined in Section 5.1. Pick ρ > 0 small enough to guarantee
the validity of (5.9) for all u �= v ∈ Bρ(p), as seen in Remark 5.1. We now recall
Remark 2.41: due to the stability of p, we can take ρ1 > 0 small enough and c1

positive so that

sup
y∈Bρ1 (p)

Py
(
τε(Sρ(p)) < e

c1
ε2
) ≤ e

− c1
ε2 , (5.27)

where Sρ(x) = {y ∈ Rd : |y − x | = ρ}.
Due to the basic properties of the coupling discussed in Section 5.1 and as

remarked at that occasion, for two trajectories starting at x, x ′ ∈ Bρ1(p), we see
that with probability tending to one as ε tends to zero, the two trajectories will
meet before a time of order ε−3 and before any of them has escaped from Bρ(p).
In particular,

lim
ε→0

sup
x,x ′∈Bρ1 (p)

|Px (τε > T−)− Px ′(τε > T−)| = 0. (5.28)

Together with (5.26) this implies (5.21), uniformly on Bρ1(p), concluding step
(II) (notice that in this step ρ1 replaces the initial ρ and it might be much smaller).

Step (III). To conclude the proof it now suffices to exploit the closeness to the
deterministic orbit and the strong Markov property, as already done in Chapter 2.
More precisely, starting at x ∈ Dp there is a time Tx , independent of ε, such that
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during the time interval [0, Tx ] the deterministic system reaches Bρ1/2(p) and
keeps at least a positive distance δx from ∂Dp. Using the simple estimate (2.53)
we see that for small ε, with overwhelming probability, the stochastic system also
reaches Bρ1(p) before Tx and without exiting from Dp. We then use the strong
Markov property at the first hitting time to Bρ1(p) and the result of step (II),
concluding the proof of (5.21). (The convergence is uniform for x in a compact
subset of Dp.)

We now turn to the proof of the upper bound for τε, namely that for any δ > 0
and any x ∈ Dp:

lim
ε→0

Px (τε > e
,+δ

ε2 ) = 0. (5.29)

Having fixed a domain G as before, and using the closeness to the deterministic
orbit, it suffices to show that given δ > 0 we can find ρ1 positive such that

lim
ε→0

sup
x∈Bρ1 (p)

Px (τε(∂
q) > T+) = 0, (5.30)

where T+ = T+(δ, ε) = e(,+δ)/ε2
, and we use the previous notation. Indeed, the

orbits of the deterministic system issued from points in ∂q reach Bc/2(q) in a
bounded time, and we apply the strong Markov property and (2.53).

To get (5.30) we want to find T = T (ε) such that

lim
ε→0

T (ε)/e
,+δ/2

ε2 = 0

and for which we can show the existence of a suitable set of trajectories E = Ex,T

contained in {ϕ ∈ C([0, T ],Rd) : ϕ(0) = x} verifying:
(i) infx∈G ′ P

(
X x,ε ∈ Ex,T

) ≥ αε := T (ε)/e(,+δ/2)/ε2
;

(ii) every trajectory in Ex,T reaches ∂q by time T .
Notice that (5.30) will follow once events E satisfying the above conditions

(i) and (ii) are proven to exist. To see this, we split the time interval [0, T+] into
subintervals of length T (ε). Using the Markov property at the initial times of each
subinterval we first obtain that

sup
x∈G ′

Px
(
τε(∂G ′) > T+

) ≤ (1− αε)
[ T+

T (ε)
]
,

which tends to zero as ε → 0. On the other hand, due to (5.20), the previous lower
estimate yields δ1 > 0 (depending on G) and ρ1 > 0 so that1

lim
ε→0

sup
x∈Bρ1 (p)

Px
(
τε(∂G ′ \ ∂q) < e

,+δ1
ε2
) = 0.

In this case, (5.30) would follow if δ ≤ δ1. But the argument given below shows

1 For instance, we can take ρ1 = c.
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that we can take δ arbitrarily small (independently of the fixed G) and construct
events Ex,T as above.

In the framework of large deviation theory, a construction of such events Ex,T ,
with T independent of ε (but depending on δ and G) follows from Theorem 2.25.
The idea is to show that for each x ∈ G ′ there is a trajectory ϕx starting at x , with
rate function not larger than ,+ δ/3 and such that not only does ϕx exit from
G ′ (through ∂q ) by time T , but also that any path sufficiently close to it in the
metric �T (·, ·) will do the same. For this we let ϑ ′ ≤ ϑ be so small that the rate
function of the linear interpolation between any two points within a distance 2ϑ ′

is at most δ/16 and let G(z, ϑ ′) be the set of points in Gz at distance at most
ϑ ′ from Ws

z . From any point x0 ∈ G(z, ϑ ′) we choose any of the points x ′0 ∈
Ws

z closest to it, and interpolate from x0 to x ′0. We then follow the deterministic
flow, arriving at some x ′′0 ∈ B̄ϑ ′(z), from where we interpolate to a point x1 ∈
Wu

z ∩ Dq with |x1 − z| = ϑ ′. The deterministic path starting at a point x0 ∈ Dp ∩
∂G(z, ϑ ′) hits Sϑ ′(p) in a certain bounded time t ′x0

and that starting at a point x1

as above arrives at some point x3 ∈ Gq at a distance at least ϑ ′ from Gz in a
certain bounded time tx1 . The construction of the trajectory ϕx goes as follows:
for x ∈ G(z, ϑ ′) we follow the above prescription (with x0 = x) until we reach
a point x3 as above. For x ∈ G ′ \G(z, ϑ ′) there are two different cases: for x ∈
Dq we just follow the deterministic path until we reach a point x3 as above; for
x ∈ Dp we first follow the deterministic path until we reach Sϑ ′(p) and then a
little interpolation to a point x2 ∈ Sϑ ′(p) ∩Wu

z from which we can follow the
reversal of the deterministic trajectory, reaching a point x0 ∈ Dp ∩ Sϑ ′(z), and
then we follow the previous prescription. The total time tx of such trajectories ϕx

can be uniformly bounded in x , their rate function can be bounded from above
by ,+ δ/3 and each path close enough to ϕx during time [0, tx ] will reach ∂q

within tx . Defining Ex as a small neighbourhood of ϕx , condition (ii) follows from
the construction and (i) is a consequence of item (b)′u in Corollary 2.26. We get
(5.30) as indicated above.

This concludes the proof of (5.17), from which (5.12) follows at once.
The proof of (5.13) is now almost evident. The loss of memory can be checked

as a consequence of the coupling of Lindvall and Rogers, according to (5.28),
together with the fact that if the process remains in G ′ for an exponentially long
time, then it must visit Bρ1(p) with overwhelming probability. With respect to the
case in Section 2.6, this implies control on the time it stays around z. We provide
details in the more general context of Section 5.4.

The second part of Theorem 5.5 is completely analogous to the first. �

The details for the proof of Theorem 5.6 are omitted, since they are similar to the
corresponding ones in Chapter 4.

Remark Concerning the lower bound for τε in (5.17), besides the proof based on
the l.d.p., we have seen an alternative argument based on the explicit description



302 Metastability. Models of Freidlin and Wentzell

of the invariant measure, on the closeness to the deterministic system (cf. (2.53)),
and on coupling methods. It is not hard to see that the same can be done for the
upper bound for the escape time τε in Theorem 2.40 of Section 2.6, if b = −∇U
and U is a single well potential. Moreover, exploiting the reversibility of µε (see
next remark), one can also argue along these lines to describe the first excursion
to ∂G for this particular choice of the vector field.

On the other hand, to carry out such an argument in order to prove the up-
per bound for the tunnelling time τε in the context of Theorem 5.5 requires
more involved details. One may properly choose the domain G ′ in the previous
proof, with ϑ suitably small, and modify U outside G ′ by introducing another
small well around a stable point q̃ /∈ G ′, near to ∂q . This can be done in such
a way that the invariant measure of the modified process gives weight at least
exp{−ε−2(,+ δ/2)} to a small neighbourhood around z. With the help of this
auxiliary process we can construct events Ex,T (T = T (ε) suitable) leading to
the proof of (5.30), as above. The rest of the proof follows as before. The de-
tails of an argument along these lines are lengthy and we do not develop them
here.

Remark Under Assumptions 5.2, the measure µε given by (5.2) is reversible
for Xε, i.e. for any given T > 0, (Xε

t : 0 ≤ t ≤ T ) and (Xε
T−t : 0 ≤ t ≤ T ) have

the same law under Pµε := ∫ Px (·)µε(dx). This is expressable by the self-
adjointness of the generator in the space L2(Rd , µε) and it can be checked after
recalling (2.47) for b = −∇U and a = ε2I. This concept appeared in Chapter 4
and it is further exploited in the next chapter, in the context of stochastic Ising
models; we refer to Chapter I of [199].

5.3 General case. Asymptotic magnitude of the escape time
Having in mind extensions of Theorem 5.5, one is naturally led to study the escape
time from a domain G that contains several asymptotically stable fixed points (or
periodic orbits). This requires a more general method to deal with the transitions
among small neighbourhoods of such points (or periodic orbits) inside G, up to
the escape from G. The fundamental results are provided by Freidlin and Wentzell
theory, and are described in Chapter 6 of [122]. In this section, for the sake of
completeness, we recall some of their basic points leading to estimates of the
order of magnitude of the escape time. Some details will be omitted, for which
we refer to [122]. The other ingredient for the extension of Theorem 5.5 is a
suitable application of the coupling discussed in Section 5.1. We need to adapt it,
since condition (5.9) might not hold. This is done in Section 5.4, and it will enable
us to go beyond the results of Freidlin and Wentzell, describing the asymptotic
distribution of the escape time in the presence of a ‘cycle’ property.
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We consider diffusion processes X x,ε on Rd , given by Itô’s equation (5.1). The
vector field b : Rd → Rd is assumed to be of class C1 and we assume as well that
the entries of the Jacobian matrix Db(x) = (∂bi/∂x j (x)) are bounded.

In Section 2.6 we considered the case of a domain G positively invariant under
the deterministic flow, and fully attracted to a unique point x0 ∈ G. For investi-
gation of the escape from G we were led to consider V (x, y), the quasi-potential
of Freidlin and Wentzell, cf. Definition 2.31, which represents the ‘minimal cost’
for the system to go from x to y, in terms of large deviations. The basic results
concerning the escape from G were obtained through consideration of a discrete
time Markov chain (Z ε

n) that records the successive visits to Sr (x0) ∪ ∂G, after
having passed by S2r (x0), and stopping upon the first visit to ∂G, where r > 0
was taken small enough. In the limit of small noise, a crucial role was played
by V0 = miny∈∂G V (x0, y) and by those points in ∂G where the minimum is
attained.

If the domain G contains several stable equilibrium points (or attracting peri-
odic orbits) for the deterministic system, the extension now involves the analysis
of a Markov chain (Z ε

n) taking values on the union of ∂G with the boundaries
of small neighbourhoods of the different fixed points (or periodic orbits) inside
G, until it reaches ∂G. The estimates should then involve the ‘cost’ of the given
transitions under the restriction of not exiting from G ∪ ∂G. This leads to the
consideration of VG(x, y), defined for x, y ∈ G ∪ ∂G:

VG(x, y) = inf{IT (ϕ) : ϕ(0) = x, ϕ(T ) = y, ϕ(s) ∈ G ∪ ∂G

for all s ∈ [0, T ], T > 0},

where IT is the rate function introduced in Chapter 2.
Of course, VG(x, y) ≥ V (x, y) for all x, y ∈ G ∪ ∂G. We also see that if

x, y ∈ G and VG(x, y) ≤ minz∈∂G V (x, z), then VG(x, y) = V (x, y).
Concerning the problems we have outlined, we need a quick review of essential

points in the theory of Freidlin and Wentzell. We start with a summary of the basic
properties of VG(·, ·) that will be needed in the sequel. At this point we will be
sketchy. The results in the proposition below are taken from Lemmas 1.2 and 1.4,
Chapter 6 of [122], where they are proved more generally.

Proposition 5.7
(i) VG is finite and continuous in G × G. If ∂G is of class C2, then the conti-

nuity holds in (G ∪ ∂G)× (G ∪ ∂G).
(ii) For each γ > 0 and each K compact subset of G there exists T0 < +∞

such that for any x, y ∈ K there is a path ϕ contained in G ∪ ∂G with
ϕ(0) = x , ϕ(s) = y for some s ≤ T0 and such that

Is(ϕ) ≤ VG(x, y)+ γ.
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(When ∂G is of class C2, the above property holds for any compact K ⊆
G ∪ ∂G.)

(iii) Let G be a domain with ∂G a compact manifold of class C2. For δ > 0
we write G(−δ) = {y ∈ G : |y − x | > δ, ∀ x ∈ ∂G} and, as before, G(δ) =
{y ∈ Rd : |y − x | < δ, for some x ∈ G}.
Given γ > 0 and a compact set K ⊆ G ∪ ∂G, we can find δ > 0 such that

VG(x, y) ≤ VG(δ)
(x, y)+ γ, (5.31)

VG(x, y) ≥ VG(−δ)
(x(−δ), y(−δ))− γ, (5.32)

for any x, y ∈ K , where z(−δ) denotes the element in G(−δ) closest to z, for
any z ∈ G ∪ ∂G.

Remark The assumptions on ∂G allow to define z(−δ), provided δ > 0 is small
enough.

Sketch of the proof (Partial) (i) The finiteness of VG is easily seen. For the con-
tinuity, it suffices to see that given γ > 0 and x ∈ G ∪ ∂G, there exists δ > 0
small enough so that if y ∈ G ∪ ∂G and |x − y| ≤ δ, we can find a trajectory
connecting x and y in a bounded time, entirely contained in G ∪ ∂G, and with
rate function at most γ . For x ∈ G this follows at once from Lemma 2.32, since
we can just make a small linear interpolation. A little more care is needed for the
points at the boundary, but due to the smoothness of ∂G it works essentially in
the same way, with a more delicate interpolation.

(ii) Using the compactness, for δ > 0 sufficiently small (to be determined) we
take a finite subset {x1, . . . , xm} ⊆ K such that K ⊆ ∪m

i=1 Bδ(xi ), and for each
pair of points in this finite set we can find a trajectory as in the statement but with
γ replaced by γ /2. As in (i), using Lemma 2.32, we can take δ so small such
that K(δ) ⊆ G, and such that any two points in K at distance at most δ can be
connected by a trajectory contained in G ∪ ∂G, with rate function at most γ /2,
in time at most δ (linear interpolation, simply). Putting these two together: given
x, y ∈ K we take xi , x j such that |x − xi | ∨ |y − x j | ≤ δ, and the trajectory is
constructed by first connecting x to xi , then xi to x j , and finally x j to y according
to the previous description.

When the boundary ∂G is smooth we can allow K ⊆ G ∪ ∂G, and for that we
would again have to modify the interpolation near ∂G. We omit details.

(iii) This is a little more involved. It suffices to prove one of the inequalities
and the other is analogous. The main point in the proof of (5.32) is to show that,
given a < +∞ and γ > 0, there exists δ > 0 so that if a path ϕ in G ∪ ∂G con-
nects two points x, y ∈ K ∩ (G(−δ) ∪ ∂(G(−δ)) in a time T , and T + IT (ϕ) ≤ a,
then we can replace it by a path in G(−δ) ∪ ∂(G(−δ)) connecting x to y (possibly
in a different time), without increasing the rate function by more than γ . The pro-
cedure may be obtained by first approximating ϕ by polygonal functions, which
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have to be perturbed during the time spent at distance at most δ from the boundary.
Details are omitted; we refer to Lemma 1.4, Chapter 6 of [122]. �

Definition 5.8 Given a domain G which we assume, from now on, with ∂G
of class C2, and given x, y ∈ G ∪ ∂G, we say that x ∼G y if VG(x, y) =
VG(y, x) = 0. When G = Rd we write simply ∼.

Observe that∼G is an equivalence relation in G ∪ ∂G. Each equivalence class for
∼G is closed, due to the continuity of VG . Since the rate function vanishes only on
the trajectories of the deterministic system, we can check that if the equivalence
class of x is non-trivial (strictly larger than {x}), then the deterministic trajectory
(or orbit) X y,0

· of any point y in this class must be entirely contained in the class.
Thus, any non-trivial equivalence class for ∼G contains the ω-limit set of each of
its points. (As usual, the ω-limit set of a point y is defined as the set of accumu-
lation points of the positive orbit of the deterministic system, issued from y.) We
now turn to the points of the Freidlin and Wentzell theory that provide the esti-
mates of the escape times. For the moment we consider the set-up as in Section 2,
Chapter 6 of [122], but restricted to Rd and taking a(x) = I.

Assumptions 5.9
(a1) G ⊆ Rd is a bounded domain with ∂G of class C2, containing a finite num-

ber of compact sets K1, . . . , Kl such that:
(a2) each Ki is an equivalence class for ∼G ;
(a3) if the ω-limit set of any point for the deterministic system ẋ = b(x) lies

entirely in G ∪ ∂G, then it must be contained in some Ki , for i = 1, . . . , l.

Remark Notice that under the above assumptions we allow the existence of
points in G for which the ω-limit set is not contained in G.

For the extension of the Markov chain approximation used in Section 2.6, we
need to recall the following definitions, introduced by Freidlin and Wentzell:

ṼG(Ki , K j ) = inf{IT (ϕ) : ϕ(0) ∈ Ki , ϕ(T ) ∈ K j , ϕ(s) ∈ (G ∪ ∂G) \ ∪��=i, j K�

for all 0 < s < T, T > 0},
ṼG(x, K j ) = inf{IT (ϕ) : ϕ(0) = x, ϕ(T ) ∈ K j , ϕ(s) ∈ (G ∪ ∂G) \ ∪��= j K�

for all 0 < s < T, T > 0},
ṼG(Ki , y) = inf{IT (ϕ) : ϕ(0) ∈ Ki , ϕ(T ) = y, ϕ(s) ∈ (G ∪ ∂G) \ ∪��=i K�

for all 0 < s < T, T > 0},
ṼG(x, y) = inf{IT (ϕ) : ϕ(0) = x, ϕ(T ) = y, ϕ(s) ∈ (G ∪ ∂G) \ ∪�K�

for all 0 < s < T, T > 0},
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where i, j ∈ {1, . . . , l} and x, y ∈ G ∪ ∂G. (By convention, the infimum over the
empty set is taken as +∞.) Moreover, it is still convenient to set:

ṼG(Ki , ∂G) = min
y∈∂G

ṼG(Ki , y)

and analogously ṼG(x, ∂G) = miny∈∂G ṼG(x, y).

Definition 5.10 An equivalence class K for∼ is said to be stable if V (K , y) > 0
for each y /∈ K . Otherwise K is said to be unstable.

Notice that if x is a fixed point of the deterministic system and K = {x}, the
notion coincides with the usual asymptotic (or Lyapunov) stability, defined in
Section 2.6.

Having introduced the above quantities, Freidlin and Wentzell showed how the
large deviation theory, together with the strong Markov property for the pro-
cess X x,ε, yield a Markov chain approximation similar to the one used in Sec-
tion 2.6. This Markov chain is obtained by first taking a small positive number
ρ such that the neighbourhoods ∂G(ρ), (Ki )(ρ), i = 1, . . . , l, are all at a positive
distance from each other. Choosing ρ1 ∈ (0, ρ) and letting wi = (Ki )(ρ1), w =
∪l

i=1wi , C = (G ∪ ∂G) \ ∪l
i=1(Ki )(ρ), one considers the sequence of stopping

times:

η0 = 0, σ0 = inf{s ≥ 0: Xε
s ∈ C}, (5.33)

and, for n ≥ 1,

ηn = inf{s ≥ σn−1 : Xε
s ∈ ∂w ∪ ∂G},

σn = inf{s ≥ ηn : Xε
s ∈ C}.

(5.34)

These random times are well defined until the first hitting time to ∂G. After that
we may simply stop the chain, i.e. if N = min{n : Xε

ηn
∈ ∂G}, then for m ≥ N

we set σm = ηm = ηN , as in Section 2.6. Recalling the strong Markov property
of the diffusion process Xε, one is led to consider the imbedded Markov chain
Z ε

n = Xε
ηn

. The basic estimates are summarized in the following two lemmas due
to Freidlin and Wentzell, given as Lemma 2.1 and Lemma 2.2, Chapter 6 of [122].

Lemma 5.11 (Freidlin and Wentzell) For any γ > 0 there exists ρ > 0 such that
for any ρ2 ∈ (0, ρ) there exists ρ1 ∈ (0, ρ2) such that if δ0 ∈ (0, ρ) and ε is suf-
ficiently small, then for all x ∈ (Ki )(ρ2), i = 1, . . . , l, and any y ∈ ∂G one has
(recalling wi = (Ki )(ρ1)):

e−ε−2(ṼG (Ki ,K j )+γ ) ≤ P(Z ε
1 ∈ ∂w j |Z ε

0 = x) ≤ e−ε−2(ṼG (Ki ,K j )−γ );

e−ε−2(ṼG (Ki ,∂G)+γ ) ≤ P(Z ε
1 ∈ ∂G|Z ε

0 = x) ≤ e−ε−2(ṼG (Ki ,∂G)−γ );

e−ε−2(ṼG (Ki ,y)+γ ) ≤ P(Z ε
1 ∈ ∂G ∩ Bδ0(y)|Z ε

0 = x) ≤ e−ε−2(ṼG (Ki ,y)−γ ).

(5.35)
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Lemma 5.12 (Freidlin and Wentzell) For any γ > 0 there exists ρ > 0 such that
for any ρ2 ∈ (0, ρ) there exists ρ1 ∈ (0, ρ2) such that if δ0 ∈ (0, ρ) and ε is suf-
ficiently small, then for all x ∈ G \ (∪l

i=1(Ki )(ρ2) ∪ ∂G(ρ2)) and all y ∈ ∂G one
has:

e−ε−2(ṼG (x,K j )+γ ) ≤ P(Z ε
1 ∈ ∂w j |Z ε

0 = x) ≤ e−ε−2(ṼG (x,K j )−γ );

e−ε−2(ṼG (x,∂G)+γ ) ≤ P(Z ε
1 ∈ ∂G|Z ε

0 = x) ≤ e−ε−2(ṼG (x,∂G)−γ );

e−ε−2(ṼG (x,y)+γ ) ≤ P(Z ε
1 ∈ ∂G ∩ Bδ0(y)|Z ε

0 = x) ≤ e−ε−2(ṼG (x,y)−γ ).

(5.36)

Proof of Lemma 5.11 (cf. [122]) Let us start with an auxiliary remark, comple-
menting Proposition 5.7.
Remark. If K is a compact equivalence class, γ > 0 and ρ > 0 are given, then it
is possible to find T0 < +∞ and for each x, y ∈ K a trajectory connecting x to
y, in a time T ≤ T0, entirely contained in K(ρ) and with rate function less than γ .
That is, a trajectory as described in Proposition 5.7 can be assumed to be entirely
contained in K(ρ).
Proof of the remark. Observe that at the beginning of the proof of item (ii) in
Proposition 5.7 we may start with trajectories that do not leave the neighbour-
hood K(ρ). Indeed, if a sequence of trajectories in G ∪ ∂G connects two points
x, y in K and their rate function tends to zero, there must be one of these trajec-
tories which does not leave the neighbourhood K(ρ); otherwise we would get (as
an accumulation point) z /∈ K , equivalent to x and y, in contradiction with the
assumption that K is an equivalence class. We may then proceed as in the proof
of (ii) of Proposition 5.7, checking the remark.

A brief reflection allows us to conclude that each of the estimates in (5.35) be-
comes trivial if the corresponding ṼG(·, ·) is+∞, that is, the transition probability
must vanish in this case. Indeed, the non-existence of a trajectory with finite rate
function that satisfies the restrictions involved in the definition of a term ṼG(·, ·)
in (5.35) implies the non-existence of any continuous path verifying the same
restrictions. This clearly implies that the corresponding conditional probability
vanishes. One may take V̄ < +∞ as an upper bound for all finite values of the
quantities ṼG(·, ·) involved in (5.35).

The procedure for the proof is quite similar to that of Section 2.6, based on the
large deviation principle. It suffices to prove the statements at the first and third
lines of (5.35). The second line follows at once from the third one, by taking a
finite cover of ∂G by open balls of small radius.

For each of the lower bounds on the conditional probability, one might exhibit
a suitable tube of trajectories performing the corresponding transition and apply
the lower bound in the l.d.p. Thus, we need a trajectory with properly bounded



308 Metastability. Models of Freidlin and Wentzell

rate function such that any path sufficiently close to it in the supremum norm will
perform the given transition.

Let us concentrate on the lower bound at the first line of (5.35).
We take ρ ∈ (0, γ /10L), with L being as in Lemma 2.32, and such that the

sets (Ki )(ρ), i = 1, . . . , l, ∂G(ρ) are all at distance at least ρ from each other. As
in Proposition 5.7, we may take δ ∈ (0, ρ/2) so that:

ṼG(δ)
(Ki , K j ) ≥ ṼG(Ki , K j )− 0.1γ,

ṼG(−δ)
(Ki , K j ) ≤ ṼG(Ki , K j )+ 0.1γ,

ṼG(δ)
(Ki , y) ≥ ṼG(Ki , y)− 0.1γ,

ṼG(−δ)
(Ki , y(−δ)) ≤ ṼG(Ki , y)+ 0.1γ.

(5.37)

We also fix any ρ2 ∈ (0, ρ). For ρ1 sufficiently small, suitable T̄ < +∞ and δ′ >
0, for each pair i, j such that ṼG(Ki , K j ) ≤ V̄ , and each x ∈ (Ki )(ρ2) we want to
find a trajectory ϕx with the following two properties:

(1) ϕx (0) = x, IT̄ (ϕ
x ) ≤ ṼG(Ki , K j )+ 0.7γ ;

(2) [�T̄ (Xε, ϕx ) < δ′] ⊆ [Xε
η1
∈ ∂w j ].

For the lower bound at the first line in (5.35) it suffices to check the existence
of such a trajectory and to apply the basic lower estimate for large deviations. The
main piece for the construction is given by a path ϕKi ,K j that connects Ki to K j

without exiting from G−δ ∪ ∂(G(−δ)), without visiting ∪��=i, j K�, and with rate
function less than ṼG(Ki , K j )+ 0.2γ (using (5.37) and the definition of ṼG(−δ)

).
Each of these paths ϕKi ,K j involves a finite time, and since we have finitely many
such trajectories, we may assume these times to be uniformly bounded. Now let
ρ1 ∈ (0, ρ2 ∧ ρ/2) such that the ρ1 tube around each of the trajectories ϕKi ,K j

stays at a distance at least ρ1 from ∪��=i, j K�. For each x ∈ (Ki )(ρ2) we may define
ϕx as follows.

Case j �= i . (a) We first take an interpolation from x to a point x ′ ∈ Ki (clos-
est to x); this piece of trajectory stays at distance at least ρ − ρ2 from C and
has rate function less than 0.1γ , by Lemma 2.32. (b) Since Ki is a compact
equivalence class we can use the remark at the beginning of the proof to con-
nect x ′ to ϕKi ,K j (0) by a trajectory in (Ki )ρ2 and with rate function less than
0.1γ and bounded time. (c) From ϕKi ,K j (0) we follow ϕKi ,K j , arriving at K j

as described above. (d) Since the sum of the times in (a), (b) and (c) is uni-
formly bounded by some T̄ < +∞, we complete the trajectory up to time T̄ just
following the deterministic flow. This satisfies properties (1) and (2) above, for
δ′ < δ ∧ ρ1 ∧ (ρ − ρ2).

Case j = i . (a) With δ′ > 0 as above we take ϕx connecting x to a point x ′ at
distance ρ + δ′ from Ki with rate function less than 0.3γ (using Lemma 2.32).
(b) From x ′ we interpolate again to the closest point in Ki ; the rate function of
this piece is less than 0.2γ . (c) We may assume that ϕx stays at distance at least
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δ′ + ρ1 from ∪��=i K� and the sum of the times in (a) and (b) is bounded from
above by T̄ . We complete the trajectory up to time T̄ with deterministic flow.
Again, it is easy to see that for the choice of parameters as indicated, ϕx also has
properties (1) and (2) in this case.

For the lower bound at the third line in (5.35), the argument is similar, using
the compactness of ∂G to take a finite, δ0-dense set in ∂G, {y1, . . . , yk}, with
ρ, ρ2 as above (δ0 ∈ (0, ρ) as in the statement). This allows us to work with a
finite set of trajectories ϕKi ,s connecting Ki to (ys)(−δ), without exiting from
G(−δ) ∪ ∂(G(−δ)), without visiting ∪��=i K�, and with rate function bounded from
above by ṼG(Ki , ∂G)+ 0.2γ . The rest of the reasoning is similar with a proper
δ′ > 0, ρ1 and T̄ adjusted to work for all cases at once (for details see [122]).

As for the upper estimates, and taking ρ as before, we first reduce to initial
points x ∈ )i , where )i := ∂((Ki )(ρ)), just using the strong Markov property, as
in Section 2.6. Due to (5.37) and the choices of ρ, δ′ as before (using Lemma
2.32), we see that any trajectory ϕ starting at )i , reaching a δ′-neighbourhood
of ∂w j without leaving (G(δ) ∪ ∂(G(δ))) \ ∪��=i, j K� must have rate function at
least ṼG(Ki , K j )− 0.3γ . Firstly, using Lemma 2.34 we find T1 so that for all ε
sufficiently small and all x ∈ (G ∪ ∂G) \ w

Px (η1 > T1) ≤ e−ε−2 V̄

and so, proceeding as in the proof of Theorem 2.40, we can write:

Px (Xε
η1
∈ ∂w j ) ≤ e−ε−2 V̄ + Px

(
�T1(Xε,Fx (ṼG(Ki , K j )− 0.3γ )) ≥ δ′

)
.

The upper estimate for the conditional probability at the first line of (5.35) then
follows from the upper bound in the l.d.p. The argument is similar for that at the
third line of (5.35). (See [122], from where this proof is taken.) �

The proof of Lemma 5.12 is omitted; it follows arguments similar to those used
for Lemma 5.11. As the proof shows, ρ may be taken arbitrarily small in these
two lemmas.

The last two lemmas tell us that, for small ε, the transition probabilities of the
Markov chain (Z ε

n) are approximated, in some sense, by those of a finite valued
Markov chain whose state space is the set of symbols L = {K1, . . . , Kl , ∂G}.
This is a key fact in the analysis of Freidlin and Wentzell concerning invariant
measures as well as escape times.

In the context of finite state (irreducible) Markov chains (cf. Definition 3.7,
Section 3.2), it might be convenient to express the exit time from a subset (as well
as the position) in the language of graphs. The expressions in Lemma 4.8 are a
very particular case, in the simple situation of birth and death chains.

Definition 5.13 Let L be a finite set and Q a non-empty proper subset. We denote
by G(Q) the set of all maps g : L \Q→ L with the property that g maps no
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non-empty subset of L \Q into itself. Equivalently, G(Q) corresponds to the set
of graphs on L with arrows i → j, i ∈ L \Q, j ∈ L, j �= i, such that: (i) from
each i ∈ L \Q exactly one arrow i → j is issued; (ii) for each i ∈ L \Q there is
a chain of arrows starting at i and finishing at some point in Q. If j is such point
we say that g leads i to j . The set of graphs in G(Q) leading i to j is denoted by
Gi, j (Q), for i ∈ L \Q and j ∈ Q. (The set L is omitted from the above notation.)

Lemma 5.14 Let L = {1, . . . , l} and let us consider an irreducible discrete time
Markov chain (Yn) with values in L. (q(i, j))i, j denotes the transition matrix. For
∅ �= Q  L and g ∈ G(Q), we set π(g) =∏(i→ j)∈g q(i, j). Let also τ(Q) =
min{n : Yn ∈ Q}.
Then, for any i ∈ L \Q :

E(τ (Q)|Y0 = i) =
∑

g∈G(Q∪{i}) π(g)+∑ j∈L\Q , j �=i
∑

g∈Gi, j (Q∪{ j}) π(g)∑
g∈G(Q) π(g)

,

(5.38)

P(Yτ(Q) = j |Y0 = i) =
∑

g∈Gi, j (Q) π(g)∑
g∈G(Q) π(g)

, (5.39)

with the convention that G(L) reduces to the empty graph g, with π(g) = 1.

Remark The irreducibility assumption, cf. Definition 3.7, is equivalent to the
existence, for each j ∈ L, of a graph g ∈ G({ j}) with π(g) > 0. In particular,
the denominators in (5.38) and (5.39) are positive. (To verify the above identities
only the positivity for the given Q is needed.) Under the irreducibility assump-
tion we know that the chain has a unique stationary probability measure ν, given
by

νi = 1

Z

∑
g∈G({i})

π(g), i ∈ L, (5.40)

where Z is the normalizing constant. This last identity follows by unique-
ness and a direct verification of the balance equation ν j =

∑
i νi q(i, j), for

each j . Since
∑

i q( j, i) = 1, we may write this equation as: ν j
∑

i �= j q( j, i) =∑
i �= j νi q(i, j), for each j . Replacing ν according to (5.40) and expanding, we

check it by inspection.

Observe that in the case of birth and death chains there is a tremendous sim-
plification since only very simple graphs g have π(g) �= 0; recall (4.78) and
(4.79).

The approximation of (Z ε
n) by a finite state Markov chain was described by

Lemmas 5.11 and 5.12: the state space can be partitioned as S = ∪l
i=1∂wi ∪ ∂G

and the probability of a transition from a point in ∂wi to ∂w j or to ∂G is bounded
from below and above, according to (5.35) and (5.36). To treat this chain, we need
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a suitable extension of Lemma 5.14. This is summarized below, following [122].
Letting c = 1 in the next lemma, one recovers Lemma 5.14.

Lemma 5.15 Let (Yn) be a Markov chain taking values on S = ∪l
i=1Si with Si ∩

S j = ∅ if i �= j , with transition probabilities given by Q(x, dy).2 Let us assume
the existence of c ≥ 1 and non-negative numbers q(i, j) so that

c−1q(i, j) ≤ Q(x, S j ) ≤ cq(i, j) (5.41)

for each x ∈ Si . For Q a non-empty proper subset of L := {1, . . . , l} let τ(Q) =
min{n : Yn ∈ ∪ j∈QS j } and p̃Q(x, S j ) = P(Yτ(Q) ∈ S j |Y0 = x). Let r = �(L \
Q). Then for x ∈ Si , i ∈ L \Q:

c−4r
MQ(i) ≤ E(τ (Q)|Y0 = x) ≤ c4r

MQ(i), (5.42)

and if j ∈ Q:

c−4r
NQ(i, j) ≤ p̃Q(x, S j ) ≤ c4r

NQ(i, j), (5.43)

provided
∑

g∈G(Q) π(g) is positive, where π(g) is as in Lemma 5.14 and MQ(i)
and NQ(i, j) are given by the expressions on the right-hand sides of (5.38) and
(5.39), respectively.

Notation The set of graphs appearing in the numerator of (5.38) will be denoted
by G(i � Q); they have no loops, and if L \Q has r points (one of which is
i , by assumption) then each of them consists of r − 1 arrows u → v with u ∈
L \Q, v ∈ L, and such that there is no chain of arrows connecting i to Q; those
in the first sum have no arrow starting at i , and those in the second sum have
a chain starting at i and ending up at j ∈ L \ (Q ∪ {i}), without reaching Q. In
particular, if L \Q = {i}, the first term corresponds to the empty graph g, for
which π(g) = 1 by convention, and the second term vanishes. In this case the
numerator in (5.42) is set equal to one.

Proof To check (5.42) and (5.43) we follow closely [122]. Both inequalities will
be proven by induction on r = �(L \Q).

(a) Proof of (5.43). When r = 1 the estimate refers to the first exit from Si where
Q = L \ {i}. We decompose the event so that the exit happens through S j accord-
ing to the number of jumps inside of Si before the first exit. Using this decompo-
sition and the Markov property we immediately get, for any x ∈ Si :

p̃L\{i}(x, S j ) = Q(x, S j )+
∞∑

n=1

∫
Si

Q(x, dy1) . . .

∫
Si

Q(yn−1, dyn)Q(yn, S j ),

2 That is, Q(x, A) is a version of the regular conditional distribution P(Yn+1 ∈ A | Yn = x).
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from which it follows that

Ai, j

1− Ai,i
≤ p̃L\{i}(x, S j ) ≤ Āi, j

1− Āi,i

provided we write, for each i, k ∈ L,

Ai,k = inf
y∈Si

Q(y, Sk), Āi,k = sup
y∈Si

Q(y, Sk).

By assumption 1
c q(i, k) ≤ Ai,k ≤ Āi,k ≤ cq(i, k), for each i, k. Moreover, the last

assumption with Q = L \ {i} becomes
∑

k �=i q(i, k) > 0 from which we see that

1− Āi,i = inf
y∈Si

(1− Q(y, Si )) = inf
y∈Si

∑
k �=i

Q(y, Sk) ≥ 1

c

∑
k �=i

q(i, k) > 0.

Similarly 1− Ai,i ≤ c
∑

k �=i q(i, k), and we get

1

c2

q(i, j)∑
k �=i q(i, k)

≤ p̃L\{i}(x, S j ) ≤ c2 q(i, j)∑
k �=i q(i, k)

,

verifying (5.43) in this case (with c2 instead of c4).

We now proceed with the induction step. For this, let ∅ �= Q  L be such that
�(L \Q) = r + 1 and

∑
g∈G(Q) π(g) > 0, having assumed the statement to be

true for all subsets Q̃ of L such that
∑

g∈G(Q̃) π(g) > 0 and 1 ≤ �(L \ Q̃) ≤
r . Then let i ∈ L \Q and j ∈ Q, and set Q̃ = Q ∪ {i}, F = ∪k∈L\Q̃Sk . From
the induction hypothesis we have the estimates for p̃Q̃(y, .), y ∈ F , and
p̃L\{i}(x, .), x ∈ Si . Thus, we decompose the event of interest [Yτ(Q) ∈ S j ] ac-
cording to the number of transitions from Si to F before hitting Q; for any given
number of such transitions there are two ways for the process to reach ∪k∈QSk

through S j : from F to S j , or from F back to Si and then to S j . Using this decom-
position and the strong Markov property we get:

p̃Q(x, S j ) = A(x)+
∑
n≥1

∫
F

p̃L\{i}(x, dy1)

∫
Si

p̃Q̃(y1, d ỹ1) · · ·

×
∫

F
p̃L\{i}(ỹn−1, dyn)

∫
Si

p̃Q̃(yn, d ỹn)A(ỹn),

(5.44)

where

A(x) = p̃L\{i}(x, S j )+
∫

F
p̃L\{i}(x, dy) p̃Q̃(y, S j ).

But, for any x ∈ Si :

Ci, j + Di, j ≤ A(x) ≤ C̄i, j + D̄i, j ,
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where

Ci, j = inf
x∈Si

p̃L\{i}(x, S j ), C̄i, j = sup
x∈Si

p̃L\{i}(x, S j )

and

Di,k = inf
x∈Si

∫
F

p̃L\{i}(x, dy) p̃Q̃(y, Sk), D̄i,k = sup
x∈Si

∫
F

p̃L\{i}(x, dy) p̃Q̃(y, Sk).

From (5.44) we then have, for each x ∈ Si

Ci, j + Di, j

1− Di,i
≤ p̃Q(x, S j ) ≤ C̄i, j + D̄i, j

1− D̄i,i
.

The case r = 1 gives us:

c−4 q(i, j)∑
k �=i q(i, k)

≤ Ci, j ≤ C̄i, j ≤ c4 q(i, j)∑
k �=i q(i, k)

. (5.45)

Decomposing the integral in F to estimate D̄i, j , Di, j , we get, using the induction
hypothesis again (the cases �(L \Q) = 1 or �(L \Q) = r ):

D̄i, j ≤
∑

k∈L\Q̃
c4 q(i, k)∑

s �=i q(i, s)
c4r

∑
g∈Gk, j (Q̃) π(g)∑

g∈G(Q̃) π(g)
(5.46)

and the analogous lower bound for Di, j . Combining q(i, k) and π(g) in the
numerator in the right-hand side of the previous equation we have a sum of
π(g̃) on those graphs g̃ ∈ Gi, j (Q) not containing the arrow i → j . These last
ones will be recovered when we add with C̄i, j , which will bring in the term
q(i, j)

∑
g∈G(Q̃) π(g), after the reduction to the same denominator. Adding the

upper bounds in (5.45) and (5.46) we reconstruct the sum over all Gi, j (Q), get-
ting:

C̄i, j + D̄i, j ≤ c4+4r

∑
g∈Gi, j (Q) π(g)∑

k �=i q(i, k)
∑

g∈G(Q̃) π(g)
(5.47)

and the analogous lower bound for Ci, j + Di, j , with c4+4r
replaced by c−4−4r

.

Similarly we estimate 1− D̄i,i and 1− Di,i . As in the case r = 1, at this point
we need the assumption that the denominator in (5.39) is positive, which im-
plies that τ(Q) is finite with probability one (and a fortiori τ(Q̃) <∞ a.s.). As a
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consequence:

1− D̄i,i

= inf
x∈Si

(
1−

∫
F

p̃L\{i}(x, dy)(1− p̃Q̃(y,∪k∈QSk)

)
= inf

x∈Si

(
p̃L\{i}(x,∪k∈QSk)+

∫
F

p̃L\{i}(x, dy) p̃Q̃(y,∪k∈QSk)
)

≥ c−4

∑
k∈Q q(i, k)∑
s �=i q(i, s)

+ c−4

∑
s /∈Q̃ q(i, s)

∑
k∈Q c−4r ∑

g∈Gs,k (Q̃) π(g)∑
s �=i q(i, s)

∑
g∈G(Q̃) π(g)

≥ c−4−4r

∑
k∈Q q(i, k)

∑
g∈G(Q̃) π(g)+∑s /∈Q̃ q(i, s)

∑
k∈Q

∑
g∈Gs,k (Q̃) π(g)∑

k �=i q(i, k)
∑

g∈G(Q̃) π(g)

= c−4−4r

∑
g∈G(Q) π(g)∑

k �=i q(i, k)
∑

g∈G(Q̃) π(g)
.

(5.48)
Putting together (5.47) and (5.48) we get:

C̄i, j + D̄i, j

1− D̄i,i
≤ c2(4+4r )

∑
g∈Gi, j (Q) π(g)∑

g∈G(Q) π(g)

and since 2(4+ 4r ) ≤ 4r+1 we obtain the upper bound in the induction step. The
lower bound is analogous, concluding the verification of (5.43).

(b) Proof of (5.42). We write Ex (·) = E(· | Y0 = x). The case r = 1, i.e. Q =
L \ {i} for some i , corresponds to the expected exit time from Si , which is finite
a.s., under the assumption. As in the proof of (5.43), and if x ∈ Si , we have

Ex τ(Q) =
∑
n≥1

P(τ (Q) ≥ n|Y0 = x)

= 1+ Q(x, Si )+
∞∑

n=1

∫
Si

Q(x, dy1) . . .

∫
Si

Q(yn−1, dyn)Q(yn, Si ),

so that 1/(1− Ai,i ) ≤ Ex τ(Q) ≤ 1/(1− Āi,i ), with Ai,i and Āi,i defined in the
proof of (5.43). Inequalities (5.42) in the case r = 1 follow at once from the pre-
vious estimate. For the induction step, and using the same notation as in the proof
of (5.43), we write:

Ex τ(Q) = R(x)+
∑
n≥1

∫
F

p̃L\{i}(x, dy1)

∫
Si

p̃Q̃(y1, d ỹ1) · · ·

×
∫

F
p̃L\{i}(ỹn−1, dyn)

∫
Si

p̃Q̃(yn, d ỹn)R(ỹn),

(5.49)
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where

R(x) = Ex τ(L \ {i})+
∫

F
p̃L\{i}(x, dy) Ey τ(Q̃).

As before we get, for any x ∈ Si , i /∈ Q:

Gi + Hi

1− Di,i
≤ Ex τ(Q) ≤ Ḡi + H̄i

1− D̄i,i
, (5.50)

where

Gi = inf
x∈Si

Ex τ(L \ {i}), Ḡi = sup
x∈Si

Ex τ(L \ {i}),

Hi = inf
x∈Si

∫
F

p̃L\{i}(x, dy)Ey τ(Q̃), H̄i = sup
x∈Si

∫
F

p̃L\{i}(x, dy)Ey τ(Q̃).

The case r = 1 gives us

c−4r 1∑
k �=i q(i, k)

≤ Gi ≤ Ḡi ≤ c4r 1∑
k �=i q(i, k)

.

The denominators in (5.50) have already been estimated in the previous proof.
Thus, it remains to estimate Hi , H̄i . We break the integral over F into a sum on
the various Sk, k ∈ L \ Q̃, use (5.43) for p̃L\{i}(x, Sk) and the induction hypoth-
esis to estimate Ey(τ (Q̃)), uniformly for y ∈ Sk . The procedure is quite similar
to the previous proof and with some care we reconstruct the bounds in (5.42) with
r replaced by r + 1. (For full details see Chapter 6 of [122].) �

Having recalled Freidlin and Wentzell estimates for the discrete time chain (Z ε
n),

one still needs to know how much time the continuous process Xε spends in the
corresponding wi , during [ηn, σn). In terms of the time scales involved here, this
is simple if we take into account only the logarithm equivalence. It is described in
Lemma 1.7 and Lemma 1.8, Chapter 6 of [122], which we recall briefly.

Lemma 5.16 (Freidlin and Wentzell) (a) Let K be a compact set and N a given
neigbourhood of K . For each γ > 0 there exists ρ > 0 so that for all ε > 0 small
enough, we have

inf
x∈K(ρ/2)

Ex

∫ τε(R
d\N )

0
1K(ρ)

(Xε
t )dt > e−γ /ε2

, (5.51)

with A denoting the closure of A.
(b) Let K be a compact set contained in some equivalence class. For each

γ > 0 there exists ρ > 0 so that for all ε > 0 small enough, we have

sup
x∈K(ρ)

Exτε(R
d \ K(ρ)) < eγ /ε

2
. (5.52)
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Sketch of the proof (a) Since K is compact and the deterministic flow is con-
tinuous, there exists t0 = t0(ρ) > 0 so that the orbits of the deterministic system
starting from points in K remain in K(2ρ/3) for a time at least t0. Moreover, ρ can
be taken sufficiently small so that K(ρ) ⊆ N , and such that any point x ∈ K(ρ/2)

can be connected to its closest point x ′ in K with rate function at most γ /2, with-
out exiting K(2ρ/3), and in a (uniformly) bounded time t̄ . Let ϕx be a trajectory
that makes this connection and then follows the deterministic flow. Then

Px

(
τε(R

d \ K(ρ)) > t0
)
≥ Px

(
�t0(Xε, ϕx ) < ρ/3

)
and the conclusion follows from (b)′u of Corollary 2.26.

(b) This follows from Proposition 5.7 and the basic large deviation estimate,
together with the Markov property. Indeed, let ρ > 0 be chosen small enough
and let y be a point at distance 2ρ from the set K . If x ∈ K(ρ) we use linear
interpolation to connect x to its closest point x ′ ∈ K , then we use item (ii) of
Proposition 5.7 to connect x ′ to the point y′ in K closest to y; from y′ we use
linear interpolation to connect to y. (When the closest point is not unique, we just
make an arbitrary choice.) Let ϕx be the constructed trajectory. By taking ρ small
enough the rate function of ϕx can be assumed to be less than γ /2 and the total
time to be uniformly (in x) bounded from above by some T̄0 < +∞. From (b)′u
of Corollary 2.26 we then conclude that for ε > 0 small enough

inf
x∈K(ρ)

Px

(
τε(R

d \ K(ρ)) < T̄0

)
≥ e−

2
3 γ ε−2

.

Using the Markov property, as in Section 2.6, we have

sup
x∈K(ρ)

Px

(
τε(R

d \ K(ρ)) ≥ nT̄0

)
≤ (1− e−

2
3 γ ε−2

)n,

from which it follows that

Exτε(R
d \ K(ρ)) ≤ T̄0e

2
3 γ ε−2

,

concluding the proof. �

We now have the basic ingredients for the estimates of the order of magnitude of
Ex τε(R

d \ G), under Assumptions 5.9. First let us make a few simple observa-
tions.

Notation Since the quasi-potential VG(x, y) is constant on Ki × K j , let
VG(Ki , K j ) denote the common value; similarly for VG(Ki , x) and VG(x, Ki ).
Also VG(Ki , ∂G) = infy∈∂G VG(Ki , y).

Proposition 5.17
(i) For each i �= j

VG(Ki , K j ) = min(ṼG(Ki , Ki2)+ · · · + ṼG(Kik−1 , K j )), (5.53)
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with the minimum taken among all finite sequences (i1, . . . , ik) in {1, . . . , l}
with i1 = i and ik = j . (Clearly, in (5.53) it is enough to consider se-
quences with i1, . . . , ik all distinct. In particular, 2 ≤ k ≤ l.) An analogous
observation applies to VG(Ki , x) and VG(x, Ki ).

(ii) If Ki is an unstable class, there is a stable class K j such that VG(Ki , K j ) =
0 or VG(Ki , ∂G) = 0.

(iii) If x ∈ G \ ∪l
i=1 Ki , there is a stable class K j such that VG(x, K j ) = 0 or

VG(x, ∂G) = 0 (ii) and (iii) have proper extensions if G = Rd ).

Proof (i) Simple.
(ii) Though simple, it requires some verification: since Ki is unstable, we might

find a point y ∈ G \ Ki that can be reached from Ki through trajectories with
arbitrarily small rate function. Starting now from the point y we are able to arrive
at some other compact K j (without exiting from G) or at ∂G, still with arbitrarily
small rate function since, due to Assumptions 5.9, we can follow the deterministic
flow until very close to some K j or ∂G and then we make a small interpolation,
as previously discussed. Since y /∈ Ki it is easy to see that j �= i , and VG(Ki , K j )

= 0. If K j is stable we are done, if not we continue. Since we have finitely many
classes, cf. Assumptions 5.9, the procedure will stop. The argument for (iii) is the
same. �

Applying the results which we have summarized in the previous sequence of lem-
mas, we may now see how they lead to the evaluation of limε→0 ε2 log Ex τε(R

d \
G). The important quantities are those entering (5.42) for the chain (Z ε

n) defined
right after (5.34) for suitably small ρ, ρ1. In the denominator of (5.42) the crucial
role is played by:

MG := min
g∈G(∂G)

∑
(α→β)∈g

ṼG(α, β), (5.54)

where we are considering graphs on the finite set of symbols {K1, . . . , Kl , ∂G}.
Due to the observation made in (ii) of Proposition 5.17 it is not hard to see that

MG = min
g∈G(∂G)

∑
(α→β)∈g

VG(α, β). (5.55)

In (5.55) the same minimum is obtained when we take {∂G} ∪ {Ki : Ki is stable}
as the set of symbols. Some details are still missing, but we omit them (see Lem-
mas 5.1, 4.1 and 4.3, Chapter 6 of [122]).

As for the numerator, let us consider the graphs on the set {K1, . . . Kl , x, ∂G}
and let

MG(x) = min
g∈G(x	∂G)

∑
(α→β)∈g

ṼG(α, β), (5.56)
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cf. notational remark that follows Lemma 5.15. As before, we may replace
ṼG(α, β) by VG(α, β) in (5.56), and in this case we may restrict the argument
to the graphs on the subset obtained by eliminating all the unstable classes.

We now state and quickly review the following basic result.

Theorem 5.18 (Freidlin and Wentzell) Under Assumptions 5.9,

lim
ε→0

ε2 log Ex τε(R
d \ G) = MG − MG(x), (5.57)

for any x ∈ G. The convergence is uniform on each compact contained in G.

Proof (Sketch) Given γ > 0 we choose the parameters ρ, ρ2, ρ1 as in Lemmas
5.11, 5.12. We may assume that ρ is small enough so that the expected exit time
from the ρ-neighbourhood of Ki is bounded from above by eγ /ε

2
, according to

Lemma 5.16, part (b). We then consider the Markov chain (Z ε
n) defined right after

(5.34), up to its first exit from G. By an extension of item (b) of Lemma 2.34, we
control the typical duration of the time intervals [σn, ηn+1) and we see that the
important contribution comes from the expected number of jumps of the discrete
time Markov chain (Z ε

n) until it reaches ∂G. Estimating this according to Lemma
5.15 and the last observations leads to the conclusion. �

With respect to the asymptotic distribution of Xε
τε(Rd\G)

, we simply state the basic
result within the theory of Freidlin and Wentzell, under the same Assumptions 5.9.
For this description one may use a proper combination of Lemmas 5.11, 5.12 and
inequalities (5.43) in Lemma 5.15, with the same type of arguments already used,
but the variational problem is now more detailed than that involved in Theorem
5.18. Besides the quantity MG defined in (5.54), one needs to define, for graphs
on the set of symbols {K1, . . . , Kl , x, y, ∂G} with x ∈ G and y ∈ ∂G:

MG(x, y) := min
g∈Gx,y({y,∂G})

∑
(α→β)∈g

ṼG(α, β). (5.58)

As before, the minimum is the same if the quantities ṼG(α, β) are replaced by
VG(α, β). It can be proven that miny∈∂G MG(x, y) does not depend on x ∈ G
and coincides with MG .

A basic result of Freidlin and Wentzell gives the following information on
Xε

τε(Rd\G)
.

Theorem 5.19 (Freidlin and Wentzell) Under the same assumptions of Theorem
5.18, for any compact set C ⊆ G, γ > 0 and δ > 0, there exist ε0 > 0 and δ0 ∈
(0, δ) so that for any x ∈ C, y ∈ ∂G and ε ∈ (0, ε0), one has:

exp{−ε−2(MG(x, y)− MG + γ )} ≤ Px (Xε
τε(Rd\G)

∈ Bδ0(y))

≤ exp{−ε−2(MG(x, y)− MG − γ )},
(5.59)

with MG(x, y) and MG defined by (5.58) and (5.55), respectively.
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The previous theorem provides a suitable extension of Theorem 2.29. We shall
not show the proof here and refer to Theorem 5.1, Chapter 6 of [122]. It tells us
that in order to describe the exit place from G, starting sufficiently close to Ki

(or at a point x for which the deterministic system comes to Ki without exiting
from G) we need to identify the chains leading from Ki to ∂G on the graphs
reaching the minimum in (5.58), and to consider each last step K j → ∂G. The
escape will happen, typically, near the set of points in ∂G where VG(K j , ·) is
minimized, for one such j . We treat the analogous problem in the context of
Chapter 6.

Recall that in the context of Section 2.6, the expectation of escape time is
logarithmically equivalent to any of its quantiles, cf. Theorem 2.40, consistent
with the asymptotic exponentiality in Section 5.2. It is easy to see that this is no
longer true under the conditions of the previous theorem. This behaviour is closely
related to the fact that the asymptotic value in (5.57) might depend on the initial
point. To see this in a very simple situation, we might consider a one-dimensional
example, with b(x) = −(d/dx)U (x), where U is a smooth double well potential
on R, i.e. it has three critical points xi , i = 1, 2, 3, with x1, x3 being local minima
and x2 a local maximum.

Let G = (a, c) with a < x1 < x2 < x3 < c. The previous conditions are
satisfied with Ki = {xi } for i = 1, 2, 3. x1 and x3 are stable. We see im-
mediately that VG(x, y) = V (x, y) for each x, y ∈ G. If U (c)−U (x3) = 1,
U (x2)−U (x3) = 2, U (x2)−U (x1) = 6, and U (a)−U (x1) = 5 we see that
V (x3, ∂G) = V (x3, c) = 2, V (x1, ∂G) = V (x1, a) = 10, V (x1, x2) = 12, and
V (x3, x2) = 4. From Lemma 5.12 it follows at once that if the process starts to the
right of x2 it will, with overwhelming probability, exit G through c, and in a time
of order approximately (logarithmic equivalence) e2/ε2

. But, with probability of
order approximately e−2/ε2

it will arrive at x1 before exiting from G, and then
the typical time to exit will be of order at least e10/ε2

. We see that the expected
exit time, starting from x3 is much greater than e2/ε2

. We might easily compute
MG = 12, MG(x1) = 2, and MG(x3) = 4. With this trivial example we simply
point out the difference with respect to the situation in Section 5.2.

Situations such as the previous example tell us that one cannot expect asymp-
totic unpredictability of the exit time to hold generally under Assumptions 5.9.
The concept of cycles plays an important role.

5.4 Cycles and asymptotic unpredictability
of the escape time

Our main purpose in this section is the extension of the results of Section 5.2, con-
cerning the asymptotic exponentiality of escape times. A certain ‘cycle property’
plays a crucial role in this, here and in the context of the next chapter.

Basically, a cycle may be thought of as a non-empty subset C of the set of
stable classes with the property that if the process starts near any of these classes,
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then it typically visits arbitrarily small neighbourhoods of any other class in C
before arriving at those classes outside C. (In the previous example {x1, x3} is
not a cycle!) For the moment, to keep notational consistency with the previous
discussion, let G be a bounded domain containing the classes in C and phrase the
cycle property with respect to the escape from G.

We now set the following conditions.

Assumptions 5.20
(b1) G is a bounded domain with boundary ∂G of class C2.
(b2) In G there are finitely many compact sets K1, . . . , Kl , equivalence classes

for ∼, such that if the ω-limit set of a point (for the deterministic system
ẋ = b(x)) is entirely contained in G ∪ ∂G, then it must be contained in
some Ki , i = 1, . . . , l. We also assume that ∂G does not intersect any ω-
limit set for the deterministic system.

(b3) For some 1 ≤ r < l, let K1, . . . , Kr denote the stable classes (among
K1, . . . , Kl ). Suppose that each of them consists of a fixed point of the
deterministic system, denoted by xi , i = 1, . . . , r . At least one of these crit-
ical points is supposed to be hyperbolic. Namely, we assume the existence
of i0 ∈ {1, . . . , r} such that all the eigenvalues of the Jacobian matrix of b
at the point xi0 have negative real part.

(b4) Setting V = maxi, j≤r V (Ki , K j ) and V̄G = min1≤i≤r miny∈∂G V (Ki , y),
we assume that V < V̄G (the ‘cycle’ property).

From the stability (and since G is open) we may choose δ > 0 so that B̄δ(xi ),
the closed unit ball with centre xi and radius δ, is contained in the basin of at-
traction of xi , as well as in G, for i = 1, . . . , r . We may assume δ to be such that
all positive orbits of the deterministic system ẋ = b(x) starting in this ball do not
leave G, i.e. they converge to xi without exiting G. Then let τε = τε(R

d \ G),

Di = B̄δ(xi ), D = ∪r
i=1 Di . (5.60)

Using the notation just introduced we may state and prove the following result.

Theorem 5.21 Under Assumptions 5.20 we may define βε through the relation

Pxi0
(τε > βε) = e−1. (5.61)

Then:
(i) limε→0 Px (τε > tβε) = e−t , for each x ∈ D and each t > 0.

(ii) limε→0 Ex τε/βε = 1, for each x ∈ D.
If G is confining, in the sense that 〈b(y), n(y)〉 < 0 for each y ∈ ∂G, where

n(y) indicates the outward unit normal vector to ∂G at the point y, then (i) and
(ii) hold for any x ∈ G.

The context of the previous theorem is very similar to that treated in [210].
The proof that we now discuss is based on the coupling method presented in



5.4 Cycles and unpredictability of the escape time 321

Section 5.1, together with the estimates discussed in Section 5.3, and it appears
in [34]. Under the above assumptions, the results of Freidlin and Wentzell give us
that

lim inf
ε→0

ε2 logβε ≥ V̄G , (5.62)

and that for any 1 ≤ i, j ≤ r , h > 0 and x ∈ Di

lim
ε→0

Px

(
τε(D j ) ≤ e(V+h)/ε2

)
= 1, (5.63)

where τε(A) denotes the first hitting time to the set A, as before. Indeed, (5.62)
follows from Lemmas 5.11, 5.15 and 5.16. Similarly for (5.63), which may also
be seen as a consequence of Theorem 5.18 applied to G \ D j .

Comparing (5.62) and (5.63) we immediately understand the ‘cycle property’
stated as the last condition (b4). They also suggest that any intermediate scale
ea/ε2

with V < a < V̄G should be long enough to allow thermalization, but much
shorter than the scale on which the escape from G happens. Nevertheless, for
complete proof of the loss of memory described by the above theorem, we need
more precise control, and this will be achieved with the help of coupling methods.
Recalling Lemma 4.34 in Section 4.4, we see that the basic point is given by the
next lemma.

Lemma 5.22 There exists δ0 > 0 such that

lim
ε→0

sup
x∈B̄δ0 (xi0 )

sup
t≥ε−3/βε

|Px (τε > tβε)− Pxi0
(τε > tβε)| = 0. (5.64)

As already announced, the basic idea is to present a joint realization of the two
processes X x,ε, X xi0 ,ε in such a way that with overwhelming probability they
should meet in a time much shorter than βε. Using the method of [202], we now
need to work a little more than at the end of Section 5.1, since condition (5.9)
might not hold, even if we restrict the processes to arbitrarily small neighbour-
hoods of xi0 . Indeed, (5.9) tells us that the distance |Xu,0(t)− Xv,0(t)| between
the corresponding points in different deterministic orbits decreases with the time
t . An example of a linear vector field b(·) in R2 not satisfying (5.9) is that given
by the matrix (

a 1
0 a

)
for a < 0 with |a| small, which has real eigenvalues.

For the suitable modification of that proof, let J = Db(xi0) be the Jacobian
matrix of b at xi0 . Since all eigenvalues of the matrix J have negative real part,
it is well known that there exists a unique symmetric, positive definite matrix (

such that

J T(+(J = −I (5.65)
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where J T denotes the transpose of J and I denotes the d × d identity matrix. (
is called the Lyapunov matrix of J (see e.g. [13] p. 307 for a proof of this fact).

Let us then define the norm ν on Rd by

ν(x) = (〈x,(x〉)1/2. (5.66)

Since the vector field b has been assumed to be of class C1, by the standard mean
value theorem, if x, x ′ ∈ Bδ1(xi0), with δ1 > 0 small, we can write:

b(x)− b(x ′) = A(x, x ′)(x − x ′),

where A = A(x, x ′) is a d × d matrix with entries (∂bu/∂xs)(y(u, s)), 1 ≤
u, s ≤ d, for suitable points y(u, s) such that max1≤ j≤d |y j (u, s)− xi0, j | ≤ δ1.
In particular, y(u, s) ∈ B̄(d)1/2δ1

(xi0). Since b is of class C1, using (5.65) and the
symmetry of ( we can take δ1 ∈ (0, δ) small enough so that

〈b(x)− b(x ′),((x − x ′)〉 = 〈A(x, x ′)(x − x ′),((x − x ′)〉

= 1

2
〈(AT(+(A)(x − x ′), (x − x ′)〉

≤ −1

4
|x − x ′|2 ≤ 0,

(5.67)

for all x, x ′ ∈ Bδ1(xi0).

Proof of Lemma 5.22 Let δ1 be chosen such that (5.67) is valid. We may now
pick δ0 ∈ (0, δ1) so that all positive orbits of the deterministic system issued from
a point in B̄δ0(xi0) converge to xi0 without leaving B̄δ1(xi0). For the coupling
defined by (5.5) with x ′ = xi0 and the map H given by (5.3), we prove that with
large probability the trajectories X x,ε and X xi0 ,ε will meet before leaving B̄δ1(xi0)

and within a time of order ε−3. The uniformity over x in B̄δ0(xi0) in (5.64) follows
from the proof.

Recalling (5.6) let us consider the one-dimensional process

Y ε
t := ν(X x,ε

t − X
xi0 ,ε

t ),

where ν is given by (5.66). Applying (extended) Itô’s formula, cf. (2.35), and as
long as t < Sε := inf{s > 0 : X x,ε

s = X
xi0 ,ε
s } we have:

dY ε
t =

〈
b(X x,ε

t )− b(X
xi0 ,ε

t ),
((X x,ε

t − X
xi0 ,ε

t )

ν(X x,ε
t − X

xi0 ,ε

t )

〉
dt + ε2

2
Aε

t dt

+ ε

〈
[I− H(X x,ε

t , X
xi0 ,ε

t )]
((X x,ε

t − X
xi0 ,ε

t )

ν(X x,ε
t − X

xi0 ,ε

t )
, dWt

〉
, Y ε

0 = ν(x − xi0)

(5.68)
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(i.e. the stochastic differential equation is satisfied for the process up to the cou-
pling time). The process Aε

t above is that coming from the second derivatives in
Itô’s formula (2.35), and it is given by (5.8), with f (u) = ν(u).

Tedious but simple calculations show that indeed Aε
t = 0 in the present case,

analogously to (5.8) (see [34] for full details). Consequently, from (5.67) it fol-
lows that the drift part in (5.68) is less than or equal to zero, as long as X x,ε

t and
X

xi0 ,ε

t remain in Bδ1(xi0), and up to Sε.
On the other hand, and from the expression for H given by (5.3) we see that

the martingale term on the right-hand side of (5.68) is

d Mε
t = ε

〈
[I− H(X x,ε

t , X
xi0 ,ε

t )]
((X x,ε

t − X
xi0 ,ε

t )

ν(X x,ε
t − X

xi0 ,ε

t )
, dWt

〉

= 2ε

〈
ν(X x,ε

t − X
xi0 ,ε

t )

|X x,ε
t − X

xi0 ,ε

t |
(X x,ε

t − X
xi0 ,ε

t )

|X x,ε
t − X

xi0 ,ε

t |
, dWt

〉
,

(5.69)

from where we see that the process Y ε
t satisfies the following equation

Y ε
t = Y0 +

∫ t

0

〈
b(X x,ε

s )− b(X
xi0 ,ε
s ),

((X x,ε
s − X

xi0 ,ε
s )

ν(X x,ε
s − X

xi0 ,ε
s )

〉
ds

+ 2ε
∫ t

0

ν(X x,ε
s − X

xi0 ,ε
s )

|X x,ε
s − X

xi0 ,ε
s |

d B0
s ,

with B0 a standard one-dimensional Brownian motion (d B0
t =

〈(X x,ε
t − X

xi0 ,ε

t )/|X x,ε
t − X

xi0 ,ε

t |, dWt 〉).
Recall that Sε = inf{t ≥ 0: Y ε

t = 0} and let T ε(y) = inf{t ≥ 0: X y,ε
t /∈

Bδ1(xi0)}. Let us also consider the random time

S̃ε := inf

{
t ≥ 0 : Y ε

0 + 2ε
∫ t

0

ν(X x,ε
s − X

xi0 ,ε
s )

|X x,ε
s − X

xi0 ,ε
s |

d B0
s = 0

}
.

From (5.67) and the last remarks it then follows that:

P
(

Sε ≤ ε−3
)
≥ P

(
Sε ≤ ε−3, T ε(x) ∧ T ε(xi0) > ε−4

)
≥ P

(
S̃ε ≤ ε−3, T ε(x) ∧ T ε(xi0) > ε−4

)
≥ P

(
S̃ε ≤ ε−3

)
− P

(
T ε(x) ∧ T ε(xi0) ≤ ε−4

)
,

(5.70)

where t ∧ s denotes the minimum between t and s. On the other hand from
Lemma 5.11 there exist constants c, c′ > 0 so that for ε sufficiently small we
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have:

P
(
T ε(x) ∧ T ε(xi0) ≤ ε−4

)
≤ 2 sup

y∈B̄δ0 (xi0 )

P
(
T ε(y) ≤ exp{c′/ε2}

)
≤ exp{−c/ε2}

(5.71)
showing that the last term on the right-hand side of (5.70) is asymptotically neg-
ligible. It remains to control the first term, and for that let us observe that up to
time Sε, the compensator of the continuous martingale

Mε
t = 2ε

∫ t

0

ν(X x,ε
s − X

xi0 ,ε
s )

|X x,ε
s − X

xi0 ,ε
s |

d B0
s

can be written as

〈Mε〉t = 4ε2
∫ t

0

ν2(X x,ε
s − X

xi0 ,ε
s )

|X x,ε
s − X

xi0 ,ε
s |2

ds ≥ ε2k1t

for some constant k1, by the uniform equivalence of the norms in Rd . A classi-
cal result on time change for martingales (see [173], p. 174) allows us to write
Mε

t = W̃〈Mε〉t , where W̃ is a standard one-dimensional Brownian motion. This
representation is achieved by setting W̃t = Mε

Cε
t

where the process Cε
t is the in-

verse of the compensator (cf. Theorem 4.6, Chapter 3 of [173]). Thus, we may
conclude:

P
(

S̃ε ≤ ε−3
)
= P

(
inf

s≤ε−3
Mε

s ≤ −Y ε
0

)
≥ P

(
inf

s≤k1ε
−1

W̃s ≤ −Y ε
0

)
= 1−

∫
1
{|y|≤ Y ε

0 ε1/2

k
1/2
1

}
e−y2/2

√
2π

dy ≥ 1− k2δ0ε
1/2

k1/2
1

,

(5.72)

where k2 is a positive constant so that ν(v) ≤ k2|v|, for all v ∈ Rd .
From (5.70), (5.71) and (5.72), we get at once that limε→0 P(Sε ≤ ε−3) = 1,

uniformly over x in B̄δ0(xi0). Recalling (5.62) we conclude the proof. �

Remark As in Section 5.1, we have overlooked some details in the previous ar-
guments: since the expression on the right-hand side of (5.69) makes no sense
if X x,ε

s = X
xi0 ,ε
s for some s < t , one needs to be careful in writing it. But we

are interested in the behaviour of the process Y ε until it reaches zero, and we
can use ‘localization methods’ through the introduction of suitable stopping
times.

Lemma 5.22 provides the main ingredient for the asymptotic loss of memory
summarized as follows (see also Lemma 4.34 in Section 4.4).
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Lemma 5.23 Under the assumptions of Theorem 5.21, and having defined βε

through (5.61), let

fε(t) = Pxi0
(τε > tβε)

for t > 0, ε > 0. Then, there exist positive numbers δε, which tend to zero as
ε → 0, and such that for each s, t > 0:

fε(s + δε)( fε(t)− ϕ(t, ε)) ≤ fε(t + s) ≤ fε(s)( fε(t − δε)+ ϕ(t, ε)) (5.73)

where ϕ(t, ε) is a function of t and ε, which tends to zero as ε → 0, uniformly on
t ≥ t0, for any fixed t0 > 0.

Proof We start with the following.
Claim. If η̃ε = eα/ε

2
with V < α < V̄G , then η̃ε/βε → 0 and

lim
ε→0

sup
x∈G

Px (τε > η̃ε, τε(Bδ0(xi0)) > η̃ε) = 0.

Proof of the claim. The first statement follows at once from (5.62) and the choice
α < VG . Since G \ D is bounded and all the stable classes in G ∪ ∂G are con-
tained in the interior of D, the argument used for (b) in Lemma 2.34 implies that

lim
ε→0

sup
x∈G\D

Px (τε(G
c ∪ D) > η̃ε/2) = 0.

On the other hand, due to (5.63) and since V < α, we have

lim
ε→0

sup
x∈D

Px (τε(Bδ0(xi0)) > η̃ε/2) = 0.

Using the strong Markov property at τε(D) we get:

sup
x∈G

Px (τε > η̃ε, τε(Bδ0(xi0)) > η̃ε)

≤ sup
x∈G

Px (τε > η̃ε, τε(D) > η̃ε/2)+ sup
x∈D

Px (τε(Bδ0(xi0)) > η̃ε/2).

Both terms on the right-hand side of the last inequality tend to zero, proving the
claim.

From now on, the proof of (5.73) follows by essentially the same argument
used for the analogous results in Chapter 4. Indeed, let s > 0 and define:

Rs
ε = inf{u > sβε : Xε

u ∈ Bδ0(xi0)}.
Using the Markov property at time sβε we can write

sup
x∈G

Px (τε > sβε + η̃ε, Rs
ε > sβε + η̃ε) ≤ sup

x∈G
Px (τε > η̃ε, τε(Bδ0(xi0)) > η̃ε)

which tends to zero by the claim. As η̃ε/βε → 0, we get that

sup
x∈G

Px (τε > (s + t)βε, Rs
ε > sβε + η̃ε)→ 0, (5.74)
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uniformly on s ≥ 0, t ≥ t0, for any fixed t0 > 0.
On the other hand, using the strong Markov property at Rs

ε , we see that

Pxi0
(τε > (s + t)βε, Rs

ε ≤ sβε + η̃ε)

≤Pxi0
(τε > sβε) sup

y∈B̄δ0 (xi0 )

Py(τε > tβε − η̃ε),
(5.75)

as well as

Pxi0
(τε > (s + t)βε, Rs

ε ≤ sβε + η̃ε)

≥ Pxi0
(τε > sβε + η̃ε, Rs

ε ≤ sβε + η̃ε) inf
y∈B̄δ0 (xi0 )

Py(τε > tβε).
(5.76)

Lemma 5.23 follows at once from (5.74), (5.75) and (5.76), and Lemma 5.22. �

Remark The uniformity in t in (5.73) is indeed much stronger than what is writ-
ten: it holds over t ≥ η̃ε/βε as can be seen from Lemma 5.22 and (5.74). In partic-
ular, fixing 0 < ρ < V̄G − V it holds over {(s, t) : s ≥ 0, t ≥ exp(−ρ/ε2)}. Up-
per bounds for the error term ϕ(t, ε) and for δε are given in the proofs of Lemmas
5.22 and 5.23. They are not optimal, but provide bounds on the Lévy distance
between the distribution of τε/βε and the unit mean exponential distribution, cf.
Lemma 4.34.

Notice that in the previous proof of Lemma 5.22 there is a dependence on the
dimension d; the estimates get worse for large d, since it requires (d)1/2δ1 to be
small, used in our argument in order to guarantee the validity of (5.67).

Proof of Theorem 5.21 (i) For x = xi0 the proof follows at once from Lemma
5.23, as in part (b) of Theorem 4.6 (see also Lemma 4.34). Lemma 5.22 extends
the result to any x ∈ Bδ0(xi0). For the general case we again use the claim at the
beginning of the proof of Lemma 5.23 and the strong Markov property.

(ii) This is the same as in Theorem 4.6: let x ∈ D and write

Exτε

βε

= 1

βε

∫ +∞

0
Px (τε > t) dt =

∫ +∞

0
Px (τε > tβε) dt. (5.77)

By part (i) and taking the limit ε → 0, it suffices to justify interchanging this limit
with the integral on the rightmost term of (5.77). For this we apply the dominated
convergence theorem. Indeed, let

hε(t) = sup
y∈G

Py(τε > tβε),

so that by the Markov property we have hε(t + s) ≤ hε(t)hε(s) and therefore

hε(2k) ≤ (hε(2))
k . (5.78)
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On the other hand, using the strong Markov property at the hitting times τε(D)

and τε(Bδ0(xi0)), we can write

hε(2) ≤ sup
x∈G

Px (τε(D ∪ Gc) > βε/2)

+ sup
x∈D

Px (τε(Bδ0(xi0)) > βε/2)

+ sup
x∈B̄δ0 (xi0 )

Px (τε > βε).

(5.79)

The first two terms on the right-hand side of (5.79) tend to zero, as we have no-
ticed above, and the last one tends to e−1. In particular we see that for ε small
enough hε(2) ≤ 2e−1 < 1. From (5.78) we then see that the dominated conver-
gence theorem can be applied to the right-hand side of (5.77) and (ii) follows, for
any x ∈ D.

The statement about the confining case follows easily from the previous argu-
ments. �

The notion of cycle is developed further in the next chapter. For comparison with
the construction to be done there, we now discuss briefly a recursive procedure
proposed by Freidlin and Wentzell to describe the full hierarchy of cycles. For
this, one needs the following.

Assumptions 5.24 There are finitely many compact sets K1, . . . , Kl , equiva-
lence classes for ∼, such that each ω-limit set of the deterministic system is
contained in some Ki . To fix the notation let us assume that K1, . . . , Kr are the
stable classes (1 ≤ r ≤ l) and set L = {1, . . . , r} (see the observation right after
(5.55)).

Under these assumptions, and imposing some non-degeneracy conditions, the re-
cursive procedure may be started at any i0 ∈ L. We assume that for any i ∈ L
there is a unique R(i) ∈ L \ {i} such that V (Ki , K R(i)) = min j∈L\{i} V (Ki , K j ).
Then let i1 = R(i0), i2 = R(i1), . . . , and let k be the order of the iteration when a
repeated index first appears, i.e. the i1, . . . , ik−1 are all distinct and ik = in , with
n ∈ {0, . . . , k − 1}; in this case, the cycles of rank one starting from {i0} will be
{i0}, . . . , {in−1}, {in → in+1 → · · · → ik−1 → in}. (The cyclic order comes from
the construction just given. Recall that i represents here the stable class Ki .) It is
easy to see that the choice of different initial i0 brings disjoint or coincident cycles
with the same cyclic order.

This yields a partition of L into cycles (of rank one). Lemmas 5.11 and 5.15
tell us that if the process Xε starts sufficiently near to some Ki in a given cycle,
then for ε > 0 small, it will visit small neighbourhoods of any other class in this
cycle before escaping to another cycle, with overwhelming probability. The time
scales are given in terms of Lemma 5.15. Notice that the cyclic order in the above
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construction is the most probable, but not the unique order in which the system
will typically visit the various classes within this cycle before escaping to another
one. To understand how the system keeps moving in longer time scales, one needs
to see how it moves from any cycle of rank one to another. This leads to a recursive
process of constructing cycles of higher ranks.

For each cycle C(1)
0 of rank one, the tunnelling time to another rank one cycle

is given in terms of the following quantity:

A(C(1)
0 ) = min

g∈G(L\C(1)
0 )

∑
(i→ j)∈g

V (Ki , K j )

as can be seen from Lemmas 5.11 and 5.15. Assuming that the minimum is at-
tained at a unique graph gC(1)

0
, let RC(1)

0
( j) be the terminal point for the chain of

arrows in gC(1)
0

that starts at j ; we can see that this terminal point is the same
for all j ∈ C(1)

0 and is denoted by RC(1)
0

. Then let C(1)
1 be the cycle of rank one

to which RC(1)
0

belongs. In this way one continues, defining C(1)
k , k = 1, 2, . . .

until the first repetition appears, i.e. the first k such that C(1)
k = C(1)

m for some
0 ≤ m < k, and then consider the rank two cycles {C(1)

0 }, {C(1)
1 }, . . . , {C(1)

m−1},
{C(1)

m → · · · → C(1)
k−1 → C(1)

m }. The procedure continues, analogously to the case
of rank one, since starting with two different rank one cycles we generate disjoint
or coincident rank two cycles, and in this case the cyclic order is the same. Thus
a partition of the set of rank one cycles is obtained.

Under the above assumptions (including the uniqueness of minimizers at each
level) the procedure is recursive and it ends at a certain level with a unique cycle,
due to the existence of finitely many classes, containing each possible ω-limit
set.

The important property shared by cycles is that starting sufficiently close to
any of its classes, the process visits small neighbourhoods of any class in the cy-
cle before reaching a small neighbourhood of a class outside the cycle. (There
is an implicit identification of a cycle C of any given rank with the classes be-
longing to those cycles of lower rank that form C.) In particular, the situation
mentioned at the end of Section 5.3 does not happen here, i.e. there is loga-
rithmic equivalence between the expectation of the escape time and any of its
quantiles, as in Theorem 2.6. This asymptotic value is given in Theorem 6.2,
Chapter 6 of [122], written below. We omit the proof which is obtained from
Theorem 5.18.

Theorem 5.25 (Freidlin and Wentzell) Under the assumptions of the previous
construction, let C be a cycle different from L, and let

V̄ (C) = A(C)− min
Km∈C

min
g∈GC({m})

∑
(i→ j)∈g

V (Ki , K j ),
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where GC({m}) is given by Definition 5.13 with C in the place of L. If ρ > 0 is
small enough, D j is the ρ-neighbourhood of K j and we write ( for brevity)

τε(L \ C) = inf{t > 0: Xε
t ∈ ∪ j∈L\C D j },

then:

lim
ε→0

ε2 log Ex τε(L \ C) = V̄ (C),

and for γ > 0,

lim
ε→0

Px

(
e

V̄ (C)−γ

ε2 < τε(L \ C) < e
V̄ (C)+γ

ε2

)
= 1,

uniformly for all x in ∪ j∈C D j .

Under the previous assumptions, the full hierarchy of cycles allows us to study
the asymptotic behaviour of Xε

t (ε) for t (ε) ≈ exp{a/ε2}, as ε → 0 (cf. Section 6,
Chapter 6 of [122]).

Remark Under the assumptions of Theorem 5.21, by changing the field b outside
G we can satisfy Assumptions 5.24. In this new system, we can see that condition
(b4) of Assumptions 5.20 guarantees that the stable classes in G, i.e. x1, . . . , xr ,
form a cycle (of some level) according to the last definition. The asymptotic ex-
ponentiality should extend to the escape times in Theorem 5.25. In the Markov
chain set-up, this kind of problem is treated in the next chapter, with a further
discussion on cycle decomposition.

5.5 Notes and comments
Theorems 5.5 and 5.6 were proven in [131] using an estimate due to Day [73, 74],
which implies that

sup
x∈Bρ1 (p)

‖νε
x − νε

p‖ ≤ e−c/ε2
(5.80)

for some c > 0, where νε
x denotes the law of X x,ε

τε(Sρ(p)), and ‖ · ‖ the total varia-

tion norm. Here one assumes B̄ρ(p) ⊆ Dp and takes ρ1 ∈ (0, ρ) suitably small.
From this estimate (obtained not only in the gradient case) Day first derived the
asymptotic exponentiality of τε in the context of Section 2.6. To prove (5.80) he
shows that with probability exponentially close to one, the process visits an expo-
nentially small ball around p before escaping from Bρ(p), and then uses a com-
parison with an Ornstein–Uhlenbeck process, whose forcing term is the Jacobian
matrix of b at p.

This proof, as well as that given in Section 5.2, depends on a detailed analy-
sis of the generator. The finite dimensionality of the state space is also crucial. A
different approach to this problem was used by Martinelli and Scoppola in [209].
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Under Assumptions 5.20 of the previous section, and if xi is a stable fixed point
with a positive Lyapunov exponent α0, they show that once all paths are con-
structed using the same random noise, then all dynamics starting at any pair of
points near Ki = {xi } will eventually become exponentially close, after some ini-
tial time layer which does not depend on ε. More precisely, if α < α0 and T > 0
there exist t0, c1, c2, ε0 so that for any 0 < ε < ε0

P

(
sup

x �=y∈Bi,T

|X x,ε
t − X y,ε

t |
|x − y| ≤ c2e−αt ,∀t > t0

)
≥ 1− e−c1/ε

2
(5.81)

where Bi,T = {x : X x,0
t reaches a small neighbourhood of Ki by time T }.

If x and y belong to different basins of attraction of the deterministic system
(as needed in the proof of Theorem 5.21), then c2 or t0 should be replaced by
c2(ε) and t0(ε) respectively, cf. (5.63). The proof of (5.81) involves a multiscale
type analysis, and uses techniques that are similar to those used by Martinelli and
Scoppola in the study of Anderson localization for disordered systems.

This ‘gluing’ of trajectories was used successfully in [210] to prove Theorem
5.21 (under slightly more restrictive assumptions) as well as for an infinite dimen-
sional analogue.

A related problem in the context of the Freidlin and Wentzell models refers to
the validity of a l.d.p. for the family of empirical measures ψε := 1

τε

∫ τε
0 δXε

s
ds

(see [217]).

Non-linear heat equation with noise Interest in the analysis of stochastic partial
differential equations has grown tremendously since the late 1970s. We mention a
few motivations closer to our context. (a) The hydrodynamics of an incompress-
ible viscous fluid is usually described through Navier–Stokes equations. They
have an approximate character, and it becomes crucial to study their stability un-
der random perturbations. (b) A broad class of partial differential equations ap-
pears in transport problems, chemical reactions subjected to diffusion, population
genetics, etc. The motivation for stochastic stability is the same as in the previ-
ous example. (c) Interest in a class of evolutions related to models of quantum
mechanics and quantum field theory, such as the stochastic quantization method.

The example that we now outline was introduced by Faris and Jona-Lasinio
[113]. It fits (b) and (c) above quite well.

For a given L > 0 and ε > 0 one may consider the process uε(r, t), described
formally as the solution of the following stochastic partial differential equation:

∂uε

∂t
= ∂2uε

∂r2
− V ′(uε)+ ε ξ(r, t),

uε(0, t) = uε(L , t) = 0,

uε(r, 0) = ϕ(r),

(5.82)
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where r ∈ [0, L], V (u) = (α/4)u4 − (β/2)u2, α, β > 0 and ξ is a white noise in
space-time. A motivation for studying this model comes from a quantum mechan-
ical double well unharmonic oscillator, but it may also be thought of as describ-
ing the motion of an elastic string (with fixed extremities) in a highly viscous and
noisy environment.

We may think of uε (at least formally) as a small random perturbation of
the following infinite dimensional deterministic system, with values on the space
CD[0, L] := { f ∈ C([0, L],R) : f (0) = f (L) = 0}:

∂u

∂t
= −δS

δu
,

u(·, 0) = u0(·),
(5.83)

where the potential S is given by the following function

S(ψ) =
∫ L

0

[1

2

(dψ

dr

)2 + V (ψ)
]
dr (5.84)

for ψ ∈ CD[0, L] absolutely continuous (S is thought of as +∞ otherwise).
The qualitative analysis of the system given by (5.83) was initiated by Chafee

and Infante in [59], where it is shown that for L large enough (fixed α, β), there
are several critical points. Two of them are stable, called u− and u+, and there
is a certain number of saddle points (depending on the value of L) that are given
by instanton-type (or multi-instanton) functions verifying the Dirichlet boundary
conditions. Further results on the analysis of systems of this type can be found in
[152].

A rigorous meaning for (5.82) is provided in [113], where the validity of a l.d.p.
for uε is also established, extending Freidlin and Wentzell estimates. For this one
considers the space of continuous paths taking values in CD[0, L] endowed with
the supremum norm. Using the large deviation principle, they obtained upper and
lower estimates for the probability of passing from a neighbourhood of u− to a
neighbourhood of u+. The rate function on CD[0, L] is given by

IT (ψ) = 1

2

∫ T

0

∫ L

0

[
∂ψ

∂t
(r, t)− ∂2ψ

∂r2
(r, t)+ V ′(ψ(r, t))

]2

drdt.

The variational problem of minimizing the value of I among the paths which
connect u− to u+ is also solved in [113]; the solution suggests that escape from the
domain of attraction of u− happens close to the lowest saddle (i.e. with minimal
value of S). This was proven by Brassesco in [32]. In [210] the authors used
the ideas initially developed in [209] to extend Theorem 5.5, and Brassesco [32]
completed the proof of the metastability picture, following the pathwise approach
described in Chapter 4.
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The procedure developed in [209] shows that the trajectories become very
close as the time goes to infinity. To get the asymptotic exponentiality in the
context of Theorem 5.21 the basic ingredient is a control on the difference
between the values of τ x

ε and τ
y
ε for two different points x, y (near one of the

attractors, say). Since τ x
ε is exponentially large (in ε−2), we conclude that at this

given time, the distance between the two different evolutions will be superexpo-
nentially small, due to (5.81). Taking into account the boundedness and regularity
of b(·) one has the desired control.

On the other hand, for the infinite dimensional system described by (5.82),
we notice that the drift term, given by the right-hand side of (5.83), is no longer
continuous and bounded. This is so due to possible irregular behaviour in the
space variable (if we consider the state space with the supremum norm). Thus,
in spite of the validity of an analogue of (5.81), as proven in [209], the loss of
memory of τε requires a more careful analysis. Nevertheless, using the previous
argument, we have that at the time τε for one of the trajectories, both of them
will be in a small neighbourhood of u+, which is an attractor. This allows us to
conclude that the corresponding τε of the other trajectory will not differ much,
from which we can conclude the asymptotic exponentiality.

The argument of the previous paragraph does not apply if we consider the
escape time from a domain fully contained in the basin of attraction of u−, anal-
ogous to that in Section 2.6. (In this case the drift is against the escape.) One
possibility consists in finding a more suitable coupling. For the specific exam-
ple this was done by Brassesco [33], adapting a coupling introduced by Mueller
[222].

Motivated by the analysis of the quantum mechanical unharmonic oscillator,
the full picture would indeed require the replacement of the bounded space in-
terval [0, L] by the whole real line. Cassandro, Olivieri and Picco (see [49])
studied a model similar to (5.82) with non-symmetric V (·), in the double limit,
ε → 0, L →+∞, obtaining large deviation estimates and estimating the prob-
ability of tunnelling. Their results allow us to take L = Lε tending slowly to
infinity, corresponding in some sense to the mean field theory of Lebowitz and
Penrose for ferromagnetic spin systems under a Kac interaction potential. This
model presents a rich and complicated spatial structure which is nevertheless nec-
essary for proper correction of a mean field theory, in contrast to the naı̈ve and
simplified Curie–Weiss model.

Glauber + Kawasaki processes A spin model related to the above equation
can be constructed through the superposition of a spin-flip type dynamics and
a fast stirring process, having X = {−1,+1}Zd

as state space. This model was
introduced by De Masi, Ferrari and Lebowitz in [80] and investigated by several
authors (see [78] and references therein). It is generally non-reversible, which
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brings extra difficulties and enriches the study of relations between macroscopic
and microscopic descriptions, providing an interesting ‘laboratory’ to test several
ideas. Under very fast stirring and in some continuum limit (in a proper spatial
scale) this is described by an equation very similar to (5.82), with a different
noise. More precisely, if we take a continuous time Markov process with values
in X , with generator

Lε = ε−2L0 + LG ,

where

L0 f (σ ) = 1

2

∑
|x−y|=1

( f (σ x,y)− f (σ )),

LG f (σ ) =
∑

x

c(x, σ )( f (σ x )− f (σ )),

σ x,y denotes the configuration obtained from σ by exchanging the values of the
spins at x and y, and σ x represents the configuration obtained from σ by flipping
the spin at x . With proper assumptions on the rate function c (including finite
range and translation invariance, as in the next chapter) one can prove propagation
of chaos on the spatial scale r = εx in the limit as ε → 0. The continuum limit is
described in terms of a reaction diffusion equation

∂m

∂t
(r, t) = 1

2
,m(r, t)+ F(m(r, t)),

m(r, 0) = m(r),

with the reactive term F(m) = −2νm(σ (0)c(0, σ )), where νm denotes the prod-
uct Bernoulli measure on X with average spin m (see [78] for a precise statement).
We can easily give many examples where F is any given polynomial. A particular
interesting case is when F = −V ′, analogously to (5.82). After deriving the con-
tinuum limit (law of large numbers) it is natural to ask about large deviations. For
a finite volume version, a l.d.p. was described in [171], extending ideas in [179].
Though the rate function is in general quite complicated, it allows some simple
evaluations of the quasi-potential V (m−,m), where m− is a stable equilibrium
point and m is in its domain of attraction. This furnishes a class of examples
where, in spite of non-reversibility, the optimal path connecting an attractor m−
to an element m of its basin, is simply the time reversed deterministic trajectory,
as in Section 2.6 (see [126]).

Some further problems on the long time behaviour of Glauber+Kawasaki dy-
namics have been treated with the analysis of the truncated correlation functions,
also called v-functions ([42, 81, 137]). Other estimates related to metastability
appear in [188], based on methods developed initially by [298] for Ginzburg–
Landau models. The ergodic behaviour of a large class of such dynamics has
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been treated in [103]. In [35] and [36], the ergodicity of the process was studied
in detail for a particular family, where attractiveness was used in a crucial man-
ner. The estimates obtained there were applied in [154] to verify the asymptotic
exponentiality of certain escape times. A full description of metastability is still
lacking, as in the analogous situation of the Glauber dynamics for the Kac model
mentioned in Section 4.5.



6

Reversible Markov chains in the
Freidlin–Wentzell regime

We start by defining the Markov chains that we want to study in the present
chapter. After general Freidlin–Wentzell Markov chains, we move on to the sim-
ple and interesting particular case of reversible Freidlin–Wentzell Markov chains;
finally we introduce the more particular case of Metropolis Markov chains which
constitute the main object of our study in this chapter. We also introduce particu-
lar Markov chains satisfying a non-degeneracy condition which further simplifies
the theory. Sometimes we adopt a different notation with respect to the previous
chapters.

Condition FW (Freidlin–Wentzell) We say that an ergodic aperiodic Markov
chain on a finite state space S satisfies condition FW if its transition probabilities
P(x, y) decay exponentially fast in a large parameter β, satisfying the following
estimates:

exp[−β(,(x, y)+ γ (β))] ≤ P(x, y) ≤ exp[−β(,(x, y)− γ (β))]

where , is a non-negative matrix

, : S × S → R+ ∪ {+∞}

and γ (β)→ 0 as β →∞.

The elements of S will be called indifferently points or states.
FW Markov chains can be regarded as small random perturbations of β = ∞

dynamics, where only transitions with ,(x, y) = 0 are allowed.

Condition R (reversibility) We say that a Markov chain on a finite state space S
satisfies condition R if, considering the set V0 := {(x, y) : x ∈ S, y ∈ S, x �= y}
of pairs of distinct states,

335
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(i) there exists a connectivity function q : V0 → [0, 1] satisfying
� for any x ∈ S,

∑
y �=x q(x, y) ≤ 1 (normalizability)

� for any x, y ∈ S, q(x, y) = q(y, x) (symmetry)
� for any x, y ∈ S there exists n ∈ N and x0, . . . , xn ∈ S with x0 = x, xn =

y and q(xi , xi+1) > 0, i = 0, . . . , n−1 (irreducibility),
(ii) there exists an energy function H : S → R,

(iii) let V be the set of pairs of communicating states V := {(x, y) ∈ V0 :
q(x, y) > 0}, then there exists a function H̃ : V → R such that H̃(x, y) =
H̃(y, x) and H̃(x, y) ≥ H(x) ∨ H(y), so that the transition probabilities
P(x, y) of the Markov chain are given by

P(x, y) =
{

q(x, y) exp(−β[H̃(x, y)− H(x)]) if x �= y

1−∑z �=x P(x, z) if x = y.
(6.1)

Condition R is a particular case of FW with

,(x, y) := H̃(x, y)− H(x). (6.2)

The above choice corresponds to a reversible Markov chain:

∀ x, x ′ ∈ S, µ(x)P(x, x ′) = µ(x ′)P(x ′, x) (6.3)

with

µ(x) = exp(−βH(x))∑
z∈S exp(−βH(z))

(see Chapter 4, equation (4.52), Section 5.2). It is natural to interpret β as the
inverse temperature and µ as the Gibbs measure. From (6.3) one immediately
deduces that µ is the unique invariant probability measure of the chain.

Condition RND (reversibility, non-degeneracy) We say that a Markov chain
satisfies condition RND if it satisfies condition R and

(i) H is invertible, H(x) �= H(y) if x �= y,
(ii) for any x ∈ S, there exists a unique state y such that minz �=x H̃(x, z) =

H̃(x, y).

Condition RND highly simplifies the theory and it is useful for didactical pur-
poses. It is in general very restrictive; however any reversible Markov chain can
be transformed into a non-degenerate reversible Markov chain by an arbitrarily
small change of the functions H, H̃ (recall that |S| <∞).

Condition M (Metropolis) We say that a Markov chain on a finite state space S
with transition probabilities P(x, y) satisfies condition M if there exists a connec-
tivity function q satisfying (i) in condition R and an energy function H : S → R
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so that:

P(x, y) =
{

q(x, y) exp(−β[H(y)− H(x)]+) if x �= y

1−∑z �=x P(x, z) if x = y.
(6.4)

The above defined Metropolis Markov chains are a particular case of reversible
Markov chains: they correspond to the choice H̃(x, y) = H(x) ∨ H(y). In this
case the β = ∞ dynamics only allows transitions that lower the energy.

Condition MND (Metropolis, non-degeneracy) We say that a Markov chain
satisfies condition MND if it satisfies condition M and

(i) H is invertible, H(x) �= H(y) if x �= y,
(ii) for any x ∈ S, there exists at most one state y ∈ S with q(x, y) > 0,

H(x) > H(y).

Notice that for MND Markov chains the β = ∞ dynamics is deterministic.
A particular example satisfying condition M (but not satisfying MND) is given

by the standard Ising model under Glauber–Metropolis dynamics (see Chapter 7,
equation (7.2)).

In what follows we always assume that our Markov chain satisfies condition
M, unless stated explicitly otherwise.

Notice that we can treat other reversible dynamics practically in the same way,
for instance the so-called heat bath dynamics (see, for instance, [211–213]) whose
transition probabilities are ‘logarithmically equivalent’ as β →∞ (see Chapter 1,
equation (1.1)) to those of Metropolis Markov chains.

Introduction
We now discuss the first exit problem from a general set G for a general
Metropolis Markov chain with finite state space, in the limit of large β. It turns
out that the most relevant case corresponds to G given by a cycle (see Definition
6.5 below), namely a set whose internal points, for large β, are typically visited
many times by our process before exiting. As we shall see, some specific diffi-
culties arise when G contains many stable equilibria, namely many local minima
for the energy, which can be considered as attractors with respect to the β = ∞
dynamics (where only moves decreasing the energy are allowed).

In the case of a set G ‘completely attracted’ by a unique stable point, it turns
out that the exit from G, when it occurs, follows a quite fast path, taking place in
an interval of time T independent of β, without ‘hesitations’. The exponentially
long (in β) time needed by the process to exit from G is a consequence of the
exponentially small probability that an excursion outside G takes place in a finite
time independent of β. So the typical time needed to see the first excursion out-
side G is very long as a consequence of a very long series of unlikely attempts
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before the successful one, but the time spent during this first excursion is relatively
short.

On the contrary, in the case of a set G containing many minima for the en-
ergy, the time needed to see the first excursion is still exponentially large in β

but, in general, also the time spent during the first excursion from G will typically
be exponentially large in β, even though with a smaller rate. Indeed the first ex-
cursion will involve random fluctuations inside suitable ‘permanence sets’ during
exponentially long random intervals of time (‘resistance times’). As will appear
clear, a mechanism of exit in a finite interval of time and without hesitation is, in
general, very low in probability.

We shall see that when G contains many minima for H , even the formulation
of the problem of determination of typical paths of exit from G changes drasti-
cally with respect to the case of completely attracted domains. Whereas in the
completely attracted case we have to determine single optimal paths of exit, in
the general case we have to introduce generalized paths given by sequences of
permanence sets with relative permanence times. The single trajectory inside a
permanence set cannot be specified. The specification of a typical tube of exit
from a general domain G is intrinsically stochastic: the exit from a permanence
set is exponentially long in β and tends to be unpredictable for large β; moreover
the behaviour inside a permanence set is well described by a restricted equilibrium
(conditional Gibbs) measure.

Let us start with a list of basic definitions. As we said before, for the sake of
simplicity of the exposition, we shall consider Metropolis Markov chains. Our
definitions and results can be easily extended to the case of general reversible
Markov chains; here we only give explicitly, in this case, the crucial definition
of cycle (see Definition 6.6) and an estimate of the first exit time (see Lemma
6.22). The case of general non-reversible Markov chains is much more difficult.
We refer to [55, 232] for a general treatment of this case.

6.1 Definitions and notation
Consider a Markov chain Xt satisfying condition M. As usual we denote by Px

the law of the process starting at x ∈ S.
A path ω is a sequence ω = (ω0, . . . , ωN ), N ∈ N, with ω j , ω j+1, j =

0, . . . , N − 1, communicating states (i.e. P(ω j , ω j+1) > 0). We often write
ω : x → y to denote a path joining x to y. Given G1 ⊆ S, G2 ⊆ S, we write
ω : G1 → G2 to denote a path joining x to y for some x ∈ G1, y ∈ G2. If ω is a
path and ωi = x for some i , then we say x ∈ ω.

We denote by � ⊆ SN the set of all possible paths.
A path ω = (ω0, . . . , ωk) is called downhill (strictly downhill) if H(ωi+1) ≤

H(ωi ) (H(ωi+1) < H(ωi )) for i = 0, . . . , k − 1.
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We say that a state x is downhill connected (strictly downhill connected ) to a
state y if there exists a downhill (strictly downhill) path ω : x → y.

A path ω = (ω0, . . . , ωk) with H(ωi ) ≤ H(ω0) for i = 0, . . . , k and
H(ωk) < H(ω0) is called declining. Notice that a declining path is not neces-
sarily downhill.

A set G ⊆ S is connected if for any x, x ′ ∈ G there exists a path ω : x → x ′

totally contained in G.

Definition 6.1 Given G ⊆ S, we define
(i) its exterior boundary

∂G ≡ ∂+G := {y �∈ G : P(x, y) > 0 for some x ∈ G},
(ii) its interior boundary

∂−G = {y ∈ G : P(x, y) > 0 for some x �∈ G}. (6.5)

Definition 6.2 Given G ⊆ S we denote by F = F(G) the set of all absolute
minima of the energy on G:

F(G) :=
{

y ∈ G : min
x∈G

H(x) = H(y)

}
. (6.6)

The set F(G) is called the ground of G.

Definition 6.3 A maximal connected set of equal energy states is called a
plateau.

Given z ∈ S we denote by D(z) the plateau containing z.
We observe that in the context of our treatment, involving asymptotic estimates

of probabilities and times that are exponential in β, a plateau could be identified
with a unique point since the motion on a plateau takes place without exponential
costs, in times of order one. With the non-degeneracy hypothesis MND, a plateau
coincides with a single site.

Definition 6.4 We say that the real positive function β → f (β) is superexpo-
nentially small and we use the notation f (β) = SES, if limβ→∞ β−1 log f (β) =
−∞.

Notation Given a set G on which H is constant, H(x) = H0, for any x ∈ G,
we write by abuse of notation H(G) for the common value.

A plateau D such that H(F(∂D)) > H(D) is said to be stable; otherwise it is
called transient. In particular the set of local minima for the energy

M = {x : H(F(∂{x})) > H(x)} (6.7)

is made of stable points.
We denote by M̄ the collection of all stable plateaux in S.
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Definition 6.5 A connected set A ⊆ S which satisfies

max
x∈A

H(x) < min
z∈∂ A

H(z) = H(F(∂ A)) (6.8)

is called a non-trivial cycle.
A cycle is either a singleton {x} or a non-trivial cycle.
Notice that in our definition a singleton {x} is a non-trivial cycle if and only if

it is a local minimum x ∈ M .

Consider a Markov chain satisfying condition R. Notions of connectedness of a
set of states G and boundary ∂G are immediately extended in the natural way. In
this case we want now to give the following.

Definition 6.6 Given a Markov chain satisfying condition R, a connected set
A ⊆ S which satisfies

max
(x,y)∈V:x,y∈A

H̃(x, y) < min
(u,z)∈V:u∈A,z∈∂ A

H̃(u, z) (6.9)

is called a non-trivial cycle.
A cycle is either a singleton {x} or a non-trivial cycle.

It is immediate to see that the above definition of cycle, for RND Markov chains,
coincides with that given, in terms of graphs, by Freidlin and Wentzell in the
context of a (not necessarily reversible) Markov chain satisfying condition FW
when

(i) every state is stable in the sense that, for any x, y,∈ S, with x �= y we have
,(x, y) > 0 and

(ii) a non-degeneracy hypothesis holds which, in the reversible case, amounts
to assuming our condition RND and in the Metropolis case, MND (see
Chapter 5 after Assumptions 5.24), [122] p. 198).

Indeed Freidlin and Wentzell, for the sake of simplicity only gave their defini-
tion of cycle in the non-degenerate case. It is possible to extend the FW graphical
definition to the fully general non-reversible and possibly degenerate case (see,
for instance, [232]). It is also possible to show that this general graphical def-
inition is equivalent, in the Metropolis (but not necessarily MND) case, to our
Definition 6.5.

Let us now go back to our treatment of the Markov chains just satisfying con-
dition M.

Notation Given a non-trivial cycle A we write

U (A) := F(∂ A). (6.10))

For a trivial cycle {x}, we set U ({x}) ≡ x .
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The height of a non-trivial cycle A is given by

�(A) := H(U (A)). (6.11)

The depth of a non-trivial cycle A is given by

)(A) := �(A)− H(F(A)) = H(U (A))− H(F(A)). (6.12)

For a trivial cycle {x} we set �({x}) = H(x) and )({x}) = 0.

We now give some propositions (in addition to other definitions). Most of the
propositions refer to simple properties of the cycles. They are relevant in view of
the basic results given in Theorem 6.23. For some of them the proof is immediate
and we omit it.

Proposition 6.7 Given a state x̄ ∈ S and a real number c, the set of all points
x connected to x̄ by paths whose points have an energy strictly less than c, if
non-empty, either coincides with S or is a non-trivial cycle A containing x̄ with
�(A) ≥ c.

Proof Immediate. �

Proposition 6.8 Consider two cycles A1, A2 with A1 ∩ A2 �= ∅. Then either
A1 ⊆ A2 or A2 ⊆ A1.

Proof It suffices to check that ∂ A1 ∩ A2 �= ∅ simultaneously with ∂ A2 ∩ A1 �= ∅
is impossible. For this, just notice that if x1 ∈ ∂ A1 ∩ A2 and x2 ∈ ∂ A2 ∩ A1 we
should have, at the same time, H(x1) < H(x2) as well as H(x2) < H(x1). �

The above Proposition 6.8 establishes a partial ordering among cycles. Notice that
the cycles containing a given point x are totally ordered by inclusion.

Definition 6.9 For each pair of states x, y ∈ S we define their communication
height �(x, y) as follows:

�(x, y) := min
ω:x→y

max
z∈ω H(z).

Given a subset Q of S containing both x and y, we write

�Q(x, y) := min
ω:x→y
ω⊆Q

max
z∈ω H(z) (6.13)

to denote the communication height between x and y in Q.

Definition 6.10 The set of minimal saddles S(x, y) from x to y in S is given by:

S(x, y) = {z : ∃ ω : x → y, such that z ∈ ω and H(z)

= max
u∈ω H(u) = �(x, y)}. (6.14)
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The set of optimal paths between x and y, that we denote by (x → y)opt , is given
by

(x → y)opt :=
{
ω : x → y, such that max

z∈ω H(z) = �(x, y)
}
. (6.15)

A set W ⊆ S is called a gate for the transition x → y if for any ω ∈ (x → y)opt ,
one has ω ∩ W �= ∅. A gate W is called a minimal gate if for any W ′ ⊆ W there
exists ω∗ ∈ (x → y)opt such that ω∗ ∩ W ′ = ∅.

In other words, a minimal gate is a minimal (by inclusion) subset of S(x, y) that
is crossed by all optimal paths.

For a given transition x → y, there can be many different minimal gates. Let
W be the set of minimal gates. We denote by G(x, y) the union of minimal
gates:

S(x, y) ⊇ G(x, y) := ∪W∈WW. (6.16)

The configurations in S(x, y)\G(x, y) (if any) are called dead-ends. As will be
made clear by Proposition 6.11, given any path ω ∈ (x → y)opt passing through
a dead-end z ∈ S(x, y), there exists another path ω′ playing the role of a short-cut
for going to y by skipping z.

The set S(x, y) is a trivial gate for the transition x → y, but in general it is not
a minimal gate. Actually, it can contain configurations that are unessential in the
following sense.

Given z ∈ S(x, y), we say that it is unessential if for any ω ∈ (x → y)opt such
that ω ∩ z �= ∅, defining B(ω) = [ω ∩ S(x, y)] \ z, we have:

(i) B(ω) �= ∅ and
(ii) there exists a path ω′ ∈ (x → y)opt with ω′ ∩ S(x, y) ⊆ B(ω).
We say that z ∈ S(x, y) is essential if it is not unessential, namely if either
(i) there exists a path ω ∈ (x → y)opt such that ω ∩ S(x, y) ≡ {z}, i.e.

B(ω) = [ω ∩ S(x, y)] \ {z} = ∅, or
(ii) there exists a path ω ∈ (x → y)opt such that B(ω) �= ∅ and ω′ ∩ S(x, y) �⊆

B(ω) for all ω′ ∈ (x → y)opt .
Unessential configurations are indeed dead-ends for the transition x → y and,

in a certain sense, can be skipped. This is the result of the following.

Proposition 6.11 z ∈ S(x, y) is essential if and only if z ∈ G(x, y).

Proof Abbreviate S = S(x, y),G = G(x, y), � = (x → y)opt . We start by
proving that z ∈ S unessential implies z ∈ S \ G. We show that assuming the exis-
tence of a minimal gate W containing z, we get a contradiction. Indeed, let us first
suppose W ≡ z. Take ω ∈ �,ω 3 z. Since z is unessential we know that ω ∩ S =
z ∪ B(ω),B(ω) �3 z, B(ω) �= ∅ and there exists ω′ ∈ � such that ω′ ∩ S ⊆ B(ω)

so that ω′ ∩ z = ∅ contradicting that z is a gate. Suppose now the minimal gate
W is given as W = W ′ ∪ z with W ′ �= ∅; necessarily, by minimality, W ′ is not
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a gate, there exists ω∗ such that ω∗ ∩ W ′ = ∅. But, since W is a gate, we must
have ω∗ ∩ z �= ∅. Recalling that z is unessential, we have ω∗ ∩ S = z ∪ B(ω∗)
with B(ω∗) �3 z, B(ω∗) �= ∅ and we know that there exists ω′ such that ω′ ∩ S ⊆
B(ω∗); thus ω′ ∩ z = ∅ and, since W ′ ∩ B(ω∗) = ∅, we have ω′ ∩ W ′ = ∅; then
ω′ ∩ W = ∅ contradicting that W is a gate and then proving that z ∈ S \ G.

We next prove that z ∈ S essential implies z ∈ G, namely, there exists a mini-
mal gate W containing z. If there exists ω ∈ � such that ω ∩ S = z it follows that
z belongs to all minimal gates; thus we can suppose that for any ω ∈ �,ω 3 z, we
have ω ∩ S = z ∪ B(ω) with B(ω) �= ∅,B(ω) �3 z. Since z is essential, we know
that there exists ω̄ ∈ �, ω̄ 3 z, such that for any ω′ ∈ �,ω′ ∩ S �⊆ B(ω̄). In what
follows we suppose such a ω̄. Let

� = �z ∪ (�z)
c (6.17)

with �z := {ω ∈ � : ω 3 z}, (�z)
c = � \�z . We can suppose that (�z)

c is non-
empty, otherwise z is obviously a minimal gate and we have concluded. We know
that for any ω′ ∈ (�z)

c, ω′ ∩ S ′ �= ∅, where S ′ := S \ (z ∪ B(ω̄)) �= ∅.
Let W ′ be a minimal partial gate for (�z)

c in S ′:

W ′ ⊆ S ′ : ∀ω′ ∈ (�z)
c : ω′ ∩ W ′ �= ∅; ∀W ′′ ⊆ W ′,

∃ω′′ ∈ (�z)
c : ω′′ ∩ W ′′ = ∅.

(6.18)

This W ′ certainly exists since S ′ is a partial gate for (�z)
c and we can always de-

duce from it a minimal partial gate. Now we claim that W := W ′ ∪ z is a minimal
gate. Indeed every path in � clearly intersects W ; moreover it is minimal because,
by partial minimality we cannot exclude any point from W ′ preserving the gate
property; nor can we exclude z since the path ω̄ does not intersect W ′ ⊆ S ′. �

From the reversibility of our chain it immediately follows that �(x, y) =
�(y, x), S(x, y) = S(y, x) and G(x, y) = G(y, x), for any x, y ∈ S.

For every G1, G2 ⊆ S, G1 ∩ G2 = ∅ we write:

�(G1, G2) := min
x∈G1,y∈G2

�(x, y),

S(G1, G2) =
z ∈ ∪ x∈G1

y∈G2

S(x, y) : min
u∈G1,
v∈G2

�(u, v) = H(z)

 ,

(G1 → G2)opt :=
{
ω : G1 → G2 with max

z∈ω H(z) = �(G1, G2)
}
.

(6.19)

A set W ⊆ S(G1, G2) is called a gate for the transition G1 → G2 if ω ∩ W �= ∅
for all ω ∈ (G1 → G2)opt . Similarly to what we did for G1 = {x}, G2 = {y} we
define the minimal gates and the set G(G1, G2) given as the union of minimal
gates.
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We can have the absence of any energy barrier between a pair x and y. In this
case the minimax problem has a trivial solution and x ∈ S(x, y) or y ∈ S(x, y).

This cannot happen if x and y belong to different stable plateaux.

Proposition 6.12 If A is a non-trivial cycle then:
(i) for any x, y, z ∈ A and w �∈ A,

�(x, y) < �(z, w);
(ii) for any x ∈ A the set S(x, Ac) does not depend on x and contains U (A).

Proof By definition of a non-trivial cycle, for any x, y ∈ A there exists a path
ω : x → y contained in A such that for any ωi ∈ ω one has H(ωi ) < �(A); this
proves (i). On the other hand any path joining z ∈ A to w ∈ ∂ A maximizes H in
∂ A.

Thus we have, for any x ∈ A

min
w∈∂ A

�(x, w) = �(A)

implying (ii). �

Definition 6.13 A cycle A such that for each z ∈ U (A) the states x to which
the plateau D(z) is strictly downhill connected belong to A, is called a stable or
attractive cycle. A cycle A which is not stable is called transient.

Suppose that the cycle A is transient, then there exists y∗ ∈ U (A) with D(y∗)
strictly downhill connected to some point x in Ac; given a transient cycle A the
points y∗ downhill connected to Ac are called minimal saddles of A. The set of
all minimal saddles of a transient cycle A is denoted by S(A).

Notice that besides S(A) ⊆ U (A), we also have S(A) ⊆ S(A, Ac); for a triv-
ial transient cycle {x}, we set S({x}) = U ({x}) = {x}.
Definition 6.14 A transient cycle A such that there exist x̄ �∈ A with H(x̄) ≤
H(F(A)) (H(x̄) < H(F(A))), y∗ ∈ S(A) and a declining path ω : y∗ → x̄ , is
called metastable (strictly metastable).

Definition 6.15 Given a stable plateau D (see Definition 6.3 and before (6.7)),
we define the following basins for D:

(i) the wide basin of attraction of D

B̂(D) = {z : ∃ downhill path ω : z → D}, (6.20)

(ii) the basin of attraction of D given by

B̄(D) ={z : every downhill path starting from z

and ending in M̄ , ends in D},
(6.21)
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(iii) the strict basin of attraction of D, B(D), given by the whole set of states S
if B̄(D) coincides with S, otherwise

B(D) = {z ∈ B̄(D) : H(z) < H(F(∂ B̄(D)))}. (6.22)

Remarks
(1) B̂(D) is necessarily non-empty whereas B̄(D) could be empty. B̄(D) can

be seen as the usual basin of attraction of D with respect to the β = ∞
dynamics.

(2) For any a such that a ≤ H(F(∂ B̄(D))), the set Ba(D) := {z ∈ B̄(D) :
H(z) < a}, if non-empty, is a non-trivial cycle contained in B(D).

(3) The above definitions of different basins of attraction can be extended im-
mediately to the case in which, instead of a stable plateau D, there is a
generic cycle A. In this way one gets B̂(A), B̄(A), B(A). Of course one can
even consider the basins of attraction of more general sets (not necessarily
cycles).

(4) The case of a Markov chain for which the state space S just coincides with
the basin of attraction of a unique stable plateau D, constituting the set of
absolute minima for the energy H , is in a sense almost trivial; we refer to
this case as the one well case.

Definition 6.16 Given a non-trivial cycle A, we call a non-trivial saddle internal
to A any saddle between a pair of stable plateaux contained in A.

Notation Given a cycle A we denote by C(A) the (possibly empty) set of its
internal non-trivial saddles, namely

C(A) = {y ∈ S(x, x ′) for some x, x ′

belonging to different stable plateaux in A} ⊆ A.
(6.23)

Notice that C(A) is empty if and only if F(A) consists of a unique plateau.
We denote by C̄(A) the set of its internal non-trivial saddles with maximal

energy, namely

max
z∈C(A)

H(z) = H0, C̄(A) = {y ∈ C(A) : H(y) = H0}. (6.24)

Given a cycle A with C(A) �= ∅, we use )̄(A) to denote the height in energy
of the maximal internal non-trivial saddle with respect to the ground F(A)

)̄(A) := H(C̄(A))− H(F(A)). (6.25)

We set )̄(A) = 0 in the particular case when A is completely attracted by a unique
stable plateau.

The following proposition provides a constructive criterion to find the saddles
between different points.
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Proposition 6.17 Suppose that there exist a subset G of S and two points x, x ′

with x ∈ G, x ′ �∈ G, with the following properties:
(i) G is connected,

(ii) for some y∗ ∈ F(∂G) with H(x ′) < H(y∗) there exists a declining path
ω : y∗ → x, ω \ y∗ ⊆ G,

(iii) there exists a declining path ω′ : y∗ → x ′, ω′ ∩ G = ∅.
Then, if A = {z : ∃ ω̃ : z → x : ∀ y ∈ ω̃, H(y) < H(y∗)}, A′ = {z′ :
∃ ω̃ : z′ → x ′ : ∀ y′ ∈ ω̃, H(y′) < H(y∗)} so that A (A′) ≡ maximal
connected set containing x (x ′) with energy less than H(y∗). Then:

(1) A, A′ are non-trivial cycles and A ⊆ G, A′ ⊆ S \ G,

(2) �(x, x ′) = �(G, S \ G) = H(y∗), moreover y∗ ∈ S(x, x ′),
(3) every path in (x → x ′)opt has to cross ∂G in F(∂G) so that F(∂G) con-

tains a minimal gate for the transition x → x ′.
If, moreover, we have the following strict inequality,

H(z) < H(y∗) for any z ∈ (ω ∪ ω′) \ y∗,

then
(4) y∗ ∈ U (A) ∩U (A′).

Proof Immediate. �

Given a cycle A containing several stable plateaux, we consider some smaller
cycles Ai contained in A, by looking at the internal non-trivial saddles between
these plateaux in A. Let us start with an immediate corollary of Proposition 6.12.

Proposition 6.18 If a cycle A contains an internal non-trivial saddle y, then it
contains all the cycles A j such that y ∈ ∪z∈U (A j )D(z).

Proof Immediate. �

Proposition 6.19 Let A be a non-trivial cycle and suppose that it is not contained
in the strict basin of attraction of any stable plateau (i.e. C(A) is non-empty).

Then the following are true.
(i) The cycle A can be decomposed as the union of the highest internal tran-

sient cycles and the highest internal saddles C̄(A) plus, possibly, a part
attracted by this union, namely

A = Ã ∪ C̄(A) ∪ V, (6.26)

Ã = A1 ∪ · · · ∪ Ak, (6.27)

where A1, . . . , Ak are transient cycles with �(Ai ) = H0 := H(C̄(A)), i =
1, . . . , k and for any xi ∈ Ai , x j ∈ A j ,S(xi , x j ) ⊆ C̄(A).

(ii) F(A)⊆{∪ j A j } so that at least one of the A j ’s must contain points in F(A).
(iii) The set V, if it is non-empty, is made of points with energy greater than H0,

does not contain non-trivial saddles and is completely attracted by the set
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Ã ∪ C̄(A), namely

V ∩ M̄ = ∅, V ⊆ B̄( Ã ∪ C̄(A)).

(iv) For all y ∈ C̄(A) there exists a declining path ω : y → F(A), ω ⊆ Ã ∪
C̄(A).

Proof Since A is a cycle then �(A) > H0. By Proposition 6.7 and Proposition
6.18 the maximal connected components A1, . . . , Ak ⊆ A of states in A with
energy strictly less than H0 are cycles contained in A with �(Ai ) = H0.

Given Ai , A j , for any xi ∈ Ai , x j ∈ A j , by Proposition 6.12 S(xi , x j ) takes
the same value for every xi ∈ Ai and x j ∈ A j ; moreover, for any xi ∈ Ai , x j ∈
A j S(xi , x j ) = S(F(Ai ), F(A j )) ⊆ C̄(A).

From this, points (i), (ii), (iii) immediately follow.
Point (iv) easily follows from the fact that for any x ∈ A ∩ M̄, we have

�(x, F(A)) ≤ H0 since C̄(A) contains the internal non-trivial saddles with
maximal energy. �

Remarks
(1) If we consider a cycle A being a subset of the basin of attraction B̄(x), for

some x ∈ M , then we have C(A) = ∅, Ã = {x} and V = A \ {x}.
(2) The simplest non-trivial example is the one in which k = 2 and the number

of internal saddles of maximal energy is one (C̄(A) ≡ {y1}):
A = A1 ∪ A2 ∪ V ∪ {y1},

and

F(A) ≡ {x} for some x .

Notation Given a cycle A satisfying the hypotheses of Proposition 6.19 and the
set Ã given by (6.27) (see (6.26)), the integer h(A) ≥ 1 denotes the number of
cycles in Ã with non-empty intersection with F(A); j (A) ≥ 0 is the number of
cycles in Ã with empty intersection with F(A). We can write

A = A1 ∪ A2 ∪ · · · ∪ Ah ∪ Ah+1 ∪ · · · ∪ Ah+ j ∪ C̄(A) ∪ V (6.28)

where Ai ∩ F(A) �= ∅, i = 1, · · · , h; Ai ∩ F(A) = ∅, i = h + 1, · · · , h + j .
With our convention A1 always intersects F(A).

Definition 6.20 Given a non-trivial cycle A we speak of its maximal internal
barrier �(A) given by the maximal depth of the cycles A′ contained in A which
do not contain entirely the ground F(A).

Remark Of course �(A) < )(A). If h(A) > 1 (there are at least two cycles in
Ã with non-empty intersection with F(A)) we have �(A) = )(A1) = )̄(A). If
h = 1 we have �(A) = max{)(A2), . . . , )(A j+1),�(A1)}; in any case �(A) ≤
)̄(A) = )(A1).
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6.2 Main results
We recall now a simple but useful result based on the stationarity of µ providing
a lower bound in probability to the first hitting time to a particular state.

Lemma 6.21 For any pair of states y, x such that H(y) > H(x) and any positive
ε < H(y)− H(x), we have:

Px (τy ≤ exp[β(H(y)− H(x)− ε)])

≤ exp(−βε){1+ exp(−β[H(y)− H(x)− ε])}.
Proof See the proof of Proposition 4.7 in Chapter 4. �

We now give a simple lower bound in probability to the first exit time from a
cycle, for a reversible, not necessarily Metropolis, Markov chain. It is useful to
extend to general reversible Markov chains the results we are giving on the first
exit problem for Metropolis Markov chains.

Lemma 6.22 Consider a Markov chain satisfying condition R. Given a non-
trivial cycle A let F(A) be its ground defined exactly as in (6.6) and let �(A) =
minx∈∂−A,y∈∂ A H̃(x, y), then for any x ∈ F(A), ε such that 0 < ε < �(A)−
H(F(A)),

lim
β→∞

Px
(
τ∂ A ≤ eβ[�(A)−H(F(A))−ε])) = 0. (6.29)

Proof Given T ∈ N\{1} we have, using reversibility:

Px (τ∂ A ≤ T )

=
∑
y∈∂ A

P(x, y)+
T−1∑
n=1

∑
x1,...,xn−1∈A

xn∈∂−A

P(x, x1) · · · P(xn−1, xn)P(xn, y)



=
∑
y∈∂ A

P(x, y)+
T−1∑
n=1

∑
x1,...,xn−1∈A

xn∈∂−A

e−β[H(xn)−H(x)]

× P(xn, xn−1) · · · P(x1, x)P(xn, y)


≤ max

z∈∂−A,y∈∂ A
e−β[H̃(z,y)−H(x)]|∂−A| |∂ A|T

(6.30)

since for z ∈ ∂−A, y ∈ ∂ A we have e−β[H(z)−H(x)] P(z, y) ≤ e−β[H̃(z,y)−H(x)]

and, for any n ∈ N,
∑

x1,...,xn−1∈A P(z, xn−1) · · · P(x1, x) ≤ 1.
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From (6.30), choosing T = inf{n ∈ N : n > exp[β(�(A)− H(F(A))− ε)}
we conclude the proof. �

Let us go back to Markov chains satisfying condition M. The following theorem
contains the basic results on the first exit from a cycle. These results are less im-
mediate than the previous ones. As a matter of fact they are known in a more gen-
eral situation, such as the one considered by Freidlin and Wentzell and discussed
in Section 5.3 with the help of suitable graphs. We provide here, in the reversible
case, a proof based on the analysis of typical paths. We use a simple intuitive ar-
gument involving the construction of appropriate events taking place on suitable,
generally exponentially large in β, intervals of time. We see here the appearance
of what can be called the resistance times and why they play an important role in
providing an efficient mechanism of escape.

Theorem 6.23 Consider a Markov chain satisfying condition M. Given a non-
trivial cycle A:

(i) for all ε > 0, there exist β0 > 0 and k > 0 such that for any β > β0, x ∈ A

Px (τ∂ A > exp(β [ )(A) − ε ])) ≥ 1− e−kβ;

(ii) for all ε > 0 there exist β0 > 0 and k′ > 0 such that for any β > β0 and
for any x ∈ A

Px (τ∂ A < exp(β [ )(A) + ε ])) ≥ 1− e−ek′β ;

(iii) there exist κ = κ(A) > 0, β0 > 0 and k′′ > 0 such that for all β > β0 and
for any x, x ′ ∈ A

Px (τx ′ < τ∂ A ; τx ′ < exp(β[)(A)− κ]) ≥ 1− e−k′′β;

(iv) there exists c > 0 such that for any x ∈ A, ŷ ∈ ∂ A and β sufficiently
large

Px (Xτ∂ A = ŷ) ≥ c exp(−β[H(ŷ)−�(A))]).

Proof Recall that )(A) = �(A)− H(F(A)) (see (6.11)).
The proof uses induction on the total number of internal non-trivial saddles

|C(A)|.
We first assume that properties (i), (ii), (iii), (iv) are verified for all non-trivial

cycles A with |C(A)| ≤ n, for a given integer n ≥ 0, and we prove them for all
non-trivial cycles A with |C(A)| = n + 1; then we verify (i), (ii), (iii), (iv) for the
case n = 0, the basis of the induction. This case corresponds to a cycle A being
(part of) the strict basin of attraction of a stable plateau F(A) (in particular F(A)

could be a single local minimum x).
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Consider a generic non-trivial cycle A with |C(A)| = n + 1. We can use the
decomposition given by Proposition 6.19, namely:

A = Ã ∪ C̄(A) ∪ V

where Ã, defined in (6.26), (6.27) is a union of the highest internal transient cycles
A j which, beyond satisfying the properties specified in Proposition 6.19, have, for
any j , a number of internal saddles |C(A j )| less than or equal to n so that they
satisfy the recursive hypotheses (i), (ii), (iii), (iv).

The scheme of the proof is the following.
Step (a). Prove that (ii), (iv) for |C(A)| ≤ n imply (ii) for |C(A)| = n + 1.
Step (b). Prove that (i), (ii), (iii), (iv) for |C(A)| ≤ n imply (i) for |C(A)| =

n + 1.
Step (c). Prove that (ii), (iii), (iv) for |C(A)| ≤ n and (i) for |C(A)| = n + 1.

imply (iii) for |C(A)| = n + 1.
Step (d). Prove that (ii), (iii) for any non-trivial cycle A imply (iv) for the same

cycle.
Step (e). Prove that (i), (ii), (iii) hold true for n = 0, the basis of the induction.
Step (a) We want to prove (ii) for our cycle A with |C(A)| = n + 1. Given

ε > 0 let

T1 = T1(ε) := [exp(β()̄(A)+ ε/2))] (6.31)

and

T2 = T2(ε) := [exp(β()(A)+ ε))]. (6.32)

Recall )̄(A) = H(C̄(A))− H(F(A)), see (6.25).
Then the argument goes as follows. We construct, for every state x ∈ A, an

event Ex,T1 containing trajectories starting from x at time t = 0, defined in the
interval of time [0, T1] and satisfying the following conditions:

(1) if Ex,T1 takes place, our Markov chain Xt hits ∂ A before T1 and
(2) infx∈A P(Ex,T1) ≥ αT1 > 0 with limβ→∞(1− αT1)

T2/T1 = 0.
(6.33)

In particular we take

αT1 = exp(−β{�(A)− H(C̄(A))+ ε/4}). (6.34)

Suppose first that T2/T1 is not integer; let us divide the interval [0, T2] into
q = [T2/T1]+ 1 intervals such that the first q − 1 are of length T1 and the
last one is of length less than T1; if T2/T1 is integer we just divide T2 into
q = T2/T1 intervals of length T1. By properties (1) and (2) above of Ex,T1 , we
easily get the proof of our theorem. For, if τ∂ A > T2, necessarily, by property (1),
in none of the q intervals of length T1 can the (translated of the) event Ex,T1 have
taken place; by (2) and the Markov property, part (ii) of our proposition follows
directly.
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More explicitly, let ti = iT1, i = 0, . . . , q − 1, tq = T2; we have ti+1 − ti =
T1, i = 0, . . . , q − 2; tq − tq−1 ≤ T1. Let x0 = x . For i = 0, . . . , q − 1, given
xi , xi+1 ∈ A, we set, for i = 0, . . . , q − 1:

F (i)
xi ,xi+1

:= {ω ∈ � : ωti = xi , ωti+1 = xi+1, ωs ∈ A ∀ s ∈ [ti , ti+1]}. (6.35)

We have, for x ∈ A:

Px (τ∂ A > T2) =
∑

x1,x2,...,xq∈A

P(F (0)
x,x1

∩ F (1)
x1,x2

∩ · · · ∩ F (q−2)
xq−2,xq−1 ∩ F (q−1)

xq−1,xq )

=
∑

x1,x2,...,xq∈A

P(F (q−1)
xq−1,xq |F (0)

x,x1
∩ F (1)

x1,x2
∩ · · · ∩ F (q−2)

xq−2,xq−1)

× P(F (q−2)
xq−2,xq−1 |F (0)

x,x1
∩ F (1)

x1,x2
∩ · · · ∩ F (q−3)

xq−3,xq−2)

· · · P(F (1)
x1,x2

|F (0)
x,x1

)P(F (0)
x,x1

).

(6.36)
By the Markov property

P(F (i)
xi ,xi+1

|F (0)
x,x1

∩ · · · ∩ F (i−1)
xi−1,xi

) = P(F (i)
xi ,xi+1

|Xti = xi ). (6.37)

Let

Fx := {ω ∈ � : ω0 = x; ωt ∈ A ∀ t ∈ {0, . . . , t1}} (6.38)

by the homogeneity of our chain we have:∑
xi+1∈A

P(F (i)
xi ,xi+1

|Xti = xi ) = P(Fxi ). (6.39)

Suppose we know that for a suitable positive α:

sup
x∈A

P(Fx ) < 1− α, (6.40)

from (6.36), (6.37), (6.39) (6.40) it follows immediately that

Px (τ∂ A > T2) ≤ (1− α)q−1. (6.41)

Now, if there exists κ > 0 such that

α(β)
T2(β)

T1(β)
≥ eκβ, (6.42)

we conclude the proof of point (ii) of the theorem. To get (6.40) it is sufficient to
construct, for any x ∈ A, an event E = Ex,T1 such that

(Fx )
c ⊇ Ex,T1 , inf

x∈A
P(Ex,T1) > α.

Then the proof of part (ii) of the theorem is reduced to the construction, for
any x ∈ A, of such an event Ex,T1 , namely a set of trajectories Ex,T1 starting at x
and exiting, in a particular way, from A within T1.
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Figure 6.1

Let us give a description of Ex,T1 .
Let y∗ be a state in U (A) ≡ F(∂ A); it will be our target in the sense that

the trajectories in Ex,T1 will exit from A through y∗. By definition, there exists a
downhill path from y∗ to the set Ã:

x̄0 = y∗, x̄1, x̄2, . . . , x̄m : x̄1, . . . , x̄m−1 ∈ V ∪ C̄(A); x̄m−1 ∈ ∂ Ã, x̄m ∈ Ã

(with H(x̄i+1) ≤ H(x̄i )). We set m = 1 if y∗ is communicating with Ã, i.e. y∗ ∈
∂ Ã. Let A j∗ be the particular component (one of the highest internal transient
cycles) of Ã hit by this path (i.e. x̄m ∈ A j∗ ), see Figure 6.1. The event Ex,T1 is
then defined by requiring that the process, starting from x , hits the set A j∗ in
a time shorter than T1/2, and then, after reaching the boundary ∂ A j∗ of A j∗ at
x̄m−1 within a time T1/4, it follows the path obtained from x̄0, . . . , x̄m−1 by time
reversal.

More precisely let

τ
(>τA j∗ )
∂ A j∗ := min{t > τA j∗ ; Xt ∈ ∂ A j∗}

where, as before, τA j∗ is the first hitting time to the set A j∗ . Then:

Ex,T1 :=
{
τA j∗ <

T1

2

}
∩
{
τ
(>τA j∗ )
∂ A j∗ − τA j∗ <

T1

4

}
∩
X

τ
(>τA j∗ )

∂ A j∗
= y∗

 ,

for m = 1;

Ex,T1 :=
{
τA j∗ <

T1

2

}
∩
{
τ
(>τA j∗ )
∂ A j∗ − τA j∗ <

T1

4

}
∩
X

τ
(>τA j∗ )

∂ A j∗
= x̄m−1


∩
X

τ
(>τA j∗ )

∂ A j∗ +s
= x̄m−1−s, ∀s = 1, . . . ,m − 1


for m > 1.
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Using the Markov property we have, for m > 1,

P(Ex,T1) =Ex

(
1
τA j∗<

T1
2

PXτA j∗

({
τ∂ A j∗ <

T1

4

}
∩ {Xτ∂ A j∗ = x̄m−1}

))
× P(x̄m−1, x̄m−2)P(x̄m−2, x̄m−3) · · · P(x̄1, y∗)

(6.43)
where Ex denotes expectation over the process starting from x and 1E denotes the
characteristic function of the event E ; similarly for m = 1.

Let T0 = |S|; notice that, for β sufficiently large, T0 < T1/4. If x �∈ Ã certainly
there exists a downhill path ω entering Ã in a time shorter than T0. Suppose that
this path ends in A ĵ or that x ∈ A ĵ . From Proposition 6.19 we know that there
is a sequence of contiguous highest internal transient cycles joining A ĵ to A j∗ ;
namely there exist l ∈ N and cycles A j1 , . . . , A jl among the highest internal tran-
sient cycles in Ã, with the properties:

(i) A j1 = A ĵ , A jl = A j∗ , moreover, either l = 1 and ĵ = j∗ or
(ii) the A jk are contiguous in the sense that there exists a sequence of

plateaux D1, . . . , Dl−1 with Di ⊆ C̄(A), i = 1, . . . , l − 1 (Di are made
of maximal saddles) and

S(A jk ) ∩ Dk �= ∅, S(A jk+1) ∩ Dk �= ∅, k = 1, . . . , l − 1.

Consider the set of paths

�̄x,A j1 ,...A jl
:=
{
ω ∈ � : ∃ si , ti+1 ∈ N, i = 0, . . . , l − 1, with

s0 = 0, ti+1 ∈ [si , si + T0], si+1 ∈
[

ti+1, ti+1 + T1

8l

]
such that

ω0 = x; ωti ∈ A ji , i = 1, . . . , l; ωsi ∈ Di , i = 1, . . . , l − 1

}
.

(6.44)

In words: �̄x,A j1 ,...A jl
contains the set of paths ω starting from x such that they en-

ter A j1 (if x were not already there) within T0. If ĵ = j∗ the paths are concluded;
otherwise they get out of A j1 through a minimal saddle belonging to the plateau
D1 within a time T1/8l. Then they stay in D1 and, within an interval of time T0,
they enter A j2 (T0 < T1/8l for β sufficiently large.) They continue in this way up
to the entrance into A jl = A j∗ . Fix ε > 0 in (6.31). We have, for β sufficiently
large,

P(Ex,T1) ≥P(�̄x,A j1 ,...,A jl
) inf

y∈A j∗
Py

({
τ∂ A j∗ <

T1

4

}
∩ {Xτ∂ A j∗ = x̄m−1}

)
× exp

[
−β(H(y∗)− H(x̄m−1)+ ε

12
)
]

(6.45)
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where we have used reversibility and the fact that the path y∗, x̄1, . . . , x̄m−1 is
downhill.

To estimate P(�̄x,A j1 ,...,A jl
) we observe

(1) that there are downhill paths joining x with Ã in a time shorter than T0,
whenever x ∈ V ∪ C̄(A),

(2) the exit from A j through a suitable minimal saddle leads to D j , so that we
can apply iterative hypothesis (iv) valid, together with (ii), for any A j , since
|C(A j )| ≤ n,

(3) in �̄x,A j1 ,...A jl
the exit times from the A j are supposed to be smaller than

T1/8l which, in turn, for large enough β, is exponentially larger than the
maximal typical exit time (∼ expβ[H(C̄(A j ))− H(F(A j ))]) from A j so
that we can apply iterative hypotheses (ii).

From these considerations and from the definition of plateau it follows imme-
diately that for all sufficiently large β,

P(�̄x,A j1 ,...,A jl
) > exp

(
− ε

12
β
)
. (6.46)

Again, by the iterative hypotheses (ii), (iv), the second term on the right-hand
side of (6.45) is estimated as follows for β sufficiently large:

inf
x∈A j∗

Px

({
τ∂ A j∗ <

T1

4

}
∩ {Xτ∂ A j∗ = x̄m−1}

)
≥ e−

ε
12 βe−β[H(x̄m−1)−�(A j∗ )].

(6.47)
In conclusion, from (6.45), (6.46), (6.47), we obtain the following estimate,

valid for β sufficiently large:

P(Ex,T1) ≥ e−
ε
4 βe−β[H(y∗)−�(A j∗ )] = e−

ε
4 βe−β[�(A)−H(C̄(A))] =: α. (6.48)

This shows the validity of (6.42) and concludes the proof of part (ii) of the
theorem with, say, k′ = ε/5.

Step (b) We want now to prove (i) for |C(A)| = n + 1, by supposing the
validity of (i), (ii), (iii), (iv) for |C(A)| ≤ n, namely we want to prove that,
for any ε > 0, there exists k > 0 such that for any x ∈ A and β sufficiently
large:

Px (τ∂ A < eβ()(A)−ε)) ≤ e−kβ. (6.49)

For x ∈ F(A) (6.49) is an immediate consequence of Lemma 6.21; then, using
the Markov property, it will be proved in general once we have that there exists
k1 > 0, such that for any x ∈ A:

Px (τF(A) < τ∂ A ; τF(A) < eβ)̄(A)) ≥ 1− e−k1β. (6.50)
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Indeed from (6.50) we get in particular for any ε > 0

Px (τ∂ A < eβ()(A)−ε)) ≤ sup
z∈F(A)

Pz(τ∂ A < eβ()(A)−ε))+ e−k1β < e−kβ,

(6.51)
for a suitable positive k and any sufficiently large β, by Lemma 6.21.

Now, to prove (6.50) we first note that for any ε > 0 there exists k2 > 0 such
that for any x ∈ V ∪ C̄(A):

Px (τ Ã < τ∂ A; τ Ã < eβε) ≥ 1− e−k2β. (6.52)

Indeed from Lemma 6.21 we know that there exist constants k̃1, k̃2 > 0 such
that for all x ∈ V ∪ C̄(A)

Px (τ∂ A < ek̃1β) < e−k̃2β; (6.53)

moreover, using the Markov property as in (6.41), since there exist c such that
0 < c < 1 and t0 ∈ N such that infx∈V∪C̄(A) Px (τ Ã < t0) > c, we get for any ε

such that 0 < ε < k̃1 and β sufficiently large,

Px (τ Ã > eεβ; τ∂ A > ek̃1β) < (1− c)e
ε
2 β

, (6.54)

and from (6.53), (6.54) we get

Px (τ Ã > eεβ) ≤ Px (τ Ã > eεβ; τ∂ A ≥ ek̃1β)+ e−k̃2β ≤ (1− c)e
ε
2 β + e−k̃2β.

(6.55)
From (6.53), (6.55), we easily get (6.52). Thus we can suppose our starting point
x to belong to Ã.

Suppose x belongs to the transient cycle A j (among the highest internal cy-
cles). If A j ∩ F(A) �= ∅, using the iterative hypothesis (iii) valid for A j since
|C(A j )| ≤ n, we conclude the proof of (6.50). Let us then assume that A j ∩
F(A) = ∅. From the recursive hypothesis (ii), since )(A j ) < )̄(A), as a conse-
quence of A j ∩ F(A) = ∅, we have that there exist k3 > 0, δ > 0 such that for
any x ∈ A j ,

Px (τ∂ A j > eβ()̄(A)−δ)) ≤ e−k3β. (6.56)

Moreover we have that there exists k4 > 0 such that for any x ∈ A j ,

Px (Xτ∂ A j
�∈ U (A j )) ≤ e−k4β. (6.57)

Indeed from the recursive hypothesis (ii) we know that for any ε > 0 there
exist positive constants κ1, κ2 such that for all sufficiently large β,

Px
(
Xτ∂ A j

�∈ U (A j )
) ≤ Px

(
Xτ∂ A j

�∈ U (A j ), τ∂ A j < eβ()(A j )+ε)
)+ e−eκ1β

≤ Px
(
τ(∂ A j\U (A j )) ≤ eβ()(A j )+ε))+ e−eκ1β

. (6.58)
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Let us pick y ∈ F(A j ); by recursive hypothesis (iii), we have, for a suitable κ2 >

0 and β sufficiently large,

Px (τ∂ A j\U (A j ) ≤ e)(A j )+ε) ≤ Px (τ∂ A j\U (A j ) ≤ e)(A j )+ε, τy ≤ τ∂ A j )+ e−2κ2β

≤ Py(τ∂ A j\U (A j ) ≤ e)(A j )+ε)+ e−κ2β. (6.59)

Choosing

ε = ε0 = 1

2
min

x∈∂ A j\U (A j )
(H(x)−�(A j ))

we have, from Lemma 6.21,

Py
(
τ(∂ A j\U (A j )) ≤ eβ()(A j )+ε0)) ≤ e−ε0β. (6.60)

From (6.58), (6.59), (6.60), we get (6.57).
Now, given Al ∈ Ã contiguous to A j so that there is a plateau D j,l ⊆ C̄(A)

connecting A j to Al , we have, using the recursive hypothesis (iv), for any x ∈
A j , y ∈ D j,l ∩ ∂ A j , for all ε > 0 and β sufficiently large:

Px (Xτ∂ A j
= y) ≥ e−εβ . (6.61)

Moreover, using U (A j ) ⊆ C̄(A), by (6.52) and the definition of plateau, we have,
for any y ∈ D j,l , ε1, ε2 > 0 and β sufficiently large,

Py(τ Ã < τ∂ A ; Xτ Ã
∈ Al ; τ Ã < eβε1) ≥ e−ε2β. (6.62)

Let us define the following times

τ0 := inf{t ≥ 0 : Xt �∈ Ã}
σ1 := inf{t > τ0 : Xt ∈ Ã},

(6.63)

and for j = 1, 2, . . .

τ j := inf{t > σ j : Xt �∈ Ã}
σ j+1 := inf{t > τ j : Xt ∈ Ã}.

(6.64)

Let A1 be one of the highest internal transient cycles such that A1 ∩ F(A) �= ∅;
let

τ̄ := τA1∪∂ A (6.65)

and

ν := inf{i, such that τi ≤ τ̄ ≤ σi+1}. (6.66)

For any pair Ai , Ai ′ among the highest internal transient cycles, there exists
at least a sequence of contiguous cycles joining them. Without loss of general-
ity we can suppose A1 such that there exists a sequence of contiguous cycles
A j1 , . . . , A jk (for some integer k) with A j1 = A j (our initial cycle), A jk = A1,
A jl ∩ F(A) = ∅, l = 1, . . . , k − 1.
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From (6.61), (6.62), given x ∈ A j we know, in complete analogy with
�̄x,A j1 ,...,A jl

defined in (6.44), that there exists a set �̃x,A j1 ,...,A jk
of paths ω start-

ing from x and joining A j to A1 through the sequence A j1 , . . . , A jk within a time

eβ()̄−
δ
2 ) for which we have, for any ε > 0 and β sufficiently large,

P(�̃x,A j1 ,...,A jk
) > e−εβ . (6.67)

From (6.52) and (6.67) we easily get, using the Markov property, that for all
ε > 0, there exists c > 0 such that for any x ∈ Ã:

Px (ν > eεβ) ≤ e−ecβ
. (6.68)

We say that an interval [σl , σl+1] is good if
(1) τl − σl < eβ()̄(A)−δ),
(2) Xτl ∈ U (A jl ) if Xσl ∈ A jl ,
(3) τ∂ A �∈ [τl , σl+1],

(4) σl+1 − τl < eβ
δ
8 .

From (6.56), (6.57) and (6.52), we easily get that there exists a positive con-
stant k5 such that for any x ∈ Ã,

Px ([σl , σl+1] is not good) ≤ e−k5β, (6.69)

implying

Px ([σl , σl+1] are all good for l = 1, . . . , eεβ) ≥ 1− e−(k5−ε)β . (6.70)

We have, for all x ∈ Ã, ε such that 0 < ε < δ/4, using (6.68):

Px (X τ̄ ∈ A1; τ̄ < eβ()̄(A)− δ
2 )) ≥ Px (X τ̄ ∈ A1; τ̄ < eβ()̄(A)− δ

2 ); ν ≤ eεβ)

≥ P([σl , σl+1] are all good for l = 1, . . . , eεβ, ν ≤ eεβ)

≥ P([σl , σl+1] are all good for l = 1, . . . , eεβ)− SES

≥ 1− SES − e−(k5−ε)β

(6.71)
where SES stands for any superexponentially small quantity as β goes to infinity
(see Definition 6.4).

From (6.71) and from the recursive hypothesis (iii) applied to A1 we conclude
the proof of (6.50).

Step (c) We proceed similarly to the proof of (ii) using recurrence in Ã and the
Markov property. We first prove that there exist κ > 0, k6 > 0 such that for any
x, x ′ ∈ A and β sufficiently large:

Px
(
τx ′ < exp(β[)(A)− κ])

) ≥ 1− e−k6β. (6.72)

Let us first consider the case x ′ ∈ Ã; we construct an event E ′x,x ′,T1
similar to

Ex,T1 ; E ′x,x,′T1
contains paths of our process starting from x , ending at x ′ during a
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time interval shorter than T1(ε0) = exp[β()̄(A)+ ε0)], with

ε0 = �(A)− H(C̄(A))

4
= )(A)− )̄(A)

4

and following a suitable sequence of cycles A j and plateaux contained in C̄(A).
We describe E ′x,x ′,T1

in words leaving to the reader the easy task of a precise
definition, along the same lines seen previously for Ex,T1 .

E ′x,x ′,T1
contains the set of trajectories which, starting from x , first descend,

in a time much shorter than T1(ε0)/3, to Ã (if they were not still there) and this
happens with a probability almost one for β large; then, within a time of order
T1(ε0)/3, following a suitable sequence of cycles Ai and plateaux contained in
C̄(A) the paths in E ′x,x ′,T1

enter the cycle A j , say A′, containing x ′; by the re-
cursive hypothesis (ii), as before, this happens with probability logarithmically
equivalent to one. Now, it follows from the recursive hypothesis (iii), valid for
A′, that, with probability almost one for large β, before leaving A′, and in a time
typically much shorter that T1(ε0)/3, our process touches x ′.

In conclusion we get that for all ε > 0 and β sufficiently large

P(E ′x,x ′,T1(ε0)
) ≥ e−εβ . (6.73)

From (6.49) we have, for some k > 0 and for all sufficiently large β:

Px (τx ′ > T1(2ε0)) ≤ Px (τx ′ > T1(2ε0) ; τ∂ A > T1(2ε0))+ e−kβ. (6.74)

Using recurrence as in (6.36), from (6.73) and the Markov property we get that
for β sufficiently large

Px (τx ′ > T1(2ε0); τ∂ A > T1(2ε0)) ≤ (1− e−β
ε0
2 )

T1(2ε0)
T1(ε0) (6.75)

vanishing superexponentially fast for large β. This, together with (6.74), con-
cludes the proof of (6.72) for x ′ ∈ Ã with κ = ε0.

When x ′ ∈ V ∪ C̄(A), we proceed again similarly to the proof of point (ii). We
know that there exists a downhill path from x ′ to the set Ã:

x̄0 = x ′, x̄1, x̄2, . . . . , x̄m : x̄1, . . . . , x̄m−1 ∈V ∪ C̄(A); x̄m−1∈∂ Ã, x̄m ∈ Ã.

We set m = 1 if x ′ is communicating with Ã (x ′ ∈ ∂ Ã). Let A j∗ be the
particular component of Ã hit by this path (i.e. x̄m ∈ A j∗ ). We define now a
new event E ′′x,x ′,T1

containing paths starting from x and ending in x ′ within the
time T1 = T1(ε0). The first part of E ′′x,x ′,T1

is defined similarly to E ′ above with
A′ ≡ A j∗ but now we add an exit event from A j∗ through x̄m−1 in a time of order
exp(β)(A j∗)) followed by the single uphill path x̄m−2, . . . . , x̄1 = x ′. We leave
the details to the reader. We have, using the recursive hypothesis, that for all ε > 0
and β sufficiently large

P(E ′′x,x ′,T1
) ≥ exp(−β[H(x ′)− H(C̄(A))+ ε]) (6.76)
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which, again by recurrence like in (6.36) and the Markov property proves (6.72)
with κ = (�(A)− H(x ′))/2.

Now, by using point (i) of the theorem, we get Px (τx ′ < τ∂ A) > 1− e−k7β for
a suitable k7 > 0 and then the whole point (iii) since, by choosing ε sufficiently
small, we obviously have

exp(β[)(A)− κ]) < exp(β[)(A)− ε]).

Step (d) Let us now prove point (iv); it follows directly from the previous points
(ii),(iii).

Given x ∈ A, we first introduce an auxiliary Markov chain ξt with state space
{x} ∪ ∂ A defined as follows.

Let

τ0 = 0, σk = min{t > τk−1 : Xt �= x},
τk = min{t ≥ σk : Xt ∈ {x} ∪ ∂ A}, k = 1, . . .

(6.77)

then

ξk := Xτk , k = 1, 2, . . . (6.78)

Given ŷ ∈ ∂ A, we have

Px (Xτ∂ A = ŷ) =
∞∑

m=0

Px (ξ1 = x)m Px (ξ1 = ŷ) = Px (ξ1 = ŷ)

1− Px (ξ1 = x)

= Px (ξ1 = ŷ)

Px (ξ1 ∈ ∂ A)
= Px (ξ1 = ŷ|ξ1 ∈ ∂ A).

(6.79)

Writing

Px (ξ1 = ŷ)

=
∞∑

n=0

P(x, x)n

[
P(x, ŷ)+

∞∑
t=1

∑
x̄1,x̄2,...,x̄t∈A\x

P(x, x̄1, x̄2, . . . , x̄t , ŷ)

]
,

(6.80)
and using reversibility we get:

[1− P(x, x)]Px (ξ1 = ŷ) = P(x, ŷ)+
∞∑

t=1

∑
x̄1,x̄2,...,x̄t∈A\x

P(x, x̄1, x̄2, . . . , x̄t , ŷ)

=
[

P(ŷ, x)+
∞∑

t=1

∑
x̄1,x̄2,...,x̄t∈A\x

P(ŷ, x̄t , . . . , x̄2, x̄1, x)

]

× exp[−β(H(ŷ)− H(x))].
(6.81)
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We have:

∞∑
t=1

∑
x̄1,x̄2,...,x̄t∈A\x

P(ŷ, x̄t , . . . , x̄2, x̄1, x) =
∑

y∈A\x

P(ŷ, y)Py(τx < τ∂ A).

(6.82)
By the already proved part (iii) of the theorem we get that there exists c > 0 and
β sufficiently large:

P(ŷ, x)+
∑

y∈A\x

P(ŷ, y)Py(τx < τ∂ A) > c. (6.83)

On the other hand we have:

[1− P(x, x)]Px (ξ1 ∈ ∂ A)

=
∑
z∈∂ A

P(x, z)+
∞∑

t=1

∑
x̄1,...,x̄t∈A\x;x̄t+1∈∂ A

P(x, x̄1, . . . , x̄t , x̄t+1)

=
∑
z∈∂ A

P(z, x) exp[−β(H(z)− H(x))]

+
∞∑

t=1

∑
x̄1,...,x̄t∈A\x;x̄t+1∈∂ A

P(x̄t+1, x̄t , . . . , x̄2, x̄1, x)

× exp[−β(H(x̄t+1)− H(x))] ≤ exp[−β(�(A)− H(x))]

×
∑
z∈∂ A

[
P(z, x)+

∑
y∈A\x

P(z, y)Py(τx < τ∂ A)
]

≤ |∂ A| exp[−β(�(A)− H(x))]

(6.84)

From (6.83), (6.84) we conclude the proof of (iv)
Step (e) Since, as we have seen in step (d), point (iv) follows directly, in gen-

eral, from (ii), (iii), to conclude the proof of our theorem we have to show that
properties (i), (ii), (iii) are true for A such that the number |C(A)| of internal non-
trivial saddles is zero, namely when the cycle A is part of (or coincides with) the
strict basin of attraction of F(A), F(A) being a single plateau.

It will suffice to prove (ii), (iii) since then (i) follows easily by the following
argument. When x ∈ F(A) point (i) is an immediate consequence of Lemma 6.21.
Otherwise it follows from Lemma 6.21 and from point (iii).

Property (ii) follows easily by the same argument used before: we construct,
for any x ∈ A, ε > 0 and β sufficiently large, an event Ex,T with T = T (ε) =
exp(βε/2) which consists in descending from x to F(A) in a time shorter than
T/2 following a downhill path ω from x to F(A); then in following an uphill
path ω′ from F(A) up to U (A) in a time shorter than T/2. This path ω′ is
the time-reversed of a path going downhill from U (A) to F(A). The paths ω
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and ω′ certainly exist as the cycle A is part of the strict basin of attraction of
F(A).

With T2 = T2(ε) given by (6.32) we verify easily, in the present case, (6.33)
and (6.34) with T1 := T (ε) since (1) for every ε > 0 the descent to F(A), along
a downhill path, takes place in a suitable finite time, much smaller than T (ε),
with a probability approaching one as β →∞ and (2) the ascent from F(A) to
U (A), along an uphill path, in a suitable finite time, much smaller than T (ε),

for all ε > 0 and β sufficiently large, takes place with a probability larger than
exp(−β[)(A)+ ε/4]). Then property (ii) follows easily.

The proof of property (iii) is completely analogous.
The proof of the theorem is concluded. �

We now give two useful corollaries.

Corollary 6.24 Given a non-trivial cycle A, let �(A) be its maximal internal
barrier (see Definition 6.20). Then for all ε > 0, there exists k̂ > 0 such that for
any x ∈ A, z ∈ F(A) and β sufficiently large,

Px (τz > eβ(�(A)+ε)) < e−β k̂ . (6.85)

Proof The proof can be obtained easily by readapting the proof of point (iii) in
Theorem 6.23. �

Corollary 6.25 Given a non-trivial cycle A there exists κ̄ > 0 such that

sup
x∈A

Px
(
Xτ∂ A �∈ U (A)

)
< e−κ̄β . (6.86)

Proof The proof is totally analogous to that of (6.57): it suffices to use Theorem
6.23 instead of the iterative hypothesis. �

We want now to give a result concerning a lower bound on the probability of
the rare event consisting in exiting from a non-trivial cycle A too early, passing
through a given point y ∈ ∂ A.

This is contained in the following proposition which provides a counterpart to
Theorem 6.23 (i) and extends Theorem 6.23 (iv).

Proposition 6.26 Given a non-trivial cycle A and a positive number k,

�(A) < k ≤ )(A)

we have for any x ∈ A, y ∈ ∂ A, ε > 0 and β sufficiently large:

Px

(
τ∂ A < eβk, Xτ∂ A = y

)
≥ e−β(H(y)−H(F(A))−k+ε). (6.87)

Proof The proof is very similar to that of Theorem 6.23 (ii); again, we use induc-
tion on the number of internal saddles.
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We suppose |C(A)| = n + 1 and assume (6.87) to be valid for every non-trivial
cycle A′ with |C(A′)| ≤ n.

We recall the partition A = Ã ∪ C̄(A) ∪ V , with Ã = A1 ∪ · · · ∪ Ah ∪
Ah+1 ∪ · · · ∪ Ah+ j , h ≥ 1, j ≥ 0, Ai ∩ F(A) �= ∅ for i = 1, . . . , h, whereas
Ai ∩ F(A) = ∅ for i = h + 1, . . . , h + j (see (6.28)); moreover U (Ai ) ∩
C̄(A) �= ∅ for i = 1, . . . , h + j where C̄(A) denotes the set of maximal (high-
est in energy) internal non-trivial saddles and the set V is completely attracted by
Ã ∪ C̄(A).

We can use the inductive hypothesis on the cycles in Ã which is certainly valid
since, of course, |C(Ai )| ≤ n, i = 1, . . . , h + j .

We distinguish two cases (see Figure 6.2):
(a) k > H(C̄(A))− H(F(A)) = )̄(A),
(b) k ≤ )̄(A).
Notice that when h(A) ≥ 2 (i.e. when in Ã there are at least two distinct cycles

with non-empty intersection with F(A)) we necessarily have �(A) = )(A1) =
)̄(A) and, since we assume k > �(A), only case (a) is possible. It will appear
clear from the proof concerning case (b) that if we considered the case k ≤ �(A)

we would not be able to treat the problem with our construction. This is not a limit
of our proof but a crucial feature of the exit problem at very small times. When

Γ(A)

Γ(A)

’k

k

k

case (b)

case (a)

Figure 6.2
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considering such small times, the inner structure of the cycles becomes relevant
and counter-examples where (6.87) is not valid are easy to find.

Case (a) Let us first prove

Px

(
τ∂ A < eβk

)
≥ e−β()(A)−k+ε) (6.88)

for all ε > 0, β sufficiently large.
Given k′ ∈ ()̄(A), k), let us divide, like in the proof of Theorem 6.23(ii), the

time interval [eβk] into subintervals of equal length [eβk′ ] (except, possibly, for
the last one whose length can be smaller); see after (6.34) for more details.

We take k′ = )̄(A)+ ε′ with 0 < 2ε′ < k − )̄(A).
We have, using the Markov property as in (6.36), (6.41),

Px

(
τ∂ A > eβk

)
≤
[

sup
z∈A

Pz

(
τ∂ A > eβk′

)] 1
2 eβ(k−k′)

. (6.89)

Now we use the event Ex,T1 that we introduced in the proof of Theorem 6.23
with x ∈ A, T1 = [eβk′ ]. We recall the definition briefly: Ex,T1 contains a set of
trajectories starting from x and exiting A within the time T1 in a particular maner.

Given y∗ in U (A), there is a downhill path x̄0, x̄1, . . . , x̄m−1, x̄m with x̄0 = y∗,
x̄1, . . . , x̄m−2 ∈ V ∪ C̄(A), x̄m−1 ∈ ∂ Ã, x̄m ∈ Ã. It may happen that y∗ ∈ ∂ Ã: in
that case, we set m = 1 and the path is just one step.

We call A j∗ the cycle in Ã to which x̄m belongs. The trajectories in Ex,T1 first
enter Ã within time T1/4 then, by following a suitable finite sequence of con-
tiguous cycles in Ã they hit A j∗ in a time shorter than T1/4; subsequently, they
exit from A j∗ within another interval T1/4, through x̄m−1. Finally, they follow,
without hesitation, the uphill path x̄m−1, x̄m−2, . . . , x̄1, y∗; obviously, for β large
enough this last segment takes place within T1/4. We refer to the proof of Theo-
rem 6.23 (ii) for more details.

We have, like in (6.48),

inf
x∈A

P
(
Ex,T1

) ≥ e−β(�(A)−H(C̄(A))+ ε′
2 ) (6.90)

for β sufficiently large.
Now, since

{τ∂ A < eβk′ , X0 = x} ⊇ Ex,T1 , (6.91)

from (6.89) and (6.90), we have for β sufficiently large

Px

(
τ∂ A > eβk

)
≤
[

1− e−β(�(A)−H(C̄(A))+ ε′
2 )

] 1
2 eβ(k−)̄(A)−ε′)

≤ 1− e−β[)(A)−k+2ε′],

and (6.88) follows with ε = 2ε′.
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To conclude the proof we note that it is sufficient to prove (6.87) for x ∈ F(A).
Indeed, given z ∈ F(A), just using the Markov property we can write:

Px

(
τ∂ A < eβk, Xτ∂ A = y

)
≥ Px

(
τ∂ A < eβk, Xτ∂ A = y, τz < τ∂ A ∧ eβk

2

)
≥ Px

(
τz <

eβk

2
, τ∂ A > τz

)
Pz

(
τ∂ A <

eβk

2
, Xτ∂ A = y

)
.

(6.92)
By Theorem 6.23(ii) and Corollary 6.24, we get, for β sufficiently large,

Px

(
τz <

eβk

2
, τ∂ A > τz

)
≥ 1

2
. (6.93)

Then, we can assume that x ∈ F(A).
We need, now, some more definitions. Given x ∈ A we set

θx = sup {t : 0 ≤ t < τ∂ A; Xt = x}
τ ′x = τ∂ A − θx

(6.94)

(we set θx = τ∂ A; τ ′x = 0 when τx ≥ τ∂ A).
It follows from Corollary 6.24 and the Markov property, that for all ε > 0 there

exists c > 0:

sup
z∈A

sup
x∈F(A)

Pz

(
τx > eβ(�(A)+ε), τ∂ A > eβ(�(A)+ε)

)
≤ e−ecβ

(6.95)

for β sufficiently large.
It follows from (6.95) that for any ε > 0, there exists c > 0 such that, for any

z ∈ A, x ∈ F(A),

Pz

(
τ ′x > eβ(�(A)+ε)

)
≤ e−ecβ

.

From (6.94), (6.95), taking into account that k > �(A), we have, for any x ∈
F(A),

Px

(
τ∂ A ≤ eβk, Xτ∂ A = y

)
≥ Px

(
θx ≤ eβk

2
, τ ′x ≤

eβk

2
, Xτ∂ A = y

)
= Px

(
θx ≤ eβk

2
, Xτ∂ A = y

)
− Px

(
θx ≤ eβk

2
, τ ′x >

eβk

2
, Xτ∂ A = y

)
≥ Px

(
θx ≤ eβk

2
, Xτ∂ A = y

)
− SES

(6.96)
where we use SES to denote a superexponentially (in β) small quantity (see
Definition 6.4).
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Now, it is easy to see that for any T ∈ N, x ∈ A

Px
(
θx ≤ T, Xτ∂ A = y

) = Px (θx ≤ T ) Px
(
Xτ∂ A = y

)
. (6.97)

Indeed,

Px
(
θx ≤ T, Xτ∂ A = y

) =[1+ P(x, x)+
T−1∑
s=1

∑
x1,...,xs∈A

P(x, x1, . . . , xs, x)

]

×
[

P(x, y)+
∞∑

l=1

∑
y1,...,yl∈A\{x}

P(x, y1, . . . , yl , y)

]
.

(6.98)
On the other hand we have

Px (θx ≤ T ) =
[

1+ P(x, x)+
T−1∑
s=1

∑
x1,...,xs∈A

P(x, x1, . . . , xs, x)

]

×
[∑

z∈∂ A

(
P(x, z)+

∞∑
l=1

∑
y1,...,yl∈A\{x}

P(x, y1, . . . , yl , z)

)]
.

(6.99)
One has:

lim
T→∞

Px (θx ≤ T ) = Px (θx <∞) = 1, (6.100)

as follows from an immediate estimate based on ergodicity of our chain with finite
state space and the Borel–Cantelli lemma.

From (6.98), (6.99), passing to the limit T →∞, we get:

P(x, y)+∑∞
l=1
∑

y1,...,yl∈A\{x} P(x, y1, . . . , yl , y)∑
z∈∂ A(P(x, z)+∑∞

l=1
∑

y1,...,yl∈A\{x} P(x, y1, . . . , yl , z))
= Px

(
Xτ∂ A = y

)
.

(6.101)
Recall that we already obtained expression (6.101) for Px

(
Xτ∂ A = y

)
by a

very similar argument, using the auxiliary Markov chain ξk , see (6.79)
From (6.101), (6.98), (6.99), we conclude the proof of (6.97).
From (6.96), (6.97), we get,

Px

(
τ∂ A ≤ eβk, Xτ∂ A = y

)
≥ Px

(
θx ≤ eβk

2

)
Px
(
Xτ∂ A = y

)− SES

≥ Px

(
τ∂ A ≤ eβk

2

)
Px
(
Xτ∂ A = y

)− SES.

(6.102)
From (6.102), (6.88) and Theorem 6.23(iv) we conclude the proof in case (a).

Case (b) Here we cannot apply Theorem 6.23 and we can only use the iterative
hypothesis. Again we first prove (6.88). We know that h = 1, namely, in the set Ã
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of highest internal transient cycles there is a unique cycle A1 containing the whole
F(A); we have �(A1) < k (since k > �(A) and �(A) ≥ �(A1)) together with
k < )(A1), since )̄(A) = )(A1) and we are in case (b). Then the hypotheses
on k are satisfied for A1 and |C(A1)| ≤ n. On the other hand, k > )(A j ) for
any j ≥ 2 since �(A) ≥ )(A j ) for any j ≥ 2. So, to treat the exit from A1, we
use the inductive hypothesis, whereas to treat the exit from A2, A3, . . . , we use
Theorem 6.23

For any x ∈ A we consider again an event Ex,T1 with T1 = eβk .
First we go to Ã within a time T1/6; then we try to reach our target y∗ ∈ A j∗ .
If there exists a path of cycles in Ã joining the first cycle that we touch enter-

ing Ã with A j∗ , without touching A1, it is easily seen, using k > )(A j ), j �= 1,
that we can proceed as in case (a) to get, for all ε > 0 and β sufficiently
large,

P
(
Ex,T1

) ≥ e−β(�(A)−H(C̄(A))+ε) = e−β()(A)−)̄(A)+ε) ≥ e−β(H()(A))−k+ε).

(6.103)
If, on the contrary, all cycle paths in Ã reaching A j∗ have to pass through A1,

we have to modify our strategy. After entering Ã we follow, within another T1/6,
a suitable finite sequence of contiguous distinct cycles in Ã (by always exiting
through C̄(A)) up to A1. Then, in a time not exceeding T1/6, we exit from A1

through U (A1) ∩ C̄(A) and, during another interval of time T1/6 we follow an-
other suitable finite sequence of contiguous distinct cycles in Ã (by always exiting
through C̄(A)) up to A j∗ . Then we exit through a suitable x̄m−1 within another
T1/6 and finally we go uphill up to y∗ ∈ U (A), as before, without exceeding T1/6.
Notice that the trajectories in Ex,T1 visit at most once each Ai and, in particular,
A1.

The first and second parts of our event (arrival at Ã and at A1) as well as the
fourth part (going from U (A1) ∩ C̄(A) to A j∗ ) have a probability estimated from
below by e−βε (for all ε > 0, β sufficiently large)

For the third part (exit from A1), since |C(A1)| ≤ n and �(A1) < k < )(A1)

we can use the recursive hypothesis to estimate from below the probability to exit
within T1/6 = eβk/6 from A1 through U (A1) by exp(−β[�(A1)− H(F(A))−
k + ε]), for all ε > 0 and β sufficiently large.

To estimate the fifth and the sixth parts (exit from A j∗ through xm−1 and fast
ascent to y∗) we proceed as in the proof of point (ii) of Theorem 6.23 and in the
proof concerning case (a) of the present proposition; we get a lower bound to the
probability of these fifth and sixth parts of the form: e−β(�(A)−H(C̄(A))+ε) (for all
ε > 0, β sufficiently large).

So we get

P
(
Ex,T1

) ≥ e−β(�(A1)−H(F(A))−k+ε)e−β(�(A)−H(C̄(A))+ε), (6.104)
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From (6.104), using �(A1) = H(C̄(A)), we conclude the proof of

Px

(
τ∂ A < eβk

)
≥ e−β()(A)−k+ε)

and then, with the previous argument, the proof of (6.87). Notice that in the
present case (b) we do not use recurrence and the Markov property as in (6.89);
also notice that we could have obtained the result directly by simply substituting,
in our construction, for y∗ a y ∈ ∂ A not necessarily belonging to U (A), avoiding
in this way the use of (6.97).

To conclude the proof of the proposition we only need to prove the basis of the
induction, namely the case of A completely attracted by a unique stable plateau
D.

In this case 0 < k ≤ )(A), �(A) = )̄(A) = 0 we are always in case (a); again
we have only to prove (6.88). To this end we construct an event taking place in
a finite (independent of β), sufficiently large interval T0 consisting in descending
from a generic z ∈ A to D and then ascending to U (A). �

Remark It is very easy to give an upper bound to Px
(
τ∂ A < eβk, Xτ∂ A = y

)
when x ∈ F(A).

Indeed

Px

(
τ∂ A < eβk, Xτ∂ A = y

)
≤ Px

(
τy < eβk

)
≤ e−β(H(y)−H(F(A))−k) (6.105)

as follows immediately from Lemma 6.21. Notice that, in general, when we start
from x �∈ F(A), the above inequality (6.105) is false.

6.3 Restricted dynamics
In what follows we use an auxiliary dynamics obtained by restricting our orig-
inal Metropolis Markov chain with state space S to a given connected set G ⊆
S, G = G ∪ ∂G, via the introduction of a ‘reflecting barrier’ on ∂G ≡ ∂−G (see
Definition 6.1 ). This auxiliary dynamics is defined in the following way. The state
space is G; the transition probabilities PG(x, y) are given by:

PG(x, y) =
{

P(x, y) if x, y ∈ G, x �= y
P(x, x)+∑z∈S\G P(x, z) if x = y ∈ G

(6.106)

i.e. we have set equal to zero the probability of exiting from G by properly renor-
malizing the probability of staying in the same state of ∂G.

It is easy to see that the above defined Markov chain is reversible with respect
to the restricted Gibbs measure on G, that we denote by µG , given by:

µG(x) = µ(x)1G(x)

µ(G)
where µ(x) := exp(−βH(x))∑

z∈S exp(−βH(z))
. (6.107)
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Notice that, to be consistent with the notation used in Chapter 4, we should denote
by µG the restricted Gibbs measure that, in analogy with (6.106), we are now

denoting by µG .
Given two ergodic aperiodic Markov chains with the same state spaces S, tran-

sition probabilities P(· , ·) but different initial conditions x, y ∈ S, we want to
couple them, namely we want to introduce a particular probability measure Px,y

on the Cartesian product �x ×�y of the spaces of trajectories �x , �y emerging
from x, y, respectively, such that the first (second) marginal corresponds to the
law of the Markov chain starting from x (y), respectively. Our coupled process,
that we denote by (X x

t , X y
t ) and call ‘basic coupling’, is defined in the following

way. Let

τ join := inf{t : X x
t = X y

t } (6.108)

(we set τ join = ∞ if such a time does not exist). We take the two processes to be
independent up to τ join (product measure) and we make them proceed together
after τ join. We leave the formal definition to the reader. See Chapters 4 and 5 (and
references therein) for a discussion of the notion of coupling (see also [116]).
Given the subset B ⊆ S, sometimes we write:

τ x
B := inf{t : X x

t ∈ B} (6.109)

similarly for τ y
B .

In the case of Metropolis Markov chains, we are interested, in particular, in
the basic coupling P A

x,y between two processes restricted to a non-trivial cycle A
starting from the initial states x, y, respectively. We shall prove, in this case, that
our two processes will join, with very high probability for large β, before a time
evβ , whenever v > �(A); �(A) was defined in Definition 6.20 and represents
the maximal internal barrier in A towards F(A). The result is the content of the
following.

Proposition 6.27 For any δ > 0, there exists c > 0 such that for β large enough

sup
x,y∈A

P A
x,y (τ join > eβ(δ+�(A))) < e−ecβ

. (6.110)

Proof We use again induction on the number |C(A)| of internal non-trivial sad-
dles. We suppose (6.110) true for every A′ with |C(A′)| ≤ n and we want to prove
it for any A such that |C(A)| = n + 1. The case n = |C(A)| = 0 can be treated
along the same lines. Consider indeed such a cycle A and fix δ > 0. Starting from
x, y ∈ A we want to construct an event E join

(x,y),T containing coupled trajectories
starting from (x, y) and joining before the suitably chosen time T , in a particular
manner.

Like in (6.28) we write A = A1 ∪ A2 ∪ · · · ∪ Ah ∪ Ah+1 ∪ · · · ∪ Ah+ j ∪
C̄(A) ∪ V where Ai ∩ F(A) �= ∅, i = 1, . . . , h; Ai ∩ F(A) = ∅, i = h +
1, . . . , h + j . We distinguish two cases:
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(a) h = 1 where �(A) = max{)(A2), . . . , )(A j+1),�(A1)},
(b) h > 1 where �(A) = )(A1).
Fix δ > 0. In case (a) we take T = ekβ with k = �(A)+ ε and

ε ≤ min

{
δ

2
,

)(A1)−�(A)

2

}
(6.111)

and for the lower estimates of the probability P(E join
(x,y),T ) we use Theorem 6.23;

in case (b) we have to take T = ek′β = e(�(A)−ε′)β = e()(A1)−ε′)β with a suitable
choice (in terms of δ) of ε′ > 0, and for its estimate we use Proposition 6.26.
We give the definition of E join

(x,y),T in words, leaving to the reader the easy task

of the formal definition. E join
(x,y),T contains a set of pairs of trajectories emerging

from (x, y); in a time T/3 boths trajectories enter Ã = A1 ∪ A2 ∪ · · · ∪ Ah ∪
Ah+1 ∪ · · · ∪ Ah+ j via a downhill path if they are in C̄(A) ∪ V at t = 0. This
happens with a probability of order one; otherwise, if both x, y ∈ Ã, we simply
disregard this first interval. Let Ax , Ay be, respectively, the cycles in Ã reached
in this way. Then within a time T/3 both trajectories reach A1: after the first one
has reached A1 it stays there up to the arrival of the second one. This happens
with a probability of order one in case (a) as a consequence of Theorem 6.23 and
with a probability larger than e−β(�(A)−k)4|C̄(A)| in case (b) as a consequence of
Proposition 6.26.

Indeed in case (a) if the single trajectories are not already both in A1 let us
consider one of them, say X x

t . Since k > �(A), by Corollary 6.24, X x
t can follow

a suitable finite sequence of contiguous distinct cycles in Ã (by always exiting
through C̄(A)) up to A1 within a time T/3 with a probability tending to one
as β →∞. Moreover, since k < )(A1) (T is much smaller than the typical exit
time from A1), by Theorem 6.23, the trajectory X x

t , once it reaches A1, stays there
with a probability of order one at least for a time 2T/3. Simultaneously the other
trajectory X y

t with a similar mechanism reaches A1 within T/3 and afterwards
it stays there a time 2T/3 with a probability of order one as well. So for a time
at least T/3 both belong to A1 with a probability tending to one as β →∞ and
we can substitute P A with P A1 since, before τ∂ A1 , they coincide. Now, since
�(A1) < k and |C(A1)| ≤ n we can use the inductive hypothesis so that, with a
probability tending to one as β →∞, the two processes join before T/3.

In case (b) we proceed in a similar way. The only difference is that now, since
T = e(�(A)−ε′)β , the arrival, within this time, from a generic cycle A′ ⊆ Ã to
A1 following a suitable finite sequence of distinct cycles in Ã (exiting through
optimal saddles in C̄(A)) costs, by Proposition 6.26, a probability bounded from
below by e−2βε′|C̄(A)| for each one of the two processes. On the other hand the
choice T = e(�(A)−ε′)β = e()(A1)−ε′)β ensures that T is much smaller than the
typical exit time from A1 so, again, by Theorem 6.23 both trajectories X x

t , X y
t ,

once they have reached A1, stay there with a probability of order one at least for
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a time 2T/3 and we can substitute P A with P A1 . If we choose

ε′ <
)(A1)−�(A1)

2
(6.112)

we get k′ > �(A1) and so we can use the inductive hypothesis on A1. Then we
get in case (a)

P(E join
(x,y),T ) ≥

1

2
, (6.113)

and in case (b)

P(E join
(x,y),T ) ≥ e−βε′4|C̄(A)|, (6.114)

for β sufficiently large. Now we divide the time interval [0, e(�(A)+δ)β ] into subin-
tervals of amplitude T like in the proof of Theorem 6.23 and, using the Markov
property, we get in case (a):

Px,y(τ
join > e(�(A)+δ)β) <

(
1

2

)e(δ−ε)β

, (6.115)

implying (6.110) for, say, c = δ/4.
In case (b):

Px,y(τ
join > e(�(A)+δ)β) < (1− e−4βε′|C̄(A)|)eδβ . (6.116)

We choose ε′ so that 4ε′|C̄(A)| < δ/2. A choice also satisfying (6.112) is

ε′ = min

{
)(A1)−�(A1)

2
,

δ

8|C̄(A)|

}
(6.117)

by 4.17, (6.117) we conclude the proof of (6.110) with c = δ/8. �

6.4 Conditional ergodic properties
We want now to analyse the ‘conditional ergodic properties’ of our Metropolis
Markov chain. We state and prove a result saying that before the exit from a cycle
our process will reach an apparent equilibrium. After a sufficiently large time, but
before the exit, our system will be well described in terms of the Gibbs conditional
distribution. In this way we see the importance, also in the framework of the
pathwise approach, of the notion of restricted ensemble introduced by Penrose
and Lebowitz (see Chapter 4).

Consider a Metropolis Markov chain with state space S and energy function
H ; given a non-trivial cycle A ⊆ S the following result holds true.

Theorem 6.28 For any B ⊆ A, for any x ∈ A, t = ekβ,�(A) < k < )(A)∣∣∣∣ Px (Xt ∈ B|τ∂ A > t)

µA(B)
− 1

∣∣∣∣ < o(1) (6.118)
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where o(1) is an infinitesimal quantity for large β and the conditional Gibbs mea-
sure µA has been defined in (6.107).

Proof Since by Theorem 6.23(i) we know that

Px (τ∂ A > t) > 1− o(1) (6.119)

it will be sufficient to prove that∣∣∣∣ Px (Xt ∈ B, τ∂ A > t)

µA(B)
− 1

∣∣∣∣ < o(1). (6.120)

We have:

Px (Xt ∈ B, τ∂ A > t) = P A
x (Xt ∈ B, τ∂ A > t) (6.121)

since before τ∂ A, P A and P coincide. Now we make use of the basic coupling to
compare two processes starting from two different initial states. Using the nota-
tion introduced in (6.109) we write, for x, y ∈ A:

|P A(X x
t ∈ B, τ x

∂ A > t)− P A(X y
t ∈ B, τ

y
∂ A > t)|

≤ E(|1X x
t ∈B1τ x

∂ A>t − 1X y
t ∈B1τ y

∂ A>t |).
(6.122)

We have:

|1X x
t ∈B1τ x

∂ A>t − 1X y
t ∈B1τ y

∂ A>t | ≤ |1X x
t ∈B − 1X y

t ∈B |
+ 1X y

t ∈B1τ x
∂ A<τ join<t̄<t<τ

y
∂ A
+ 1X x

t ∈B1τ y
∂ A<τ join<t̄<t<τ x

∂ A
+ 1τ join≥t̄

(6.123)

where we chose t̄ := ek̄β with �(A) < k̄ < k. By (6.123) and Proposition 6.27,
using |1X x

t ∈B − 1X y
t ∈B | ≤ 1τ join>t , we get

|P A(X x
t ∈ B, τ x

∂ A > t)− P A(X y
t ∈ B, τ

y
∂ A > t)|

≤ SES+ 2 sup
x,y∈A

P A(τ x
∂ A < τ join < t̄ < t < τ

y
∂ A; X y

t ∈ B)

≤ SES+ 2 sup
x∈A

P A(τ x
∂ A < t̄) sup

z∈A
P A(X z

t−t̄ ∈ B).

(6.124)

Now, using Proposition 6.27 again we have for s = e(�(A)+δ)β , δ > 0

|P A(X x
s ∈ B)− P A(X y

s ∈ B)| ≤ sup
x,y∈A

P A
x,y (τ join > s) < SES; (6.125)

using the stationarity of µA:

P A
µA (Xs ∈ B) :=

∑
z∈A

µA(z)P A
z (Xs ∈ B) = µA(B) (6.126)

and from (6.125), (6.126), we get

|P A
x (Xs ∈ B)− µA(B)| < SES. (6.127)
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In conclusion, using that, by Theorem 6.23, P A(τ x
∂ A < t̄) = o(1), since for large

enough β, t − t̄ > t/2, we get

|P A(X x
t ∈ B, τ x

∂ A > t)− P A(X y
t ∈ B, τ

y
∂ A > t)| < SES+ o(1)µA(B).

(6.128)
By (6.128) we get, for β large

|P A
x (Xt ∈ B, τ∂ A > t)− P A

µA (Xt ∈ B, τ∂ A > t)| < o(1)µA(B). (6.129)

On the other hand if we prove that

P A
µA (Xt ∈ B, τ∂ A ≤ t) < o(1)µA(B) (6.130)

we get

|P A
x (Xt ∈ B, τ∂ A > t)− P A

µA (Xt ∈ B)| < o(1)µA(B) (6.131)

and by the stationarity of µA we conclude the proof.
To get (6.130) we just use reversibility (the event {τ∂ A ≤ t} being invariant

under time-reversal):

P A
µA (Xt ∈ B, τ∂ A ≤ t) = P A

µA (X0 ∈ B, τ∂ A ≤ t)

=
∑
z∈B

µA(z)P A
z (τ∂ A ≤ t) ≤ o(1)µA(B).

(6.132)

�

6.5 Escape from the boundary of a transient cycle
We want now to state and prove a proposition referring to the first escape from a
transient cycle A and saying, roughly, that, under general hypotheses, with high
probability, after many attempts, sooner or later our process will really escape
from A entering into another different cycle by passing through one of the mini-
mal saddles of the boundary of A.

The time for this transition has the same asymptotics, in the sense of logarith-
mic equivalence, as the first hitting time to the boundary of A.

The proposition is, in fact, a simple consequence of the Markov property but
we think that it is useful to provide an explicit proof.

Given a transient cycle A, consider the set U (A) = F(∂ A) and the set S(A)

⊆ U (A) of the minimal saddles of A.
Let

∂̄ A := ∪z∈∂ A D(z). (6.133)

Let U− = U−(A) be the subset of A to which some point in U (A) is downhill
connected:

U−(A) := {x ∈ A such that ∃z ∈ U (A) with P(z, x) > 0}. (6.134)
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Let S+ = S+(A) be the analogue of U− outside A:

S+(A) := {x �∈ A : ∃z ∈ S(A), y ∈ D−(z)

such that H(x) < H(y), P(x, y) > 0}.
(6.135)

In words, S+(A) is the set of points x outside A ∪ ∂̄ A such that there exists a
downhill path starting from some point z ∈ S(A) and staying inside the plateau
D(z) up to the exit from ∂̄ A through x . We set:

S̄ = S̄(A) := U−(A) ∪ S+(A). (6.136)

Proposition 6.29 Consider a transient cycle A. Given ε > 0 let

T (ε) := expβ[H(S(A))− H(F(A))+ ε]. (6.137)

Then, for every ε > 0, x ∈ A,

lim
β→∞

Px (τ(A∪∂̄ A)c > T (ε)) = 0, (6.138)

and

lim
β→∞

Px (Xτ(A∪∂̄ A)c
∈ S+(A)) = 1. (6.139)

Proof From the definition of S+(A) we know that there exists a positive constant
κ , independent of β, such that

inf
x∈S(A)

Px (Xτ(D(x))c ∈ S+(A)) > κ, (6.140)

moreover, by the Markov property we know that for any ε > 0, there exists c > 0
such that, for sufficiently large β,

sup
x∈U (A)

Px (τ(D(x))c > eεβ) < e−ecβ
, (6.141)

so that, using Lemma 6.21, we know that there exists κ ′ > 0 such that

sup
x∈U (A)

Px (Xτ(D(x))c �∈ S̄(A)) ≤ e−κ ′β. (6.142)

By Theorem 6.23(iv) we know that

inf
x∈A

Px (Xτ∂ A ∈ S(A)) > e−δβ, ∀δ > 0 and β sufficiently large. (6.143)

We define, now, the sequence τi of stopping times corresponding to subsequent
passages of our chain Xt in ∂̄ A:

τ0 := inf{t ≥ 0 : Xt ∈ ∂̄ A}
σ1 := inf{t > τ0 : Xt �∈ ∂̄ A},

(6.144)
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and for j = 1, 2, . . . ,

τ j := inf{t > σ j : Xt ∈ ∂̄ A}
σ j+1 := inf{t > τ j : Xt �∈ ∂̄ A}.

(6.145)

We set, for j = 1, 2, . . . ,

I j = [τ j−1 + 1, τ j ] , Tj := |I j | = τ j − τ j−1 − 1. (6.146)

Let

σ̄ j := min{t > τ j : Xt �∈ D(Xτ j )} ; (6.147)

of course σ̄ j ≤ σ j+1. Fix ε in (6.137); we say that the interval I j is good if the
following conditions are satisfied:

Tj < T (ε/2)

Xτ j ∈ U (A)

X σ̄ j ∈ S̄(A).

Let

j∗ := min{ j : Tj is not good}.
Given the integer N we write, for every x ∈ A:

Px (τ(A∪∂̄ A)c > N T (ε/2)) ≤ Px (τS+(A) > N T (ε/2) ; j∗ > N )+ Px ( j∗ ≤ N ).

(6.148)
Let us consider the event {τS+(A) > N T (ε/2); j∗ > N }.

Using (6.140), (6.143), we have, by the Markov property,

Px (τS+(A) > N T (ε/2) ; j∗ > N )

≤ Px (Xτ1 ∈ U (A); X σ̄1 ∈ U−(A), . . . , XτN ∈ U (A); X σ̄N ∈ U−(A))

≤ (1− e−δβ)N ,

(6.149)
for all δ > 0 and β sufficiently large

Now, from Theorem 6.23(ii), Corollary 6.25 and (6.142) we have that there
exists κ ′′ > 0 such that for any x ∈ A,

Px (I j is not good) ≤ e−κ ′′β. (6.150)

From (6.150) we get:

Px ( j∗ ≤ N ) ≤ e−κ ′′β N . (6.151)

To conclude the proof of (6.138) it suffices to choose

N = N (β) = e
εβ
2 ∧ e

βκ′′
2 .
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On the other hand let us consider the reduced Markov chain ξ j with state space
S \ ∂̄ A, given by ξ j := Xσ j .

Let R(A) := (A ∪ ∂̄ A)c \ S+(A). We have, similarly to (6.79):

sup
x∈A

Px (Xτ(A∪∂̄ A)
c �∈ S+(A)) ≤ supx∈A Px (ξ1 ∈ R(A))

infx∈A Px (ξ1 �∈ A)

≤ supx∈A Px (ξ1 ∈ R(A))

1− supx∈A Px (ξ1 ∈ R(A))
.

(6.152)

But

sup
x∈A

Px (ξ1 ∈ R(A)) ≤ sup
x∈A

Px (Xτ0 �∈ U (A))+ sup
x∈S(A)

Px (Xτ(D(x))c �∈ S̄(A)).

(6.153)
From Corollary 6.25, (6.152), (6.153), (6.142) we conclude the proof of (6.139)
and that of the proposition. �

6.6 Asymptotic exponentiality of the exit time
We now analyse, in more detail, the first exit from a non-trivial cycle A. In partic-
ular, following the ideas developed in the framework of the pathwise approach to
metastability (see Chapter 4), we prove the asymptotic exponentiality of the prop-
erly renormalized first exit time from any non-trivial cycle, in the limit β →∞.
Then we deduce the asymptotic behaviour of the expectation of this exit time; no-
tice that the methods developed in the previous part of this chapter led naturally
only to estimates in probability of the exit times but, as we shall see, we can even
get good control on the tails of the distribution of these random variables and this
will allow us to get the asymptotics of the averages.

Let A be a given non-trivial cycle.
Given a point x ∈ A, let the time Tβ = Tβ(x) be defined by

Tβ(x) := min{T ∈ N : P(τ x
∂ A ≤ T ) ≥ 1− e−1}, (6.154)

where, given G ⊆ S, τ x
G represents the first hitting time to G under Px (see

(6.109)); so that

Px (τ∂ A < Tβ(x)) < 1− e−1 ≤ Px (τ∂ A ≤ Tβ(x)). (6.155)

The above definition is interesting since Tβ does not depend on x ∈ A, in the
sense of logarithmic equivalence; namely, as a consequence of Theorem 6.23(i),
(ii), we have for any x, y ∈ A:

lim
β→∞

1

β
log[Tβ(x)] = �(A)− H(F(A)); lim

β→∞
1

β
log

[
Tβ(x)

Tβ(y)

]
= 0.

(6.156)
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Moreover, for any x, y ∈ A, ε > 0,

lim
β→∞

Px (Tβ(y)e−εβ < τ∂ A < Tβ(y)eεβ) = 1. (6.157)

The following theorem states the asymptotic exponentiality of the properly renor-
malized exit time from a non-trivial cycle A.

Theorem 6.30 Let T ∗β = Tβ(x∗) where x∗ is a particular point in A chosen once
for all. Then for any x ∈ A, τ x

∂ A/T ∗β converges in law to a unit mean exponential
random time; in particular, for any s ∈ R+

lim
β→∞

Px

(
τ∂ A

T ∗β
> s

)
= e−s . (6.158)

Moreover, for any x ∈ A,

lim
β→∞

Exτ∂ A

T ∗β
= 1. (6.159)

Proof The proof is very similar to that of Theorem 4.6 in Chapter 4 to which we
refer for more details.

Given s, t ∈ R+ we write:

Px (τ∂ A > (t + s) Tβ(x)) =
∑
y∈A

Px (τ∂ A > (t + s) Tβ(x) ; XTβ(x)t = y)

=
∑
y∈A

Px (τ∂ A > t Tβ(x) ; XTβ(x)t = y) Py(τ∂ A > s Tβ(x)).

(6.160)
We can write, for any T ∈ N:

Py(τ∂ A > s Tβ(x) ) = Py(τ∂ A > s Tβ(x) ; τx < T )

+ Py(τ∂ A > s Tβ(x) ; τx ≥ T ).
(6.161)

We have, for any T ∈ N such that T ≤ sTβ(x)

Py(τ∂ A > sTβ(x) ; τx < T )

=
T−1∑
t=0

Px (τ∂ A > sTβ(x) − t)Py(τ∂ A∪{x} = t, Xτ∂ A∪{x} = x).
(6.162)

By Theorem 6.23(iii) we know that there exists κ > 0 such that if the time T1 is
defined as

T1 = exp(β[)(A)− κ]), (6.163)

we have

Py(τ∂ A > s Tβ(x) ; τx ≥ T1) ≤ Py(τx ≥ T1) = o(1). (6.164)
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On the other hand, using (6.162) and taking also into account that for β suffi-
ciently large T1 < sTβ(x), we have

Py(τ∂ A > s Tβ(x) ; τx < T1) ≤ Px (τ∂ A > s (Tβ(x)− T1/s)). (6.165)

Similarly we get from (6.162) and from Theorem 6.23(iii):

Px (τ∂ A > s Tβ(x) )[1− o(1)] ≤ Py(τ∂ A > s Tβ(x) ; τx < T1). (6.166)

From (6.160), (6.164), (6.165), (6.166), we get

Px (τ∂ A > t Tβ(x) )Px (τ∂ A > s Tβ(x) )[1− o(1)] ≤ Px (τ∂ A > (t + s) Tβ(x))

≤ Px (τ∂ A > t Tβ(x) )
[
Px (τ∂ A > s (Tβ(x)− T1/s))+ o(1)

]
.

(6.167)
Which is totally analogous to (4.88).

For any integer k ≥ 2 and β suffficiently large, we write

Px (τ∂ A > (k + 2)Tβ(x)) ≤ Px (τ∂ A > kTβ)(o(1)+ Px (τ∂ A > Tβ(x))) (6.168)

and taking r := 2e−1 we may assume that o(1)+ P(τ∂ A > Tβ(x)) ≤ o(1)+
e−1 ≤ r < 1, for each β sufficiently large. Thus, for each k ≥ 3 we get

Px
(
τ∂ A > kTβ(x)

) ≤ r [k/2] (6.169)

for any sufficiently large β which immediately implies the tightness of the family{
τ∂ A/Tβ(x)}, on [0,+∞).

Now, proceeding exactly like in the proof of Theorem 4.6 we get that
τ x
∂ A/Tβ(x) converges in law to a unit mean exponential random time and

limβ→∞ Exτ∂ A/Tβ(x) = 1.
On the other hand, by (6.164), (6.165), (6.166), exploiting continuity of the

limiting distribution, we get, for any x, y ∈ A, s ∈ R+:

lim
β→∞

[
Px

(
τ∂ A

Tβ(x)
> s

)
− Py

(
τ∂ A

Tβ(x)
> s

)]
= 0. (6.170)

By (6.170), again using (6.169), we conclude the proof of the theorem. �

Remarks In particular, it follows from the above theorem that for every x ∈ A
and ε > 0, we have for β large enough:

exp(β [)(A)− ε]) < Ex (τ∂ A) < exp(β[)(A)+ ε]). (6.171)

To get the above estimate on the expectation of the exit time it was necessary to
have the control (6.169) on the tail of the distribution.
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6.7 The exit tube
This section is devoted to the study of the typical trajectories of the first excursion
outside a non-trivial cycle A (see [231, 233]).

We start by considering the first descent from any point y0 in A to F(A).
Then we analyse the problem of the typical tube of first exit trajectories. It will
turn out, using reversibility, that this tube is simply related, via a time reversal
transformation, to the typical tube followed by the process during the first descent
to the bottom F(A) of A starting from suitable points in ∂−A.

In order to define the tube of typical trajectories of this first descent, the basic
objects will be what we call standard cascades emerging from y0. They specify
the geometric characteristics of the tube; roughly speaking these cascades con-
sist in sequences of minimaxes y1, . . . , yn towards F(A), decreasing in energy,
intercalated by sequences of downhill paths ω(1), . . . , ω(n) and permanence sets
Q1, . . . , Qn which are a sort of generalized cycle.

More generally ω(i) has to be seen as a downhill sequence of transient plateaux.
We call p-path a sequence ω = D1, . . . , Dk with Di communicating with Di+1;
it can also be identified with the set of usual paths following the sequence of
plateaux D1, . . . , Dk . A p-path is said to be downhill if H(Di+1) ≤ H(Di ),

i = 1, . . . , k. Indeed a downhill p-path, due to the maximality in the def-
inition of plateau, is strictly downhill and the corresponding paths are
declining.

We prove that during its first descent to F(A), with high probability, our system
will follow one of the possible standard cascades; moreover we also give infor-
mation about the temporal law of the descent by specifying the typical values of
the random times spent inside each one of the sets Qi .

Given any point y0 in A and a downhill p-path ω(1) starting from y0, we de-
fine a set Q1 = Q1(y0, ω

(1)). This set Q1 is a union of cycles with pairwise
common minimal saddles of the same height or, more generally, with minimal
saddles sharing, pairwise, the same plateau. Q1 represents the first set where our
process, during its first excursion to F(A), is captured if it follows the path ω(1);
after entering into Q1 it will spend some time inside it before leaving through
a minimal saddle, to enter, after another downhill p-path ω(2), into another sim-
ilar set of lower height Q2 and so on, untill it enters a cycle containing part of
F(A).

Let y0 ∈ A; suppose first that y0 does not belong to the union M̄ of stable
plateaux. Consider a downhill p-path ω(1) starting from y0 (such a path cer-
tainly exists since y0 �∈ M̄). We stress that this path is not, in general, unique.
This means that the whole construction we are making must be repeated for each
path.

Let D̂1 be the first plateau in ω(1) with H(D̂1) < H(y0) and belonging to M̄
(see Figure 6.3 as an example). If, instead, y0 ∈ M̄ , we take D̂1 = D(y0). If D̂1
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is contained in F(A), then y0 belongs to the wide basin of attraction B̂(D̂1). We
set D̂1 = D∗; this connected component of F(A) depends on A, y0, ω

(1)

In this degenerate case we set Q1 := D∗ and the cascade of saddles y0,

y1, . . . , yn reduces to y0.
Let us now suppose that D̂1 ⊆/ F(A). Let H1 be the communication height

between D̂1 and F(A):

�(D̂1, F(A)) = H1.

We call Q1 the maximal connected set, containing D̂1, such that
�(Q1, F(A)) = H1. We have:

Q1 = {y such that ∃ω : y → D̂1 with max
z∈ω H(z) ≤ H1 and �(y, F(A)) = H1}.

(6.172)
It is seen immediately that Q1 is of the form

Q1 = (∪ j A(1)
j ) ∪ (∪i Di ) (6.173)

where
� A(1)

j are disjoint cycles with �(A(1)
j ) = H1,

� Di are plateaux such that H(Di ) = H1, Di ∩ (∪ jU (A(1)
j )) �= ∅,

� one of the A(1)
j , say A(1)

1 , contains D̂1,
� A(1)

j ∩ F(A) = ∅.
We can also write:

Q1 = ∪ j
[
(A(1)

j ) ∪ (∪
z∈U (A(1)

j )
D(z))

]
. (6.174)
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In other words Q1 is the maximal connected union, containing D̂1, of cycles (triv-
ial and non-trivial) with height H1 (see (6.11)) and not intersecting F(A).

We decompose ∂Q1 as

∂Q1 = ∂u Q1 ∪ ∂d Q1, with ∂u Q1 ∩ ∂d Q1 = ∅, (6.175)

where H(x) > H1 for x ∈ ∂u Q1; H(x) < H1 and �(x, F(A)) < H1, for x ∈
∂d Q1; each point y ∈ ∂d Q1 belongs to some cycle A′ containing points in F(A)

and such that �(A′) = H1.
Let S1 be the subset of Q1 downhill connected to ∂d Q1. Choose a point y1 ∈

S1 and consider a downhill p-path ω(2) emerging from y1 with (ω(2) \ y1) ∩ Q1 =
∅ (such a path certainly exists by construction); let D̂2 be the first plateau in ω(2)

belonging to M̄ and let

H2 := �(D̂2, F(A)).

We can now repeat exactly the previous construction and get the sets Q2,S2,
depending on the choice of ω(2); we decompose Q2 as Q2 = ∪ j

[
(A(2)

j ) ∪
(∪

z∈U (A(2)
j )

D(z))
]

where the disjoint cycles A(2)
j have properties analogous to

those of the A(1)
j . We continue in this way and recursively construct a sequence

of the form ω(3), Q3, ω
(4), . . . , where ω(i) : yi−1 → D̂i with yi ∈ Si , D̂i ∈

M̄, Hi := �(D̂i , F(A)) = H(yi ) > �(D̂i+1, F(A)) = H(yi+1). Certainly this
procedure ends up with some yp−1, ω

(p), for some finite p, with D̂p being a con-
nected component D∗ of F(A) (see Figure 6.3).

Suppose that a particular choice is made of y0, ω
(1), ω(2), . . . , ω(p), compati-

ble with the above construction.
Then, automatically, D̂2, . . . , D̂p−1, D̂p, Q1, . . . , Q p−1, Q p are given.
Let

T (y0, ω
(1), ω(2), . . . , ω(p)) = y0 ∪ ω(1) ∪ Q1 ∪ ω(2) · · · Q p−1 ∪ ω(p) ∪ Q p.

(6.176)
Any sequence like T (y0, ω

(1), ω(2), . . . , ω(p)), obtained via the above construc-
tion, will be called a standard cascade; it can be visualized as a sequence of falls
and communicating lakes.

Notice that, by construction, F(Q1), . . . , F(Q p−1) are strictly higher, in en-
ergy, than F(A).

A particularly simple case is when each Q j is just given by a single cycle A j .
Notice that when A is completely attracted (in the β = ∞ dynamics) by a

unique plateau D∗ ≡ F(A), every standard cascade is just given by a downhill
p-path and we always have p = 1, Q1 = D∗.

Now we can state our main result.
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Theorem 6.31 Given a non-trivial cycle A, for every y0 ∈ A, y0 �∈ F(A).
(i) With a probability tending to one as β goes to infinity, the following hap-

pens: there exists a sequence y0, ω
(1), ω(2), . . . , ω(p) such that our pro-

cess, starting at t = 0 from y0, between t = 0 and t = τF(A), belongs
to T (y0, ω

(1), ω(2), . . . , ω(p)); moreover after having followed the initial
downhill p-path ω(1), it visits sequentially the sets Q1, Q2, . . . , Q p−1 exit-
ing from Q j through y j ∈ S j and then following the p-path ω( j+1) before
entering Q j+1.

(ii) For every ε > 0 with a probability tending to one as β →∞, the process
spends inside each plateau of the p-paths ω(1), . . . , ω(p) a time shorter than
eεβ and inside each Q j a time lying in the interval

[mink exp(β{H(y j )− H(F(A( j)
k ))− ε}),

maxk exp(β{H(y j )− H(F(A( j)
k ))+ ε})];

before exiting from Q j it can perform an arbitrary sequence of passages

through the cycles A( j)
k belonging to Q j . Each transition between different

cycles A( j)
k is made through a minimal saddle z j in the boundary of A( j)

k

(H(z j ) = Hj ); once the process enters into a particular A( j)
k , it spends

there a time T such that

exp(β[Hj − H(F(A( j)
k ))− ε]) < T < exp(β[Hj − H(F(A( j)

k ))+ ε]),

whereas it spends at most a time eεβ inside the plateaux of Q j , at height Hj .

Proof The proof follows immediately by Theorem 6.23, Corollary 6.25 and
Proposition 6.29; it suffices to make the following remarks.

� Once entered a plateau D strictly downhill connected with some point lower
in energy, then our process, with a probability tending to one as β →∞,
will exit from D downhill within a time eεβ , for any ε > 0 and β sufficiently
large; this is true, in particular, for plateaux consisting of single points.

� By Proposition 6.29 we know that, once entered a transient cycle A( j)
k , in

a time shorter than exp(β[)(A( j)
k )+ ε]), our process, with a probability

tending to one as β →∞, will enter another cycle, contiguous to A( j)
k .

� For any ε > 0, with a probability tending to one as β →∞, our process will
not perform more than exp(εβ) transitions between the cycles A( j)

k (through
minimal saddles at a height Hj , by Corollary 6.25) before touching some
point in ∂d Q j .

� The bounds of point (ii) of the theorem on permanence times inside the Q j

and A( j)
k follow immediately from Theorem 6.23.

We leave the details to the reader. �
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Now, given any non-trivial cycle A, we want to describe, in the maximal possible
detail, the first excursion from F(A) to ∂ A.

Following Schonmann [267], we first give some simple general definitions.
Given x, y ∈ S, x �= y, we define the following functions on the space of tra-

jectories �:

τy(ω) = inf{t ≥ 0 : ωt = y}, τy(ω) = ∞ if ωt �= y, ∀t ≥ 0,
(6.177)

θx,y(ω) = sup{t < τy(ω) : ωt = x}. (6.178)

Let

�̃(x, y) : = {ω : ∃ t ∈ N; ω = ω0, ω1, . . . , ωt ;ω0 = x,

ωt = y;ωs �= x, y, for s ∈ [1, t − 1]}
(6.179)

namely �̃(x, y) is the set of finite paths with θx,y = 0 and ending at τy <∞.
We say that an infinite path {ωt }t=0,1,... contains a θτ -segment if

∃ t1 < t2 : {ωt1 , . . . , ωt2} ∈ �̃(x, y); ∀ s1, s2 : 1 ≤ s1 < s2 ≤ t1,

{ωs1 , . . . , ωs2} /∈ �̃(x, y);
this θτ -segment contains the first excursion between x and y namely a path be-
tween the last visit to x before the first visit to y.

We set

�̄(x, y) := {ω ∈ � containing a θτ -segment}. (6.180)

It is easily seen that, under our hypotheses on the Markov chain, we have

P(�̄(x, y)) = 1.

Let

) : �̄(x, y)→ �̃(x, y)

be the map associating to ω ∈ �̄(x, y) its (θx,y, τy)-segment. We use the follow-
ing notation: given ω ∈ �̄(x, y) we write ω̃ to denote

ω̃ = )ω, ω̃ ∈ �̃(x, y).

We consider the set of infinite paths �∗(x, y) starting with an element of
�̃(x, y):

�∗(x, y) := {ω ∈ �̄(x, y) : θx,y = 0}. (6.181)

Given ω ∈ �∗(x, y), let ω̃ = )ω; we say that ω starts as ω̃.
We denote by R the time reversal operator defined on finite paths:

∀ ω := (ω0, . . . , ωt ), Rω := ω̄ := (ωt , . . . , ω0). (6.182)
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We naturally define, for every set of finite paths ,,

R, = {ω̄ = Rω; ω ∈ ,}.
For any x, y ∈ S we define a measure ρ on � as follows: if ω �∈ �∗(x, y) then

ρ(ω) = 0; if ω ∈ �∗(x, y) let ω̃ = )ω. Then

ρ(ω) = Px ( {Xt }t≥0 starts as ω̃ |ω ∈ �∗(x, y))

and by ρ̄(ω) the measure on � given by:

ρ̄(ω) = Py( {Xt }t≥0 starts as ω̃ |ω ∈ �∗(y, x) ), if ω ∈ �∗(y, x),

ρ̄(ω) = 0 otherwise.

Proposition 6.32 [267] For every x, y ∈ S, every . ⊆ �̃(x, y),

Px (Xt ∈ ., ∀t ∈ [θx,y, τy]) = ρ(.) = ρ̄(R.)

= Py(Xt ∈ R., ∀t ∈ [θy,x , τx ]).
(6.183)

Proof Given t we define, on �̄(x, y), the following event:

Bt = {ω : {ω0, ω1, . . . , ωt } does not contain a (θx,y, τy)-segment}.
Given ω̃ ∈ �̃, we have

P()({Xt }t=1,2,...) = ω̃) =
∞∑

s=1

P(Bs)P({Xt }t=0,1,... starts as ω̃). (6.184)

Summing over ω̃ we get:

∞∑
s=1

P(Bs) = 1

P(�̃(x, y))
(6.185)

and from (6.184), (6.185), we get

P()({Xt }t=1,2,...) = ω̃) = P(ω̃)

P(�̃(x, y))
= ρ(ω). (6.186)

Using reversibility we get, for ω̃ ∈ �̃(x, y),

ρ(ω) = exp[−β(H(y)− H(x))]P(Rω̃)

exp[−β(H(y)− H(x))P(�̃(y, x))
= ρ̄(Rω). (6.187)

�

We recall that we already know, by Corollary 6.25 that, with probability tending
to one as β →∞, we have Xτ∂ A ∈ U (A).

Let us now denote by ∂−F(A) the set of all x̂ ∈ F(A), (uphill) communicat-
ing with A \ F(A).

We call ∂∗F(A) the set of points in ∂−F(A) for which the set U−
(↘x̂) of

all points x ∈ U−(A) (see (6.134)), such that there exists a standard cascade
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T (y0 = x, ω(1), ω(2), . . . , ω(p)) starting from x and ending in x̂ is not empty; x̂
will belong to some component D∗ of F(A); D∗ := Q p and ω(p) will end enter-
ing into Q p at x̂ .

It is easy to verify that y ∈ U−
(↘x̂) if and only if there exists a path ω : y → x̂ ,

ω ⊆ A, such that ωτF(A)
= x̂ where, for a set G ⊆ A, we write τG(ω) := inf{i :

ωi ∈ G}.
Now we are able to state our main result about the typical trajectories realizing

the escape from a non-trivial cycle A.

Theorem 6.33 Let

θF(A) = max{t < τ∂ A : Xt ∈ F(A)}.
Given x̂ ∈ ∂∗F(A) and any z ∈ A, we have:

Pz(∃ ŷ ∈ U (A), y0 ∈ U−
(↘x̂) with P(ŷ, y0) > 0, and H(ŷ) > H(y0);

∃ ω(1), ω(2), . . . , ω(p) : Xt ∈ RT (y0, ω
(1), ω(2), . . . , ω(p))

∀ t ∈ [θx̂,y0 , τ∂ A − 1], Xτ∂ A = ŷ|XθF(A)
= x̂)→ 1 as β → ∞.

(6.188)
Moreover, with a probability tending to one as β →∞, the following hap-
pens: during the first excursion from F(A) to S \ A, conditioning to XθF(A)

= x̂
(for some x̂ ∈ ∂∗F(A)), to Xτ∂ A−1 = y0 (for some y0 ∈ U−

(↘x̂)) and to fol-

low a particular ‘anticascade’ RT (y0, ω
(1), ω(2), . . . , ω(p)) between θx̂,y0 and

τ∂ A − 1, all the ‘time reversed’ of the properties specified in Theorem 6.31
hold true; namely for all ε > 0, with a probability tending to one as β →∞
our process, during the above mentioned first excursion, visits, sequentially
Q p−1, . . . , Q2, Q1, following, when exiting from Q j , the uphill p-path Rω( j)

before entering through y j−1 into Q j−1. Finally inside each plateau in the Rω(i)

and inside the Q j our process has exactly the same behaviour as specified in
Theorem 6.31 (ii).

Proof It follows immediately from Corollary 6.25, Theorem 6.31 and Proposition
6.32. �

Remark In the particular case (relevant for the applications to stochastic Ising
models) where the sets Qi always coincide with a single cycle Ai , it fol-
lows immediately from Theorem 6.33 that the typical tube of trajectories,
during the first excursion from F(A) to ∂ A, is an anticascade starting from
some x̂ ∈ ∂∗F(A) and ending in some y∗ ∈ U (A) given by a sequence
Ā1, ω̄

(1), ȳ1, Ā2, ω̄
(2), ȳ2, . . . , Ā p, ω̄

(p), y∗ with the properties:
(i) H(ȳi ) < H(ȳi+1), 1 = 1, . . . , p − 1,

(ii) ȳi ∈ S( Āi+1).
Some ω̄(i) can be empty; in that case ȳi is also a saddle point in ∂ Āi .
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6.8 Decomposition into maximal cycles
Given a non-trivial cycle A, we want now to discuss further the typical first ex-
cursion from F(A) to ∂ A as well as the first excursion from U (A) to F(A).

Using reversibility, it suffices to study this second case, as we have already
seen.

Consider the decomposition of A \ F(A) into maximal (with respect to in-
clusion) cycles. This makes sense due to the property of ordering by inclusion
satisfied by cycles (see Proposition 6.8). We write

A \ F(A) = A1 ∪ A2 ∪ · · · ∪ Am (6.189)

where Ai can be either a singleton {x} ⊆/ M or a non-trivial cycle and Ai ∩ A j =
∅, i, j = 1, . . . ,m.

Proposition 6.34 If Ai is a non-trivial cycle in the decomposition (6.189),
then

S(Ai ) ∩ S(F(Ai ), F(A)) �= ∅ (6.190)

so that Ai is a strictly metastable cycle (see Definition 6.14) and there is a de-
clining path joining some point in S(Ai ) with F(A). If Ai ≡ {x} ⊆/ M is a sin-
gleton appearing in the decomposition (6.189) then there exists a declining path
ω : x → F(A).

Proof Let us prove (6.190). Suppose first that Ai is a non-trivial cycle. Necessar-
ily, �(Ai ) ≤ �(F(Ai ), F(A)), otherwise Ai would have a non-empty intersec-
tion with F(A). If we had the strict inequality �(Ai ) < �(F(Ai ), F(A)) =: Ĥ ,

but still, by the cycle property of A, Ĥ < �(A), then the maximal connected com-
ponent containig F(Ai ) with energy less than Ĥ would be a cycle contained in A
with empty intersection with F(A) and strictly containing Ai , thus contradicting
the maximality of Ai . For Ai ≡ {x} ⊆/ M̄ , a similar argument shows the existence
of a declining path ω : x → F(A). Thus �(Ai ) = Ĥ and (6.190) follows. The
rest is immediate. �

Two maximal cycles A′, A′′ ⊆ A \ F(A) are equi-elevated if either they are
trivial cycles belonging to the same plateau, or there exists a sequence of max-
imal cycles Ai1 , . . . , Aik ⊆ A \ F(A) with Ai1 = A′, Aik = A′′ and plateaux
D1, . . . , Dk−1 (whose elements are singletons in the partition (6.189)), all with
the same height �(A jl ) = H(Dl) = Ĥ and such that Dl ∩U (Ail ) �= ∅ �= Dl ∩
U (Ail+1), l = 0, . . . , k − 1. It is seen immediately that equi-elevation is an equiv-
alence relation and then we can partition A \ F(A) as:

A \ F(A) = Y1 ∪ Y2 ∪ · · · ∪ Yl for some integer l (6.191)

where the set Yi are maximal extended cycles namely maximal collections of equi-
elevated cycles appearing in the partition (6.189). A maximal extended cycle Y
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appearing in the partition (6.191) is a set of the form

Y = ∪s[As ∪ (∪z∈U (As )D(z))] (6.192)

with �(As) = Ĥ , ∀s; Y is a maximal connected set in A \ F(A) whose elements
z have �(S(z, F(A))) = Ĥ . It is easy to see that Y can be either a plateau {D}
(trivial extended cycle) with H(D) = Ĥ or coincide with one of the permanence
sets Q introduced in (6.174) (non-trivial extended cycle).

A generalized path is a sequence Y1, . . . , Yl such that Yi is communicating
(i.e. connected in one step) with Yi+1 for i = 1, . . . , l − 1. A standard gen-
eralized path starting from x ∈ U (A) and ending in y ∈ F(A) is a sequence
Y0 = x, Y1, . . . , Yk = y such that Yi is strictly downhill communicating with Yi+1

for i = 1, . . . , k − 1.
It is seen immediately that a standard generalized path coincides with a stan-

dard cascade (see (6.176)).
We want to stress that the typical first descent from x ∈ U (A) to y ∈ F(A) can

be specified, in general, from the geometric point of view, only by giving a specific
generalized path. The rule, in this language, is very simple: as a consequence
of Theorem 6.31 we have that, with probability tending to one in the limit of
large β, this first descent will take place following a standard generalized path. It
may happen that there is a trivial standard path from x ∈ U (A) to y ∈ F(A) all
made by plateaux; indeed this is always the case when the cycle A is completely
attracted by a unique stable plateau; but in general, to join x to y via a ‘downhill’
sequence of extended cycles (namely a standard one) we have to choose non-
trivial extended cycles.

Thus, in general, to a given generalized path will correspond a wide set of
single trajectories; but in general we cannot give significant further specifications
about the history of our process when it enters some extended cycle (except for
bounds on the permanence time and the exit from a minimal saddle), without
renouncing statements which are true with probability of order one for large β.

Let us now analyse the special interesting case when a permanence set Q is a
single non-trivial cycle A′.

The typical trajectories, after reaching A′, in a way described by Theorem 6.31,
will first descend to F(A′) and then they will start randomly oscillating around
F(A′) up to the almost unpredictable exit time τ∂ A′ as specified by Theorem 6.30.

Thus, the permanence inside A′ ⊆ A, during the first descent from x ∈ U (A)

to y ∈ F(A), is an intrinsically random phenomenon: more deterministic be-
haviour between τA′ and τ∂ A′ would be very low in probability.

Actually much before the exit from A′ a sort of apparent equilibrium is estab-
lished as is stated by Theorem 6.28.

In order to realize the exit, instead of following a single optimal path, it is
more convenient to use a mechanism involving a large set of single paths. An
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energy–entropy balance argument enters into the game; a very large set of sin-
gularly very unlikely individual trajectories (corresponding to exponentially long
hesitation) is more convenient with respect to a fast exit realized by more likely
but not enough numerous individual trajectories.

Theorem 6.28 shows that in the description of the behaviour of the process
between τA′ and τ∂ A′ , the notion of entropy enters in a more specific sense
(see [230]). Indeed during the permanence in A′ our system reaches a quasi-
equilibrium state corresponding to the principle of maximal entropy subject to
some constraints. First of all the thermal equilibrium under our conditions (fixed
temperature) corresponds to minimizing the free energy rather than maximizing
the entropy as would be the case for a system with fixed energy. Moreover there
is the constraint of belonging to A′ which leads to the restricted canonical ensem-
ble. The general rule for the asymptotic behaviour of a Metropolis Markov chain,
during the first descent to the ground F(A), is that once the process enters into
a non-trivial cycle A′, its behaviour is metastable as prescribed by the pathwise
approach and in particular:

(1) its properly renormalized exit time tends to be exponential;
(2) the empirical measure is described, for large times prior to the exit, by the

conditional Gibbs measure;
(3) the exit from A′ takes place through a minimal saddle.
Summarizing, when the energy function H is invertible, in the case of a cy-

cle A = B(x) ≡ the strict basin of attraction of a stable state x ∈ M , the natural
problem of the first descent from z ∈ A to x consists in finding an optimal path
ω : z → x and the solution is given by any downhill path ω̄ : z → x (no uphill
steps, no hesitations). This exhausts the possible information that we can give
with probability of order one.

For a general energy function and a general cycle A with many internal saddles,
the problem of the first descent from z ∈ A to F(A) can be posed naturally in the
following way. Given the partition A \ F(A) = Y1 ∪ Y2 ∪ . . . ∪ Yl into maximal
extended cycles,

(1) find the optimal generalized paths Yi1 , . . . , Yik with z ∈ Yi1 , Yik ∩ F(A) �=
∅,

(2) determine the typical exit point from Yil ,
(3) determine the typical exit time from Yil ,
(4) describe the behaviour of the process in the interior of Yil .
The answer to (1) is that optimal generalized paths are standard generalized

paths; the answer to (2) is given by Corollary 6.25; the answer to (3) contains, in
general, a large indetermination and is given in points (i), (ii), of Theorem 6.23;
when Yil is a single cycle, the typical exit time can be determined but only in the
sense of logarithmic equivalence. The answer to (4) is given by Theorem 6.31,
Theorem 6.30 and Theorem 6.28.
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On the other hand the problem of first exit from a cycle A consists first in
determining U (A) then, using reversibility, in determining the possible standard
generalized paths emerging from the points in U−(A) (see Theorem 6.33).

Conclusions To simplify the discussion let H be invertible (every plateau is a
singleton). The typical descent to the bottom of a cycle containing many attrac-
tors takes place in a way that can be considered as the natural generalization of
the typical descent to the bottom x of a domain B(x) completely attracted by the
unique stable equilibrium point x . The main difference is the following: in the
completely attracted case the system does not ‘hesitate’ and it always follows the
drift up to the arrival at x in a finite time, uniformly bounded in β, whereas in the
general not completely attracted case the process tries to follow the drift in finite
times as far as possible but sometimes it has to enter into suitable permanence sets
Qi , waiting suitable random times Ti and then getting out from Qi through suit-
able optimal points. The fact that the permanence times Ti are close to the typical
escape times from Qi and that this escape takes place in the optimal way is the
counterpart of the fact that, in the completely attracted case, the only permanence
sets are trivial in the sense that they reduce to single points and the method of
exit from these single unstable points (after a permanence time of order one) is
optimal in the sense that it is along the drift.

As has been shown in [232] a similar picture is still valid in the non-reversible
case (see also [55, 289]). The example treated in [237] is also non-reversible.

The situation when analysing the typical ‘ascent’ against the drift is more com-
plicated and, of course, in the non-reversible case typical ascents outside a gen-
eralized basin Q and typical descents to the bottom of Q are not related by time
reversal.

6.9 Renormalization
We want now to describe some results concerning the so-called renormalization
procedure for Freidlin–Wentzell Markov chains that were introduced by Scoppola
in [272] (see also [273, 274]).

We consider a Markov chain satisfying an approximate reversibility condition.
The general case of FW, not necessarily reversible, Markov chains can be consid-
ered as well.

The aim of the renormalization approach is to control, by means of an iterative
argument, with estimates from above and from below, the following quantities
characterizing the long time behaviour of the chain Xt :

µ(G), Eτ x
G , P(τ x

G > t), P(X x
τG
= y), (6.193)

for all G ⊆ S, x ∈ S \ G, y ∈ G, t ∈ N, where µ is the invariant measure and
τ x

G is defined in (6.109).
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Let us start from our Markov chain Xt on the state space S. We introduce a clas-
sification of the states in S in terms of their increasing stability S ⊇ S(1) ⊇ S(2) ⊇
. . . ⊇ S(n). This classification allows us to introduce a sequence of Markov chains
X (k)

t defined over the sequence of state spaces S(k) and corresponding to our orig-
inal chain Xt viewed on a sequence of increasing time scales T1, T2, T3, . . . This
means that the chain X (k)

t is a coarse graining version of the chain Xt in the sense
that, passing from the chain Xt to the chain X (k)

t , we give a less detailed descrip-
tion of the process by only analysing events which occur in a typical time of order
Tk .

At each step of the iteration the quantities (6.193) are estimated in terms of
the same quantities relative to the chain of the next step. Since in the construction
S(k) ⊆ S(k−1), the basic idea of the method is to iterate the argument up to a
sufficiently large n, such that the space S(n) is sufficiently small and the quantities
(6.193) are easy to evaluate.

We want now to introduce a class of Markov chains satisfying only approxi-
mately condition RND.

Condition ARND (approximately reversible non-degenerate) We say that an
ergodic, aperiodic Markov chain with finite state space S and set of pairs of com-
municating states G, satisfies condition ARND if there exists γ = γ (β)→ 0 as
β →∞ such that the transition probabilities satisfy:

exp[−β(,(x, y)+ γ (β))] ≤ P(x, y) ≤ exp[−β(,(x, y)− γ (β))] (6.194)

where

,(x, y) = +∞, i f (x, y) �∈ G,

and

,(x, y) = H̃(x, y)− H(x), f or (x, y) ∈ G, (6.195)

with H : S → R, H̃ : G → R, enjoying the properties:
(i) H(x) �= H(y) if x �= y,

(ii) H̃(x, y) = H̃(y, x) and H̃(x, y) ≥ H(x) ∨ H(y).
We can extend H̃ to the whole space S × S by setting H̃(x, y) = +∞ when-

ever ,(x, y) = +∞.
Notice that we are not assuming point (ii) of the RND condition since it is not

important for the results on renormalization that we are reporting here.
Let us state the main results by assuming condition ARND for the sake of

simplicity. General FW Markov chains can be considered as well (see [272]).

Theorem 6.35 [274] Let Xt be a Markov chain satisfying condition ARND. Then
it is possible to define a sequence of time scales Tk exponentially long in β

Tk ≡ e(�1+�2+···+�k )β , k = 1, 2, . . . (6.196)
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with �i positive constants, and a finite sequence of Markov chains
X (1)

t , X (2)
t , . . . , X (n)

t on state spaces S ⊇ S(1) ⊇ S(2) ⊇ . . . ⊇ S(n), with S(n) =
{xm}, where xm is the state of absolute minimum for H, such that each Markov
chain X (k)

t satisfies condition ARND with H (k)(x) = H(x) and new functions
H̃ (k)(x, y). We set S = S(0), Xt = X (0)

t . The processes X (k)
t correspond to the

chain Xt on the time scale Tk in the following sense. Given G ⊆ S(k) let
τ
(k)
G = inf{t : X (k)

t ∈ G}. Let µ(k) denote the unique invariant measure for X (k)
t .

Then we have, for k = 1, . . . , n, G ⊆ S(k), x ∈ S(k)\G, y ∈ G and β sufficiently
large:

(i) Px (XτG = y) = Px (X (k)

τ
(k)
G

= y); (6.197)

(ii) for any η > 0 and β sufficiently large

e−ηβTk Exτ
(k)
G ≤ ExτG ≤ eηβTk Exτ

(k)
G ; (6.198)

(iii) there exists γ ′ = γ ′(β), with γ ′(β)→ 0 as β →∞, such that for any k
and G, G ′ ⊆ S(k) with µ(k)(G ′) �= 0,

e−γ ′β µ(k)(G)

µ(k)(G ′)
≤ µ(G)

µ(G ′)
≤ eγ

′β µ(k)(G)

µ(k)(G ′)
; (6.199)

(iv) for any t > Tkeδβ2k , for any G ⊆ S(k) and for any x ∈ S(k)

Px (τG > t) ≤ Px (τ
(k)
G >

t

Tk2k
)+ SES. (6.200)

The quantities H̃ (k)(x, y), �k and the state spaces S(k) are defined explicitly in
terms of the quantities {,(u, v)}u,v∈S :

,(u, v) = H̃(u, v)− H(v). (6.201)

For the proof we refer to [274] (see also [272, 273]). Here we just give the
definitions concerning the chains X (k)

t .
Let us first construct the first chain X (1)

t . Its state space will be S(1) = M ≡
the set of stable states

M = {x ∈ S : ∀ y ∈ S, y �= x, H(x) < H̃(x, y)}, (6.202)

�1 ≡ min
x∈M, y∈S, x �=y

H̃(x, y)− H(x), (6.203)

t1 ≡ e�1β. (6.204)
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We introduce now a sequence of stopping times:

σ1 ≡ min{t > 0; Xt �= X0},
τ1 ≡ min{t ≥ σ1; Xt ∈ M},

ζ1 =
{

t1 if σ1 > t1

τ1 if σ1 ≤ t1,

(6.205)

and for each n > 1

σn ≡ min{t > ζn−1; Xt �= Xζn−1},
τn ≡ min{t ≥ σn; Xt ∈ M},

ζn =
{

ζn−1 + t1 if σn − ζn−1 > t1

τn if σn − ζn−1 ≤ t1.

(6.206)

It is easily seen (see [272]) that X (1)
n := Xζn is a homogeneous Markov chain.

For any x ∈ M , we can then consider the new Markov chain X (1),x
t with X (1),x

0 =
x on the state space M =: S(1).

Notice that this new Markov chain is strictly related to the time scale t1 (see
(6.204)) in the following sense:

P(ζn+1 − ζn ∈ [t1e−γβ, t1eγβ ]) ∼ 1

where γ is the infinitesimal quantity appearing in (6.194).
For any pair of states x, y ∈ M we denote by P(1)(x, y) the transition proba-

bility of the chain X (1)
n that is

P(1)(x, y) = P(Xζn = y| Xζn−1 = x). (6.207)

Let us define for any trajectory ω : N → S:

I[0,t](ω) ≡
t−1∑
i=0

,(ωi , ωi+1). (6.208)

Consider the quantity:

,̄(x, y) = inf
t,ω:ω0=x, ωt=y, ωs /∈M,∀s∈(0,t)

I[0,t](ω). (6.209)

It is possible to prove (see [272, 273]) that:

t1 e−,̄(x,y)β−γ̄ β ≤ P(1)(x, y) ≤ t1 e−,̄(x,y)β+γ̄ β (6.210)

with γ̄ → 0, as β →∞.
The quantity ,̄(x, y) can assume the values ,̄1 = �1 < ,̄2 < . . . < ,̄m̄ with

,̄m̄ < |S|,m .
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We define

H (1)(x) = H(x), ∀x ∈ M ≡ S(1). (6.211)

For any x, y ∈ S(1) with x �= y, let

,(1)(x, y) ≡ ,̄(x, y)−�1. (6.212)

Let G(1) ⊆ (S(1))2 be the space of pairs of states (x, y) such that P(1)(x, y) >

0. Then there exists a function H̃ on G(1) with values in R such that:

H̃ (1)(x, y) = H̃ (1)(y, x), (6.213)

H̃ (1)(x, y) ≥ H (1)(x) ∨ H (1)(y), (6.214)

,(1)(x, y) = H̃ (1)(x, y)− H (1)(x). (6.215)

The iteration scheme now is the following: for any k ≥ 1 we define the follow-
ing quantities

H (k+1)(x) ≡ H(x), ∀x ∈ S(k). (6.216)

For any ω : N → S(k)

I (k)[0,t](ω) =
t−1∑
i=0

,(k)(ωi , ωi+1), (6.217)

M (k) = {x ∈ S(k); ∀y ∈ S(k), y �= x, H (k)(x) < H̃ (k)(x, y)}, (6.218)

,̄(k)(x, y) = inf
t,ω:ω0=x,ωt=y, ωs �∈M(k),∀s∈[0,t]

I (k)[0,t](ω), ∀x, y ∈ M (k),

(6.219)

S(k+1) = M (k), (6.220)

�k+1 = inf
x∈M(k),y∈S(k), x �=y

H̃ (k)(x, y)− H (k)(x), (6.221)

tk+1 = e�k+1β, (6.222)

T1 = t1,

Tk+1 = t1t2 · · · tk tk+1, (6.223)

,(k+1)(x, y) = ,̄(k)(x, y)−�k+1, ∀x, y ∈ S(k+1), (6.224)

H̃ (k+1)(x, y) ≡ ,(k+1)(x, y)+ H(x). (6.225)

It is natural to try to analyse the set of trajectories of the original chain Xt

corresponding to a given trajectory of the chain X (k)
t . This happens to be related
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to the characterization of the typical tube of trajectories followed by the original
chain Xt during the first exit from a generic set G. Indeed, let N = N (G) be the
level of renormalization such that the (N + 1)st renormalized Markov chain does
not contain states inside G: S(N+1) ∩ G = ∅. This means that the first excursion
outside G for the chain X (N )

t is a sort of ‘descent’ along the drift. This provides
a first rough approximation of the typical tube of escape from G: it is given by
the set of typical trajectories followed during the first excursion outside G by the
chain X (N )

t .
The question remains of ‘reading’ the result in terms of the paths followed on

the original time scale by our original chain Xt .
In [232] it was shown, even in the more complicated non-reversible and de-

generate case, that it is possible to associate to any state x (N ) of S(N ) a suit-
able extended cycle Qx (N ) ⊆ S representing the set where the original process
Xt typically remains in the interval of time corresponding to a jump of the chain
X (N )

t .
In the particular reversible, non-degenerate case, following these ideas when

studying the first exit problem from a non-trivial cycle G provides an alternative
way to deduce the results of Theorems 6.31 and 6.33.

It is immediate to see that the quantities

0k := �1 + · · · +�k (6.226)

represent the possible growing barriers of the minima in S.
Let us introduce these quantities.
Given a point x ∈ S let

Wx := {z ∈ S : H(z) < H(x)}. (6.227)

The quantity

γ (x) := �(x, Wx )− H(x), (6.228)

is called the stability level of the state x .
It is easily seen that

γ (x) = )(A∗(x)) (6.229)

where A∗(x) is the largest cycle containing x in its ground F(A∗). A∗(x) coin-
cides with the minimal strictly metastable cycle containing x . If x does not belong
to a stable plateau, we simply have A∗(x) ≡ x .

We have that the possible values of the barrier γ (x) are the 0k ; this comes
from the very definition of renormalized chains.

We use these notions in Theorem 6.36 and Proposition 6.37, below.
It is natural to ask oneself about the relationship between different approaches

to the study of FW Markov chains and in particular the first exit problem from
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a set G: the graphical approach introduced by Freidlin and Wentzell, the renor-
malization procedure and the methods developed above for the simpler reversible
case.

In particular three partitions emerge: the partition introduced by Freidlin and
Wentzell in terms of cycles of increasing rank, the partition introduced in [272–
274] in terms of state spaces of increasing stability, and the partition into maximal
cycles of A \ F(A) that we introduced in the reversible case.

We remark that the rank of the cycles is necessary to the construction, but
it does not have an intrinsic meaning. The iteration of this cycle construction
is completely different from the renormalization procedure, where the iterative
parameter has an immediate interpretation in terms of time rescaling. On the
other hand the permanence set that we found in the reversible case is exactly
the same as the set Qx (N ) associated with single points of states of increasing
stability.

We want to quote, now, an interesting application of the renormalization pro-
cedure, namely a simple formula providing an asymptotic expression, at large β,
for the eigenvalues of the generator of our dynamics.

Theorem 6.36 [274] Let L = P− I be the generator associated with the Markov
chain Xt with transition matrix P (I is the identity matrix). We denote by λ1 =
0, λ2, . . . , λi , . . . the eigenvalues of the matrix −L arranged in increasing order.
Suppose that our Markov chain satisfies condition R. Then we have:

lim
β→∞

− 1

β
log(λ j ) = lim

β→∞
1

β
log TN j = �1 +�2 + · · · +�N j = 0N j (6.230)

where N j ≡ min{n; |S(n+1)| < j}.
Equation (6.230) says that the eigenvalues, for large β, are determined by the

values assumed by the depths of metastable cycles. In particular, the minimal
non-vanishing eigenvalue λmin (≡ gap in the spectrum) corresponding to the max-
imum value of minus the logarithm of the eigenvalues, is determined, for large β,
by the depth of the deepest metastable cycle in S:

lim
β→∞

− 1

β
log(λmin) = 0kmax . (6.231)

Suppose we apply Theorem 6.36 to the chain X A
t , restricted to a non-trivial

cycle A (see (6.106)). We have in this case

lim
β→∞

− 1

β
log(λk) = �(A) (6.232)

saying that the ‘relaxation time’ in the interior of a cycle A is determined by the
maximal internal resistance which, in turn, is related to the maximal time needed
to reach the ground F(A). In the totally non-degenerate case, when there is always
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only one metastable cycle with a given depth, the theory simplifies further. In
particular we have that the cardinality |S(k)| of S(k) is given as |S(k)| = |S(k−1)| −
1, namely, at each step of renormalization we just lose one point.

In this case the eigenvalues are not degenerate and the statement of Theorem
6.36 becomes

lim
β→∞

− 1

β
log(λk) = lim

β→∞
1

β
log Tk = �1 +�2 + · · · +�k = 0k . (6.233)

6.10 Reduction and recurrence
We want now to analyse, from a slightly different point of view, the sets of states
in S with increasing stability. In particular we prove that, with a probability ex-
tremely close to one for β large, our process will recur on these states on suitable
increasing time scales.

Given v ≥ 0 we define the set Sv of v-irreducible points as the set of points
with stability level larger than v:

Sv := {x ∈ S : γ (x) > v} (6.234)

(see (6.228)). The set S \ Sv is the set of v-reducible points.
The elements of the set of maximal stability level in S \ F(S):

Sm :=
{

x ∈ S : γ (x) = max
y∈S\F(S)

γ (y)

}
(6.235)

are called metastable states.
A crucial step in our construction is the partition of S \ Sv into maximal (by

inclusion) cycles

S \ Sv := A1 ∪ A2 ∪ · · · ∪ An . (6.236)

Notice that the partition considered in (6.191) is a particular case of (6.236), cor-
responding to S equal to a non-trivial cycle A, and v the maximal possible value
vmax of the barrier γ (x), for which Sv ≡ F(A).

It is seen immediately that

)(Ai ) ≤ v. (6.237)

Indeed if )(Ai ) > v, we would have γ (x) > v, for any x ∈ F(Ai ), contradicting
x ∈ S \ Sv .

A maximal-cycle-path (mc-path) is a sequence A′1, . . . , A′k, A′j ∈
{A1, . . . , An}, with A′j connected (in the usual sense) to A′j+1.

Notice that, in our Metropolis dynamics, if a non-trivial cycle A′ appears in
an mc-path, the subsequent and previous elements must be trivial cycles in its
boundary.
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A downhill mc-path A′1, . . . , A′k is characterized by �(A′j+1) ≤ �(A′j ), j =
1, . . . , k − 1.

A set of cycles A = {A′1, . . . , A′m} is mc-connected if for any pair of its cycles
there is an mc-path in A joining them.

Given A′′ ∈ {A1, . . . , An}, Ai on the righ-hand side of (6.236), let us denote
by Y (A′′) the maximal mc-connected set of cycles {A′1, . . . , A′k} containing A′′

(A′j ∈ {A1, . . . , An}) such that �(A′j ) = Ĥ := �(A′′). The sets Y are extended
cycles like those appearing in the partition (6.191) of A \ F(A) for a non-trivial
cycle A. The reader should think of Y as a set of communicating lakes.

We are now ready to formulate our main recurrence result. Let Tv = evβ , and
let

τSv = min{t ∈ N : Xt ∈ Sv}. (6.238)

Proposition 6.37 Let Tv = evβ . For every δ > 0,

max
x∈S\Sv

Px (τSv > Tveδβ) = SES (6.239)

(see Definition 6.4).

Proof Using the Markov property it is sufficient to define, for all x ∈ S \ Sv , an

event ET
x ⊆ � with T = Tve

δ
2 β such that

ET
x ⊆ {x0 = x, ∃ t ∈ [0, T ] ∩ N : xt ∈ Sv}, min

x∈S
P(ET

x ) ≥ p > 0, (6.240)

with p not exponentially small in β in the sense that for all ε > 0, p > e−εβ for
large enough β.

Let us denote by Ainit = Ainit (x) the cycle in the partition (6.236) containing
the initial point x and set �(Ainit ) =: Ĥ , Y = Y (Ainit ).

We prove the following by contradiction.

Claim. Y is (necessarily downhill) connected either to Sv or to some Â in the
partition (6.236), with �( Â) < Ĥ .

Indeed let us suppose that ∂Y neither intersects Sv nor any Â in the partition
(6.236), with �( Â) < Ĥ .

We have that in ∂Y we cannot find points x with H(x) = Ĥ because of the
maximality of Y . Nor can we find any point x with H(x) < Ĥ because, since
such a point x , by hypothesis, can belong neither to Sv nor to some Â in the
partition (6.236), with �( Â) < Ĥ , certainly it has to belong to a cycle in the par-
tition (6.236), with �( Â) = Ĥ , violating again the maximality of Y . Moreover,
certainly ∂Y cannot be empty otherwise we would violate the ergodicity of our
Markov chain. Thus, necessarily, ∂Y is non-empty and made of points x with
H(x) > Ĥ . We conclude that Y is a cycle contained in S \ Sv; but in this way we
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violate the maximality of the cycle Ainit ; so necessarily we have that either Y is
connected to Sv or to some Â in the partition (6.236), with �( Â) < Ĥ .

We are now able to construct, for any Ainit a downhill mc-path A′1, . . . , A′k
with A′1 = Ainit ending in Sv in the sense that ∂ A′k ∩ Sv �= ∅.

Indeed by the above claim either by first following a suitable path A′1, . . . , A′k
in Y , with constant height �(A′i ) = Ĥ and then downhill, we end directly in Sv

(Sv ∩ ∂Y �= ∅); or we have that there exists A′k+1 on the right-hand side of (6.236)

with ∂ A′k ∩ A′k+1 �= ∅,�(A′k+1) < Ĥ ; then, by exploiting the arbitrariness of the
initial cycle Ainit , we can iterate the procedure so that, simply using that the
energy is bounded from below, we end up with a downhill mc-path ending in Sv .

Consider the completed downhill mc-path φ(Ainit ) = A′1, . . . , A′k, ξ with
A′1 = Ainit , ξ ∈ Sv ∩ ∂ A′k .

We say that a trajectory {xs}s=0,1,... follows ε-regularly the path φ(Ainit ) if it
belongs to the sequence of cycles in φ, stays in each cycle A′i for a time in the
range

[
exp(β[)(A′i )− ε]), exp(β[)(A′i )+ ε])

]
, and ends in ξ .

The following is true: for every ε, ε′ > 0 there exist β0 > 0 such that, for all
β > β0,

min
x∈S\Sv

P
({xs}s=0,1,... follows ε-regularly φ(Ainit (x))

)
> e−ε′β. (6.241)

Indeed (6.241) is an immediate consequence of Theorem 6.23.
To conclude the proof of Proposition 6.37, we now pick x ∈ S \ Sv and take

for Ev
T the event where (xt )t∈N follows, δ

4 -regularly, the mc-path from Ainit (x) to
Sv within time T = Tveδβ/2. By Theorem 6.23, we have, for β sufficiently large,

min
x∈S\Sv

Px (Ev
T ) ≥ e−δ′β, δ′ < δ/4. (6.242)

Hence by the Markov property,

max
x∈S\Sv

Px (τSv > Tveδβ) ≤ (1− e−δ′β)e
δ
2 β = SES. (6.243)

�

6.11 Asymptotics in probability of tunnelling times
We want now to give an application to the evaluation of the tunnelling time be-
tween an element xm of a stable plateau and the set F(S) of the absolute minima
(in the full state space S) of H . The following theorem states that the typical
value of the first hitting time to F(S) starting from xm will be ∼ eβ) provided
{xm} ∪ F(S) ≡ S)0 for some )0 ≤ ) and that �(xm, F(S)) = ).

Theorem 6.38 Suppose that (i) the communication height between xm and F(S)
is �(xm, F(S)) = H(xm)+ ) and (ii) there exists )0 ≤ ) such that every state
x ∈ S \ ({xm} ∪ F(S)) is )0-reducible in the sense that there exists x ′ ∈ S such
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that H(x ′) < H(x), �(x, x ′) ≤ H(x)+ )0. Then, for any δ > 0:

lim
β→∞

Pxm

(
eβ()−δ) ≤ τF(S) ≤ eβ()+δ)

) = 1. (6.244)

Proof Let Axm be the cycle given as the maximal connected set containing xm

with energy smaller than H(xm)+ ). We have

τ∂ Axm
< τF(S). (6.245)

The lower bound on τF(S) in (6.244) follows immediately from (6.245) and
from Theorem 6.23(i).

The upper bound on τF(S) follows immediately from Proposition 6.37 by tak-
ing v = ) and noticing that in this case Sv ≡ F(S). Indeed in this way we prove
that for any x ∈ S, δ > 0:

Px
(
τF(S) ≤ eβ()+δ)

) = 1− SES. (6.246)

�

From the same hypotheses of the above theorem we have, as a corollary, that xm

is a metastable state: xm ∈ Sm (see (6.235)) and ) is the maximal stability level
in S \ F(S).

In the case of several ground states (|F(S)| > 1), we can obtain a similar result
for the tunnelling time τ

x0
x1 between two ground states x0, x1, by substituting )

with the maximal internal barrier �(S) defined in analogy with Definition 6.20.



7

Metastable behaviour for lattice
spin models at low temperature

Introduction
In this chapter we discuss metastability and nucleation for several short range lat-
tice spin systems at low temperature. We already analysed the case of the Curie–
Weiss model in Chapter 4. Due to the fact that the intermolecular interaction
does not decay at infinity, the Curie–Weiss model exhibits a mean field behaviour
without any spatial structure; the configurations are well described, especially for
large volumes, by the values of a unique macroscopic order parameter, i.e. the
magnetization, so that the configuration space becomes one-dimensional. In con-
trast, for short range stochastic Ising models the geometrical aspects are particu-
larly relevant. In this last case the configuration space can be viewed as a space of
families of contours and it tends to be infinite dimensional in the thermodynamic
limit. Indeed it is well known that the description of pure coexisting equilibrium
phases at low temperature is naturally given in terms of a gas of contours (see
Chapter 3, proof of Proposition 3.30, and [280]). It is clear that in the analysis
of dynamical phenomena taking place in large finite systems, the geometrical de-
scription in terms of contours will also play a relevant role.

The central question in the description of the decay from a metastable to a
stable phase for short range stochastic Ising models is, in addition to determi-
nation of the typical escape time, the characterization of the typical ‘nucleation
pattern’ namely the typical sequences, in shape and size, of droplets along which
nucleation of the stable phase takes place.

We shall see that the Curie–Weiss model and short range stochastic Ising mod-
els share many characteristic features of metastable behaviour but, at the same
time, they show some very relevant differences.

To be concrete let us consider the prototype of the class of short range models
that we want to analyse in this chapter: the two-dimensional Metropolis standard
stochastic Ising model with small but fixed, say positive, magnetic field h in a
large but fixed squared domain ( with periodic boundary conditions, in the limit

399
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of large inverse temperature β. A continuous time version was already introduced
in Chapter 4 (see (4.54)). A precise definition of the discrete time version will be
given later on.

Let us denote by−1,+1 the configurations with all spins−1,+1 in (, respec-
tively. By choosing a positive and sufficiently small h we see immediately that−1
is a local minimum whereas +1 is the absolute minimum for the energy, so they
are naturally associated with the metastable and stable equilibrium, respectively.

As will emerge from our analysis, in the case of low temperature short range
stochastic Ising models, it is natural to introduce a sort of ‘basin of metastability’,
namely a set of configurations where our system will be confined before transi-
tion to the stable situation. The configurations in the basin of metastability will
be close to −1. The meaning of ‘closeness’ in this case is not, a priori, clear at
all; intuitively we expect that ‘close to −1’ means ‘without too large droplets of
pluses’.

The equivalent notion of metastable basin for the Curie–Weiss model simply
refers to configurations whose global magnetization is close, in the usual metric
on R, to the local minimum m−(β, h) of the canonical free energy fβ,h(m) (see
Chapter 4). In both Curie–Weiss and short range Ising models the system spends
a very long time performing random fluctuations in the metastable basin before an
almost unpredictable jump leads eventually to the stable situation. In both Curie–
Weiss and short range Ising models there is a notion of ‘coercive field’ ĥ = ĥ(β)
representing the threshold to instability. For h > ĥ no metastability is possible:
the state that was metastable for h < ĥ now becomes unstable. In the Curie–Weiss
model ĥ is the maximal value of h for which the canonical free energy fβ,h(m)

has double well behaviour; for h > ĥ, fβ,h(m) has only one well and for h = ĥ it
has a horizontal inflection point. For the short range Ising model the coercive field
can be identified as the minimal value of h for which even the smallest possible
droplets have a tendency to grow. It will turn out that for both models the ‘lifetime’
increases as h decreases.

Let us discuss the differences. Whereas for the Curie–Weiss model the free en-
ergy barrier to be overcome is already implicit in the dynamics as it is given by the
(unphysical) double well structure of the canonical free energy, in the short range
Ising model this barrier is not directly related to the microscopic single spin-flip
elementary process of the dynamics but, rather, comes from the collective be-
haviour of the system. The height and location in the configuration space of this
barrier are not given at all a priori, and they have to be determined by looking at
the whole, geometrically complicated, configuration space. This is somehow rem-
iniscent of the equilibrium description of phase transitions for short range systems
where, in general, the equilibrium coexistence line is unknown as its location is
a result of the collective behaviour of the system. The description of how a short
range Ising model spends its time in the metastable basin before the jump to sta-
ble equilibrium is much more complicated than the corresponding description
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for the Curie–Weiss model. In both cases the fraction of time spent in the differ-
ent subsets of the metastable basin before the jump tends to be proportional to
an almost stationary measure: the restricted Gibbs ensemble (see Chapter 4 and
Chapter 6, Theorem 6.28). In the case of the short range Ising model this is a
measure on a complicated configuration space whereas in the case of the Curie–
Weiss model we have a simple measure on the line. Moreover the exit path from
the metastable basin in the Curie–Weiss model is determined almost immediately,
using reversibility, whereas in the short range Ising model it involves complicated
geometrical considerations.

The crucial point is that the basin of metastability for short range Ising systems
will contain many stable equilibrium configurations, namely many local minima
of the energy H . These minima will correspond to particular sets of stable isolated
‘droplets’; for the standard Ising model they will be rectangles of pluses in a sea
of minuses.

Before the decay to the stable situation, characterized by a sea of pluses with
small islands of minuses, the system will visit many times configurations with a
sea of minuses with small droplets of pluses.

Since β is very large, only moves that decrease the energy will typically take
place; our system will spend the largest part of its time in the local minima for
the energy. Sometimes, moves against the drift, with an increase of energy, will
take place and, when entering into the basin of attraction of some local minimum,
the system will typically take a suitable exponentially long (in β) time to get out of
it. On a smaller time scale, a situation similar to the global escape from metastabil-
ity will occur, at a local level, in the escape from the basin of attraction of a local
minimum. It will also occur that, during the first excursion from−1 to+1, namely
during the decay from the metastable to stable situation, the system will typically
visit many basins of local minima, remaining exponentially long intervals of time
there. This is the main new difficulty with respect to the description of the first es-
cape from a completely attracted domain. To treat this phenomenon we make use
of conceptual categories and results developed in Chapter 6 for Freidlin–Wentzell
reversible Markov chains.

7.1 The standard stochastic Ising model in two dimensions
Let us now define the standard stochastic Ising model.

It is a discrete time stochastic dynamics given by a Metropolis Markov chain,
reversible with respect to the Gibbs measure for a standard Ising model, when the
elementary process is a single spin-flip.

We shall take our Ising spin system enclosed in a two-dimensional torus (

of edge L namely, an L × L square with periodic boundary conditions. Other
boundary conditions can be considered as well: this point will be discussed later
on.
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With any lattice site x ∈ ( we associate a spin variable σ(x) taking values
+1,−1: the configuration space is X := {−1,+1}(. The energy H(σ ), associ-
ated with the configuration σ ∈ X , is given by:

H(σ ) = − J

2

∑
{x,y}⊆(:
|x−y|=1

σ(x)σ (y)− h

2

∑
x∈(

σ(x). (7.1)

Notice that in this chapter we use the notation J/2 for the coupling constant
and h/2 for the external magnetic field. We take J > 0 (ferromagnetic case).
The external magnetic field h/2 is taken positive. Notice that at h = 0, with our
parametrization, the energy necessary to break a bond, namely to pass from a
parallel pair of nearest neighbour spins to an opposite pair, is J .

The transition probabilities of our Ising–Metropolis Markov chain are given,
for σ �= σ ′, by:

P(σ, σ ′) =
{

0 if σ ′ �= σ (x) for all x ∈ (

1
|(| exp{−β(,x H(σ ) ∨ 0)} if σ ′ = σ (x) for some x,

(7.2)
where

,x H(σ ) = H(σ (x))− H(σ ) (7.3)

and

σ (x)(y) =
{

σ(y) if y �= x

−σ(x) if y = x .
(7.4)

For σ ′ = σ we set:

P(σ, σ ) = 1−
∑

σ ′∈X ,σ ′ �=σ

P(σ, σ ′). (7.5)

This is a particular case of Markov chains in the Freidlin–Wentzell regime
which are characterized by finite state space and transition probabilities exponen-
tially decreasing in a large parameter β. More specifically it is a particular case
of a dynamics satisfying condition M of Chapter 6; indeed it is commonly called
the Metropolis algorithm. It corresponds to the following updating rule: given a
configuration σ at time t we choose at random a site x ∈ ( and compute the in-
crement of energy ,x H(σ ); if this quantity is non-positive we flip the spin at x ;
otherwise, if it is strictly positive, we flip it with a probability exp[−β,x H(σ )].
We denote by σt our stochastic trajectory.

We consider a situation in which h, J, L , are fixed in such a way that 0 < h <

2J < h(L − 3) and we take the limit of large β. The condition h < 2J means crit-
ical length (see (4.57)) larger than two (twice the spacing of the lattice) whereas
2J < h(L − 3) means that the side of the box ( exceeds the critical length by
at least three units. Notice that with our choice of parameters J, h we always
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have ,x H(σ ) �= 0. From a physical point of view the above described asymp-
totic regime corresponds to analysing local aspects of nucleation at very low
temperature.

Other asymptotic regimes will be quoted at the end of this chapter.
We want to note that in our finite volume system, at equilibrium, for large β

the energy dominates with respect to the entropy so that the Gibbs measure is a
small perturbation of a δ-mass concentrated on the unique ground state.

As we have already said in the introduction, it is easily seen that this unique
ground state is given by the configuration +1 where all spins are plus, whereas
the natural candidate to describe the metastable situation is the configuration −1
where all spins are minus.

Given a set of configurations G ⊆ X we denote, as usual, by τG the first hitting
time to G:

τG := min{t > 0 : σt ∈ G}. (7.6)

We are interested in the asymptotic behaviour, for large β, of the first hitting
time τ+1 to the configuration +1, starting from −1.

A particularly interesting set of configurations that we call ‘critical configu-
rations’ and denote by P , is the set of configurations in which the plus spins
are precisely the spins contained in a polygon given by a rectangle with sides
l∗, l∗ − 1 plus a unit square protuberance attached to one of the longest sides (see
Figure 7.1). Here

l∗ :=
[

2J

h

]
+ 1, (7.7)

l
∗

l
∗
−1

Figure 7.1
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where [·] denotes the integer part. We always suppose that 2J/h is not an integer.
Recall that in the simple static analysis developed in Chapter 4 this value came
out as the critical length.

We denote by ) the formation energy of a critical ‘droplet’:

) := H(P)− H(−1) = 4Jl∗ − h(l∗)2 + h(l∗ − 1). (7.8)

θ−1,+1 is the last instant in which σt = −1 before τ+1:

θ−1,+1 := max{t < τ+1 : σt = −1}. (7.9)

θ−1,P,+1 is the first instant after θ−1,+1 in which the process visits P:

θ−1,P,+1 := min{t > θ−1,+1 : σt ∈ P}. (7.10)

The main result is contained in the following theorem due to Neves and
Schonmann who also derived several other results (see [225, 226]).

Theorem 7.1 [225] Let h < 2J, 2J/h �∈ N, L ≥ l∗ + 3; then for every δ > 0:
(i) lim

β→∞
P−1(exp[β() − δ)] < τ+1 < exp[β() + δ)]) = 1;

(ii) lim
β→∞

P−1(θ−1,P,+1 < τ+1) = 1.

Proof We present a proof based on Proposition 6.17 and Theorem 6.23 in
Chapter 6. The main point is the determination of the communication height be-
tween −1 and +1 (see Definition 6.9 in Chapter 6). �

We make a geometrical construction from which we deduce that S(−1,+1)
contains P , which indeed is a gate for the transition −1 →+1 (see Definition
6.10).

For didactical purposes we present here a quite general approach that can be
extended to various stochastic Ising models with different Hamiltonians. In the
specific case of the standard Ising model there are simpler methods exploiting the
peculiarities of the model. We quote the essential aspects of this simple approach
later on.

Our strategy is based on three steps: we first determine the set of local min-
ima for the energy; they will be characterized geometrically as sets of isolated,
sufficiently large rectangles. When we say that a configuration is given by a
set of rectangles, more generally by a set of closed polygons, we mean that in
that configuration the set of plus spins is given precisely by the set of sites ly-
ing in the interior of these polygons. In the following we give more detailed
definitions.

Second, we study the basins of attraction (with respect to the β = ∞ dynam-
ics) of these minima, in particular we determine the saddles between them. This
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Figure 7.2

will allow us to characterize the rectangles that have a tendency to shrink and
those that have a tendency to grow; the value l∗ will emerge from this analysis
as the ‘critical length’ that discriminates between growing, i.e. supercritical, and
shrinking, i.e. subcritical, rectangles. The heuristics behind this is related to a
comparison between the speed of growth and the speed of contraction of a given
rectangle R. The mechanism of growth implies the formation of a unit square
protuberance from the exterior, adjacent to one of the edges of R (see Figure 7.2).
Let us call U+ = U+(R) the class of configurations obtained in this way. The cor-
responding positive increment in energy is 2J − h so that the typical time needed
to reach U+ is of the order exp[β(2J − h)]. U+ is a saddle configuration. Indeed,
starting from σ ∈ U+, two transitions with negative ,x H can take place: a spin-
flip of a minus adjacent both to the unit square protuberance and to R, leading
to the formation of a stable 1× 2 protuberance attached to R, which would lead
into the basin of attraction of a larger rectangle; or the flip of the plus spin inside
the unit square protuberance, leading back to R. On the other hand, it is not dif-
ficult to convince oneself that the best mechanism of contraction is the ‘corner
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erosion’ corresponding to ,x H = h, all other mechanisms implying at least
,x H = 2J + h. The minimal saddle configurations in the direction of contrac-
tion correspond to erosion of all but one unit squares adjacent to the interior to
one of the edges of R of minimal length l. Let us call U− = U−(R) the class
of configurations obtained in this way (see Figure 7.2). The best way of going
from R to U− appears to be a sequence, ascending in energy, of ‘corner ero-
sions’. This implies a cost in energy of h(l − 1) and then a typical time of order
exp[β(h(l − 1))]. This typical time becomes longer than the time needed for the
growth, exp[β(2J − h)], when l ≥ l∗ (see (7.7)); this explains the tendency to
grow of rectangles with minimal side length l ≥ l∗.

The third and final step consists in the introduction of a sort of generalized
basin of attraction of −1 playing the role of the set G of Proposition 6.17 in
Chapter 6. It will be given by the set of all subcritical configurations which,
roughly speaking, are those that, taken as initial configurations, give rise with
high probability to a hitting time τ−1 strictly shorter than τ+1. The set of minima
of the energy on the boundary of this generalized basin will be given precisely by
the set P; this fact will easily imply that P is a gate between −1 and +1.

7.2 The local minima
We start by introducing a geometrical description of spin configurations. Given
σ ∈ X let C(σ ) be the subset of R2 given as the union of the closed unit cubes
centred at the sites x of ( where the spin is plus one. The boundary of C(σ ) can
be seen as a (generally not connected) polygon (Peierls contour) lying on the dual
lattice Z2 + (1/2, 1/2). Given C(σ ), let us decompose it into maximal connected
components C(σ ) = C1 ∪ C2 ∪ · · · ∪ Ck . The Ci are called ‘clusters of σ ’. The
sites of the original lattice Z2 lying inside a Ci form a *-cluster in the sense of site
percolation; namely they are connected via nearest and next to nearest neighbours.
Of course there is a one-to-one correspondence between the spin configurations
and the set of collections of non-overlapping clusters.

We often identify a configuration σ with the set of unit cubes centred at the
sites containing plus spins. Actually, with an abuse of notation, we denote by the
same symbol C1,C2, · · · ,Ck a set of non-overlapping clusters and the configura-
tion where the plus spins are precisely those sitting on the sites internal to C1 ∪
C2 ∪ · · · ∪ Ck .

The total boundary ∂C(σ ) of a configuration σ is given as the union of the
boundaries of the clusters of σ ; it consists of a collection of unit segments with
extrema in the dual lattice Z2 + (1/2, 1/2) with the property that at each site of
Z2 + (1/2, 1/2) an even number of segments (0, 2 or 4) converge. We write

p(σ ) := |∂C(σ )| =
k∑

i=1

|∂Ci |; (7.11)
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we call p(σ ) the perimeter of σ ; it equals the total number of pairs of n.n. sites
with opposite spins in σ . The energy H(σ ) (see (7.1)) associated with σ can be
written as

H(σ ) = H(−1)+ J p(σ )− h
k∑

i=1

|Ci |. (7.12)

We also consider the partition of the boundary ∂C(σ ) into connected compo-
nents:

∂C(σ ) =
m⋃

i=1

γi (7.13)

where the γi are called contours of σ . Of course we have

m⋃
i=1

γi =
k⋃

i=1

∂Ci = ∂C and p(σ ) =
m∑

i=1

|γi |. (7.14)

Definition 7.2 A configuration σ ∈ X is called ‘non-winding’ if all its clusters
are not encircling the torus i.e. connecting two opposite sides of (. We denote by
Xnw the set of all non-winding configurations.

For any non-winding configuration we have a well defined ‘sea of minuses’ given
by the unique component of minus sites encircling the torus; inside this ‘sea’ the
Ci can be seen as islands possibly having in their interior lakes with possibly other
islands in their interiors and so on.

Given a non-winding configuration σ ∈ Xnw, the maximal connected compo-
nents of its boundary ∂C(σ ) that are all made by unit segments touching the sea
of minuses are called outer contours.

Definition 7.3 We denote by R̂(l1, l2) the set of configurations whose plus spins
are precisely those sitting on the sites internal to some rectangle R(l1, l2) with
edges parallel to the lattice axes (and vertices on the dual lattice Z2 + (1/2, 1/2))
of horizontal and vertical side lengths l1, l2, respectively.

We want to stress that by R(l1, l2) we mean a particular rectangle with side
lengths l1, l2 and a particular location, for example centred at the origin, but we do
not make the location explicit in the notation. Using the identification of σ ∈ X
with C(σ ), R̂(l1, l2) can be viewed as an equivalence class of a given rectangle
R(l1, l2), modulo translations.

Let

l := l1 ∧ l2, m := l1 ∨ l2 (7.15)

be, respectively, the minimal and maximal sides of a rectangle R(l1, l2).

Definition 7.4 A rectangle R(l1, l2) with |l1 − l2| ≤ 1 is called a quasi-square.
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Notation We write

R(l1, l2) = R̂(l1, l2) ∪ R̂(l2, l1) (7.16)

to denote the set of configurations whose plus spins are precisely those lying in-
side some rectangle with side lengths l1 and l2 (independently of the orientation).

We now give some definitions concerning rectangles seen as geometrical objects;
from now on we only consider rectangles (seen as closed subsets of R2) with sides
parallel to the lattice axes and vertices in the dual lattice.

Definition 7.5 Two disjoint rectangles R, R′ are mutually ‘isolated’ if there does
not exist any site x ∈ Z2 \ (R ∪ R′) having two distinct nearest neighbour sites
y, y′ lying inside R, R′ respectively.

In other words R, R′ are mutually isolated if, given x ∈ Z2 ∩ R, x ′ ∈ Z2 ∩ R′, the
Euclidean distance |x − x ′| is |x − x ′| ≥ √5; thus, given two isolated rectangles
R, R′ either they lie at a distance greater than one or the minimal distance is one
but it is realized only on two of their vertices. R1, . . . , Rn form a set of isolated
rectangles if they are pairwise mutually isolated.

Definition 7.6 We call stable the rectangles with m ≤ L − 2 and 2 ≤ l ≤ L − 2
or with m = L (encircling the torus) and any l such that 1 ≤ l ≤ L − 2.

A rectangle with l = 1 and m ≤ L − 1 (segment) is said to be ‘ephemere’.

Notice that a configuration σ̄ containing a unique segment with l = 1 and m =
L − 1 can be connected by a downhill path to two distinct local minima: the circle
with l = 1 and m = L or the configuration −1. Thus σ̄ is a saddle configuration.

Definition 7.7 We say that a single cluster is monotonous if it is simply con-
nected (does not have holes) and it has a perimeter equal to that of the circum-
scribed rectangle (see Figure 7.3).

Definition 7.8 Two rectangles R and R′ are said to be interacting if one of the
following two circumstances occurs:

(i) the rectangles R and R′ intersect, or
(ii) R and R′ are disjoint but not mutually isolated so that there exists a site

x ∈ ( \ (R ∪ R′) having two distinct nearest neighbour sites y, y′ lying
inside R, R′ respectively.

Lemma 7.9 The set of local minima for the energy is given precisely by the set
of collections of isolated stable rectangles including the degenerate cases of −1
(absence of rectangles) and +1 (unique rectangle ≡ ().

Proof σ is stable if for all x ∈ (, ,x H(σ ) is positive (recall that, with our choice
of parameters, the quantity ,x H(σ ) is never zero). Let us look at the catalogue
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Figure 7.3

of all possible positive increments

,x H(σ ) = 2σ(x)

[
J

2

∑
y∈(:|x−y|=1

σ(y)+ h

2

]
,

in increasing value; we get h, 2J − h, 2J + h, 4J − h, 4J + h. We see that the
only possibility for σ to be stable is that all minus spins have at least three pos-
itive nearest neighbours, whereas all plus spins have at least two positive nearest
neighbours. From this we have the following

(1) Every single cluster C of a local minimum configuration σ must be a stable
rectangle (possibly encircling the torus). Indeed, if C does not coincide with
its circumscribed rectangle, certainly there is a minus spin in σ with less
than three negative neighbouring spins, that can flip into plus by strictly
decreasing the energy. C cannot be ephemere, otherwise the two extreme
plus spins can flip into minus by decreasing the energy. Finally C cannot
be a rectangle with m = L − 1, namely almost encircling ( and then self-
interacting, otherwise there would be sites containing−1 spins and adjacent
to the exterior to two opposite sides of C , that could flip by decreasing the
energy (self-coalescence of C).

(2) Every rectangular cluster of σ must be isolated from the others, otherwise
there would exist, between two rectangles, a minus spin with less than three
negative neighbouring spins that could flip by strictly decreasing the en-
ergy; in other words an energetically favourable coalescence between two
rectangles could take place.

This proves the assertion of the lemma. �
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7.3 Subcritical and supercritical rectangles
In order to discriminate between rectangles having a tendency to shrink (subcriti-
cal) and those having a tendency to grow (supercritical) we make use of methods
and results developed in Chapter 6. The main model dependent problem that we
have to solve concerns the determination of the set of minimal saddles between a
given rectangle and the others. The result is contained in the following.

Lemma 7.10 Let B̄ = B̄(R(l1, l2)) be the basin of attraction (see Definition 6.15
in Chapter 6) of a non-winding configuration whose unique cluster is the stable
rectangle R = R(l1, l2) (with a specific location, say centred at the origin). Then,
recalling l = l1 ∧ l2, the set U = U (l1, l2) of minima of the energy in the bound-
ary of B̄(R(l1, l2)) is given

(a) for l < l∗ by the set U− = U−(R(l1, l2)) of clusters obtained from R(l1, l2)
by eroding l − 1 unit squares adjacent to the interior to one of the edges of
R of minimal length l,

(b) for l ≥ l∗ by the set U+ = U+(R(l1, l2)) of clusters obtained from R(l1, l2)
by attaching a unit square protuberance to one of its edges (see Figure 7.2).

Proof To get the proof it is sufficient to prove that

U (l1, l2) ⊆ (U+ ∪ U−) (7.17)

since then the lemma follows by direct comparison of

E+ := H(U+)− H(R) = 2J − h, with E− := H(U−)− H(R) = h(l − 1).
(7.18)

We first observe that U+, U− are ‘saddle configurations’ between R and the
exterior of B̄ in the sense that they belong to ∂ B̄; thus they are candidates for
belonging to U (l1, l2). Indeed, as one can easily verify and as we have explained
in our heuristic discussion, from any σ ∈ U+ ∪ U−, with a suitable single spin-
flip we enter into B̄; on the other hand, from any σ ∈ U+ ∪ U− there exists a
downhill path leading to R′ �= R.

Then we can certainly use the criterion of comparison with U+, U− to ex-
clude the possibility that other configurations in ∂ B̄, with energy strictly higher
than H(U+) ∧ H(U−), could be elements of U . We know, by the very defini-
tion of basin of attraction, that certainly, for any configuration η in ∂ B̄, there ex-
ists an uphill path ω : R → η; namely ∃ T, ω1, . . . , ωT , ωi ∈ X , P(ωi , ωi+1) >

0, H(ωi+1) > H(ωi ), i = 1, . . . , T − 1, ω1 = R, ωT = η.
Indeed, given η ∈ ∂ B̄, certainly for all σ ∈ B̄ with P(σ, η) > 0 we must

have H(η) > H(σ ), otherwise we would have a downhill path emerging from
σ through η and then not ending in R, which would contradict σ ∈ B̄(R).

So we have

B̂(R) ⊇ ∂ B̄ (7.19)

(see Definition 6.15 in Chapter 6).
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We notice that no uphill path, starting from R and ascending to some η ∈ U ,
can contain a flip of a spin surrounded by four opposite spins, which would
involve an increment of the energy of an amount 4J − h or 4J + h. More-
over we notice that no such uphill path, ascending to some η ∈ U , can contain
even only one ‘edge erosion’, namely a flip of a +1 spin adjacent to the inte-
rior to a flat portion of the boundary of a cluster and then having three neigh-
bouring positive spins. Indeed this involves an increment ,x H(σ ) = 2J + h >

H(U+)− H(R) = 2J − h. Thus we are left to consider only two possible moves
which increase the energy: a flip of a minus with three neighbouring minus (for-
mation of a plus unit square protuberance) or a flip of a plus with two neighbour-
ing minus (a corner erosion or the break of a segment).

Notice that an uphill path that joins R to U can contain a step with ,H =
2J − h, corresponding to the formation of a unit square protuberance, only
once; in fact such a path can only consist of a single step starting from R it-
self and leading to U+; otherwise, since F(B̄) = R, we would overpass the en-
ergy of U+, so U+ is the only candidate to be an element η ∈ U with plus spins
outside R.

Then the allowed single step, in an uphill path ascending to U \ U+, can only
involve an increment ,x H(σ ) = h which corresponds to shrinking the region
occupied by plus spins. Thus, in the search for a configuration η ∈ U \ U+, we
can restrict ourselves to the case with a circumscribing rectangle R′ ⊆ R. In fact,
it is easy to convince oneself that it must be R′ = R since any configuration with
circumscribed rectangle R′, strictly contained in R, cannot be connected to B̄ by
a single spin-flip.

Starting from R the first steps with ,x H(σ ) = h certainly correspond to cor-
ner erosions, i.e., flips of plus spins sitting inside an external corner. The other
possible step with ,x H(σ ) = h corresponds to the flip of a plus spin sitting in-
side a segment (a portion of cluster with thickness one) which induces fragmenta-
tion into two clusters. It is easy to see that if η ∈ U is obtained by R via an uphill
sequence of corner erosions, it must contain a unique connected cluster inscribed
in R and this cluster must be monotonous. Indeed a sequence of angle erosions
preserving connection also preserves monotonicity. On the other hand, if by a se-
quence of corner erosions we go to a non-connected configuration, we certainly
have to cross a configuration η̄ with a unique connected monotonous cluster such
that a suitable single spin-flip is able to disconnect it (last passage to the set of
connected configurations). It is easy to convince oneself that since the rectangle
circumscribing η̄ is the original one, namely R(l1, l2), necessarily the number of
minus spins in η internal to R(l1, l2) is at least equal to l1 + l2 − 1 which is strictly
larger than l − 1, so that H(η)− H(R(l1, l2)) > H(U−)− H(R) = h(l − 1).
Thus to find U \ U+ actually we can restrict ourselves to a connected monotonous
cluster inscribed in R. We notice that, in order to be in ∂ B̄, a single monotonous
cluster η must have an intersection with at least one of the four sides of R given
by a unit segment. Otherwise, if all intersections of the boundary of the unique
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cluster of η with the four edges of R were of length ≥ 2, then, necessarily, we
would have η ∈ B̄.

In other words the intersection of (the region occupied by plus spins in) η with
at least one row or column of thickness one adjacent to the interior to the boundary
of R must be given by a unit square q . Then η is the union of q with η′, given
by a unique monotonous cluster, inscribed in R(l ′1, l ′2) with l ′1, l ′2 = l1 − 1, l2 or
l ′1, l ′2 = l1, l2 − 1. Among these configurations, those of minimal energy are given
by η′ ≡ R(l ′1, l ′2) where R(l ′1, l ′2) is obtained from R(l1, l2) by cutting one of the
shorter sides so that η ∈ U−.

The lemma is proved. �

The above lemma justifies the following

Definition 7.11 We call a rectangle R(l1, l2) supercritical if either l = l1 ∧ l2 ≥
l∗ or m = l1 ∨ l2 ≥ L − 1 (R(l1, l2) is encircling or almost encircling the torus).
A rectangle that is not supercritical is called subcritical.

Notice that the case of an ephemere almost encircling rectangle is considered here
to be supercritical even though, as we have already said, it is easily seen to be a
‘saddle configuration’ between −1 and +1.

Remark We notice that given any rectangle encircling the torus (winding config-
uration) R(l1, l2), with m = L and 1 ≤ l ≤ L − 2, we have that U (l1, l2) is given
by the set U+ obtained from R(l1, l2) by attaching a unit square protuberance to
one of its edges of length L .

7.4 Subcritical configurations and global saddles
We call global saddles the elements of S(−1,+1).

Claim 7.12 A set G exists satisfying the stronger version of the properties intro-
duced in Proposition 6.17 i.e., recalling P has been defined before (7.7),

(a) G 3 −1, G �3 +1,
(b) G is connected,
(c) P ⊆ ∂G, ∀ η ∈ P there exists a path ω : −1 → η, ω \ η ⊆ G, with

H(ζ ) < H(P), ∀ ζ ∈ ω, ζ �= η,

moreover there exists a path ω′ : η →+1, ω′ ∩ G = ∅ with

H(ζ ) < H(P), ∀ζ ∈ ω, ζ �= η,

(d) P ≡ F(∂G).

Then, taking this claim for granted, it easily follows by Proposition 6.17 that
if A−1 = {ζ : ∃ ω : ζ →−1; ∀η ∈ ω, H(η) < H(P)} ≡ maximal con-
nected set containing −1 with energy less than H(P), A+1 = {ζ : ∃ ω : ζ →
+1; ∀η ∈ ω, H(η) < H(P)} ≡ maximal connected set containing +1 with
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energy less than H(P), then:
(1) A−1 ⊆ G, A+1 ⊆ X \ G,
(2) A−1, A+1 are cycles with U (A−1),U (A+1) ⊇ P ,
(3) H(P) = �(−1,+1). P ⊆ S(−1,+1).
Moreover, from the strong property F(∂G) ≡ P , we deduce that P is a gate

for the transition −1 →+1.
The idea in constructing such a G is to find a criterion to decide whether or

not a given configuration η is subcritical, namely whether �(η,−1) < �(η,+1).
It is clear that a natural candidate for G is the set of all configurations that are
subcritical according to that criterion. Using Lemma 7.10 and the remark follow-
ing Definition 7.11, we are already able to decide whether or not a configuration
with a single rectangle is subcritical or supercritical, similarly for a set of non-
interacting rectangles. It is clear that the set X of all configurations is just a finite
set that, however, tends to be geometrically very complicated for large volumes
(: indeed for large ( it tends to be an infinite dimensional space whose ele-
ments are sets of polygons (the boundaries of the clusters). Thus it is convenient
to introduce a rough description of a generic configuration in terms of isolated
rectangles. We stress that the set G will be just an estimate of the ‘true’ set of
subcritical configurations.

We introduce a map F on the set Xnw of non-winding configurations (see
Definition 7.2) with values in the set of configurations whose set of clusters are
collections of isolated rectangles and for σ ∈ Xnw we write:

σ̂ = Fσ. (7.20)

F will satisfy the properties:
(i) F decreases the energy

H(σ̂ ) ≤ H(σ ), (7.21)

(ii) F increases the set of pluses

σ ≺ σ̂ (7.22)

where σ ≺ η means σ(x) ≤ η(x), ∀x ∈ (,
(iii) F is a monotonous increasing map

σ̂ ≺ η̂ for σ ≺ η. (7.23)

For a set Q given as the union of disjoint clusters Q = C1 ∪ . . . ∪ Ck , we de-
note by R(Q) its rectangular envelope given by the smallest rectangle containing
Q. Notice that every edge of R(Q) contains at least one unit segment belonging
to the boundary of Q.

Now, for any non-winding σ , we construct the new (not necessarily non-
winding) configuration

σ̂ = Fσ
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by ‘filling up’ and ‘gluing’ together some of its rectangular envelopes. To this end
we first introduce the notion of chains of rectangles.

A set of rectangles R1, . . . , Rm is said to form a chain . if every pair (Ri , R j )

of them can be linked by a sequence {Ri1 , . . . , Rin } of pairwise interacting rect-
angles from .; Ri1 = Ri , Rin = R j , and Ris , Ris+1 are interacting pairs for all
s = 1, . . . , n − 1.

Given a collection of chains .1, . . . , .n we start the following iterative proce-
dure:

(1) the chains .
(1)
j of the ‘first generation’ are identical to . j ; j = 1, . . . , n;

(2) having defined .
(r)
j , j = 1, . . . , nr , we construct rectangular envelopes

R(r)
j of the sets

⋃
R∈.(r)

j

R

and the maximal chains .
(r+1)
j of them ( j = 1, . . . , nr+1).

The procedure ends once we reach a set of chains, each consisting of a single
rectangle. Notice that every pair from the resulting set is non-interacting.

Starting now from any non-winding configuration σ , we apply the above con-
struction on chains of rectangular envelopes of its outer contours and define σ̃ as
the configuration obtained by placing the spin +1 at all sites inside the resulting
rectangles R̄1, . . . , R̄s (filling up the rectangles).

Notice that it may happen that a configuration σ is non-winding but, by the
above construction, we get some rectangles R(l1, l2) encircling or almost encir-
cling the torus; we recall that by ‘almost encircling the torus’ we mean that the
maximal side length m := l1 ∨ l2 equals L − 1 and thus, so to speak, R(l1, l2)
interacts with itself. If we do not have any such rectangles we define σ̂ = σ̃ ,
otherwise we complete our construction in the following way. First change into
pluses the residual minuses sitting on sites x having two of its neighbours in one
of the above rectangles. If the new configuration σ̃ ′ obtained in this way con-
tains only non-interacting rectangles we stop our construction and set σ̂ := σ̃ ′.
However it may happen that σ̃ ′ contains pairs of interacting rectangles made of
an efhemere and a winding rectangle. In this case we continue our construc-
tion in terms of chains like before and in this way we finally obtain the con-
figuration σ̂ containing neither interacting nor self-interacting rectangles. No-
tice that σ̂ does not necessarily correspond to a minimum for H ; indeed it may
contain ephemere rectangles. Moreover, we repeat, in σ̂ we may have rectan-
gles encircling the torus but we cannot have rectangles almost encircling the
torus.

The above construction can be easily described in terms of ‘bootstrap per-
colation’ (see [2]). Consider the following updating rule that can be seen as a
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deterministic cellular automaton. Given a configuration σ ∈ X at time t , the con-
figuration σ ′ at time t + 1 is obtained as follows:

(i) occupied sites (i.e. sites x ∈ ( such that σ(x) = +1 ) remain occupied,
(ii) if an empty site has two or more occupied nearest neighbours it becomes

occupied. Otherwise it stays empty.
It is easy to see that for every σ ∈ X there exists T = T (σ ) such that if we

repeat T times the above updating we end up with exactly the same invariant con-
figuration σ̂ that we have defined before, containing a finite set of non-interacting
and non-self-interacting rectangles, some of which can encircle the torus. Notice
that +1 is a particular case of σ̂ . We have given the definition of σ̂ also in terms
of a hierarchy of chains because this approach can be extended to different mod-
els whereas bootstrap is a notion specifically relevant only for the standard Ising
model.

The property H(σ ) ≥ H(σ̂ ) is verified immediately.
Indeed, given any configuration giving rise to a single cluster C not coincid-

ing with its rectangular envelope, certainly there exists a sequence of spin-flips
decreasing the energy and increasing the plus spins, that leads to σ̂ . Moreover
whenever a configuration σ has clusters C ′, C ′′ with interacting rectangular en-
velopes R′ = R(C ′), R′′ = R(C ′′), we decrease the energy by filling the rectan-
gular envelope of the union of R′ and R′′. This is evident in both cases (i) and (ii)
of the definition of interacting rectangles (see Definition 7.8), since the number
of broken bonds (i.e. pairs of nearest neighbour opposite spins) is non-increasing,
whereas the volume occupied by plus spins is increasing.

Using this observation in an iterative manner, we can construct a sequence of
configurations of decreasing energy starting with σ and ending with σ̂ .

The monotonicity of the map F is also evident.
Now we are ready to define the set G, namely, we introduce G as the set of all

non-winding configurations σ such that every resulting rectangle R̄(l1, l2) from
the configuration σ̂ is subcritical (l = l1 ∧ l2 < l∗ and m = l1 ∨ l2 < L − 1) and
not interacting with any other rectangle.

Notice that whenever σ̂ �= σ̃ , i.e. σ̃ contains almost winding rectangles, then
certainly σ is out of G. Thus we could have avoided introduction of the comple-
tion σ̂ of σ̃ ; we did it just to be completely coherent with the boostrap transfor-
mation of Aizenman and Lebowitz.

The required property (a) of Claim 7.12 of G is obvious; property (b) saying
that G is connected is easily verified since, given σ, η ∈ G it is easy to construct
a path ω̂ : σ → η, ω̂ ⊆ G; indeed it suffices to note that there exist two paths
ω̄ : σ →−1, ω̃ : η →−1, ω̄, ω̃ ∈ G; such paths ω̄, ω̃ are obtained by succes-
sively flipping all plus spins of σ, η, respectively, following a sequence of corner
erosions.

It is also immediate to verify that P ⊆ ∂G; moreover the path ω whose exis-
tence is required in property (c) is, for example, a step by step contraction of P



416 Metastable behaviour for lattice spin models

obtained by successively eliminating, using only the corner erosion mechanism,
all its plus spins whereas ω′ is a growth obtained by successively creating plus
spins, around a unique cluster, up to total invasion of the whole (.

More explicitly, given a configuration in P , the first step in ω consists in re-
moving the unit square protuberance, by gaining an amount 2J − h of energy.
Subsequently, we erode, by corners, all but one of the plus spins adjacent to the
interior to a side of the rectangle of length l = l∗ − 1 (notice that the length of
the side to which the unit square protuberance was adjacent is l∗). In this way, we
increase the energy an amount h(l∗ − 2) < 2J − h so we stay strictly below P in
energy. Continuing in this way we reach −1 always remaining below H(P).

Given σ ∈ P , the first step in ω′ consists in flipping into plus one of the mi-
nus spins adjacent to the rectangle with l = l∗ − 1,m = l∗ and to the unit square
protuberance, by getting, in this way, a stable 2× 1 rectangular protuberance, at-
tached to the rectangle with l = l∗ − 1,m = l∗. Then we continue by successively
flipping the minus spins adjacent to the growing protuberance and to the rectan-
gle, until we get to a configuration consisting of the square l∗ × l∗. In this way
we decrease the energy an amount h(l∗ − 1). Then we create a unit square pro-
tuberance adjacent to the exterior of one of the four sides, by paying an amount
2J − h < h(l∗ − 1) of energy; thus we stay below P . Then we continue in the
same way up to +1.

Note that joining the time reversal of ω with ω′ we get a reference path accord-
ing to the definition in equation (7.46) below.

Our next task is to analyse the boundary ∂G and to prove property (d).
Recall that L is only supposed to be strictly larger than l∗ + 2; it will appear

clear from what follows that choosing L much larger than l∗ would simplify the
treatment of those configurations in ∂G that correspond to supercriticality given
by the case m = l1 ∨ l2 ∈ {L − 1, L}.

Let η ∈ ∂G; then there exists σ ∈ G and x ∈ ( such that η = σ (x) /∈ G. As a
consequence of the monotonicity of the map F , σ(x) is necessarily−1; otherwise
σ ∈ G would imply also η ∈ G. Moreover, for the same reason, the site x lies
outside of all rectangles R̄1, . . . , R̄s corresponding to σ̂ . Among the rectangles
corresponding to η̂ there exists a rectangle R̄(l1, l2) with the following properties:

(i) R̄ is supercritical,
(ii) it contains the site x and several rectangles R̄i , say, R̄1, . . . , R̄k , corres-

ponding to σ̂ ; the remaining rectangles R̄k+1, . . . , R̄s are also rectangles
of η̂.

Our aim now is to prove that

H(η)− H(−1) ≥ ) = 4Jl∗ − h
[
(l∗)2 − l∗ + 1

]
. (7.24)

Consider first the configuration η̃, H(η) ≥ H(η̃), whose set of plus spins con-
sists of the site x and the rectangles R̄1, . . . , R̄k (the energy decreases when
skipping the subcritical rectangles R̄k+1, . . . , R̄s). Further, consider the set C (0)
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Figure 7.4

consisting of the union of the unit square q(x) centred at the site x and the rectan-
gle (if any) among R̄1, . . . , R̄k that intersects q(x) along one of its edges; given
the fact that the rectangles R̄1, . . . , R̄k are mutually non-interacting, there is at
most one among these rectangles, say R̄1, touching an edge of q(x).

Let us now take the rectangular envelope R̄(1) of C (0) and distinguish two
cases, either the rectangle R̄(1) is supercritical or not. (Notice that both C (0) and
R̄(1) may actually coincide with q(x).) See Figure 7.4. If R̄(1) is supercritical, we
decrease the energy of η̃ further by erasing all rectangles among R̄1, . . . , R̄k that
were not contributing to the set C (0) and consider the configuration yielded by the
set C (0).

Suppose that R̄(1) is supercritical because its larger side is m = L − 1 (m can-
not be equal to L otherwise σ̂ would have almost encircled (); since it is ener-
getically favourable to add edges of length L − 1 > l∗, we see that the case with
minimal energy corresponds to l = l∗ − 1 so that

H(C (0)) > H(P), ∀L ≥ l∗ + 3. (7.25)

Notice that if we had chosen L = l∗ + 2 we would have had the possibility
H(C (0)) = H(P).

On the other hand, it is easy to convince oneself that among the other cases,
with R̄(1) supercritical because it has minimal edge l ≥ l∗, the one with minimal
energy corresponds to R̄1 with edges l∗ − 1, l∗ and q(x) touching one of the sides
of length l∗ so that C (0) ∈ P . Indeed R̄1 must be of the form R(l∗ − 1,m) (or
R(m, l∗ − 1)) with m ≥ l∗ and we know that contracting orthogonally to the edge
l∗ − 1, i.e. cutting a row or column of length l∗ − 1, decreases the energy. This
yields the bound (7.24) with the equality holding if and only if C (0) ∈ P .

Next, consider the case when R̄(1) is subcritical. Take R̄(1) and all rectangles
R̄2, . . . , R̄k (that were not used for C (0)) and construct from them the set of chains
{.(1)

j } j=1,...,n1 of the first generation. A sequence {.(r)
j } j=1,...,nr , r = 1, . . . , s of

sets of chains of following generations is obtained from it by iteration. Since the
rectangles R̄1, . . . , R̄k are mutually non-interacting, for every generation r we get
a chain, say .

(r)
1 , consisting of a rectangle R̄(r) containing the site x and certain

subset of R̄1, . . . , R̄k . The remaining chains .(r)
j , j = 2, . . . contain each just one
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rectangle from those among R̄1, . . . , R̄k that have not appeared in .
(p)
1 , p ≤ r ,

in the preceding steps. Clearly, there is only one chain in the last generation,
.

(s)
1 = {R̄(s)} ≡ {R̄}.
Let us now consider the last rectangle R̄(p) among R̄(r), r = 1, . . . , s that is

subcritical and take the chain .
(p)
1 with the rectangles in .

(p)
1 \ R̄(p) ordered in

a particular way, say in lexicographic order of their upper left corner. Notice that,
by hypothesis the rectangles in .

(p)
1 \ R̄p are non-interacting, so they form the

chain .
(p)
1 together with R̄p only because they interact directly with R̄p. Let us

unite them, one by one in the given order, with the rectangle R̄(p) until the cir-
cumscribed rectangle is supercritical. Cutting off the remaining rectangles from
the chain .

(p)
1 we get the chain .̃

(p)
1 ⊆ .

(p)
1 . Let us use R̃′ to denote the last rect-

angle that was attached to form the chain .̃
(p)
1 , and R̃ the circumscribed rectangle

to the union of rectangles from .̃
(p)
1 \ {R̃′}. Clearly, R̃ and R̃′ are subcritical in-

teracting rectangles with a supercritical envelope R∗ of their union. Then we have
two possible situations.

Case (A). There exists a rectangle R(l1, l2) =: Q∗ with l1 = l2 = l∗ (first su-
percritical square), contained in R∗ such that it intersects both rectangles R̃ and
R̃′ in non-degenerated rectangles R̂ and R̂′, R̂ = R̃ ∩ Q∗ and R̂′ = R̃′ ∩ Q∗, and
has non-empty intersection also with the intersection R̃ ∩ R̃′ (if it is non-empty).

Case (B). R∗ has its larger side of length l1 ∨ l2 ∈ {L − 1, L}, i.e. R∗ is en-
circling or almost encircling the torus; moreover the shorter side is l1 ∧ l2 = l ∈
[1, l∗ − 1].

Now we observe that, given a rectangle R(l1, l2) we decrease the energy if we
contract it along a direction orthogonal to a side l ≤ l∗ − 1; moreover we decrease
the energy if we expand it along a direction orthogonal to a side l ≥ l∗. In other
words if we erase from a rectangle a column or row adjacent to the interior from a
side l ≤ l∗ − 1 or we add a column or row adjacent to the exterior to a side l ≥ l∗,
we decrease the energy.

Consider first case (A). Taking into account the above remark we further de-
crease the energy with the following transformation M that also further shrinks
the corresponding configuration.

Let l̃1, l̃2 be the edges of R̃ and l̂1, l̂2 be the edges of R̂ ≡ R̃ ∩ Q∗.
We distinguish two cases.

(1) If m = l̂1 ∨ l̂2 < l∗ we just substitute R̃ with R̂. We set R :=MR̃ ≡ R̂.
(2) if m ≥ l∗ we substitute R̃ with the rectangle R :=MR̃ = R(l, l∗) obtained

as intersection of R̃ with the strip of thickness l∗ containing Q∗ orthogonal
to the direction of the side of length ≥ l∗ of R̃ (see Figure 7.5).

We act in a totally analogous way with R̃′ to get R′ :=MR̃′.
One has

H(η̃) ≥ H(R̃)+ H(R̃′) ≥ H(R)+ H(R′), (7.26)

where H(R) denotes the energy of the configuration with plus in R and so on.
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To see this, it is enough to realize that the energy of η̃ is certainly higher than the
energy of all among the rectangles R̄(1), R̄2, . . . , R̄k that were subsequently used
in the construction of .̃

(p)
1 \ {R̃′} plus the energy associated with the rectangle

R̃′ (notice that R̃′ does not intersect the remaining rectangles from the original
set R̄1, . . . , R̄k used to construct .̃(p)

1 and it can only touch by its corners the set
C (0)). The first term can be subsequently bounded from below by H(R̃) and we
get the last inequality in (7.26) by observing that R, R′ are obtained from R̃ and
R̃′ by applying the transformation M; R̃ and R̃′ are subcritical and thus one gains
energy by reducing them to R and R′ via successive cuttings of rows or columns
shorter than l∗.

Now, consider the case when both R = R̂ and R′ = R̂′. We have

H(R)+ H(R′) > H(Q∗)+ h(l∗ − 1) (7.27)

which implies (7.24). Indeed, if the rectangles R and R′ intersect in more than
one point, there is a surplus of at least two bonds in the sum of their boundaries
yielding at least 2J > (l∗ − 1)h. If R and R′ just touch in the corner, the boundary
has the same number of bonds as in Q∗ and there are at least l∗ minus sites
inside Q∗. If R and R′ are interacting according to case (ii) from Definition 7.8 of
interacting rectangles, the number of unit edges is at least that in the configuration
Q∗ but, again, there are at least l∗ minus inside the square Q∗; thus in all analysed
cases we get (7.27).
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Still in case (A), when the transformation M does not coincide with the inter-
section with Q∗ for both rectangles R̃, R̃′, there is at least one rectangle, between
R, R′, say R, with one of its edges of length l∗ and the other l = l1 ∧ l2 ≤ l∗ − 1.
We further decrease the energy by expanding, if necessary, orthogonally to the
large side and thus always taking l = l∗ − 1. From this, using (7.26), since the
energy of the other (subcritical) rectangle R′ is always larger than or equal to
the energy of a unit square that, in turn, is strictly larger than 2J − h, we get
(7.24); indeed 2J − h represents the difference between ) and the energy of an
l∗ × (l∗ − 1) rectangle.

Let us now analyse case (B).
In this case, with reasoning similar to that leading to (7.27) in case (A), we

easily get:

H(η̃) ≥ H(R̃)+ H(R̃′) ≥ H(R∗)+ hl∗. (7.28)

Since the minimal side length of R∗ is l < l∗ and the maximal one is m ≥ l∗ + 2,
we strictly decrease the energy by substituting R(l∗ − 1, l∗) for R∗, so that we get:

H(R∗) > H(R(l∗ − 1, l∗)). (7.29)

We conclude that

H(η̃) > H(P). (7.30)

From (7.30) and (7.25) we deduce that when L > l∗ + 2 the minimal saddles on
∂G and then the minimal saddles between −1 and +1 never correspond to the
formation of a cluster encircling the torus.

Thus, we are left with the task of finding configurations in ∂G for which the en-
ergy equals the right-hand side in (7.24). Let us suppose that η satisfies the equal-
ity in (7.24). Then, necessarily, R̄(1) in the construction above is supercritical. If
it were not and other steps of the construction and filling of final chains followed,
we would run into a contradiction since in every one of those steps the energy
strictly decreases with, as the proof shows, the inequality (7.24) maintained. This
excludes the possibility of having an equality for the starting configuration η.
Similar reasoning also shows that η = η̂. Hence, C (0) consists of q(x) attached
to a single rectangle and to get the equality in (7.24) it must be a (l∗ − 1)× l∗

rectangle (see Figure 7.4). Thus, the only possibility of achieving an equality in
(7.24) is to take η ∈ P and we can conclude that

min
σ∈∂G

H(σ ) = H(P)

and

min
σ∈∂G\P

H(σ ) = H(P)+ h,

which implies property (d) of G.
This concludes the proof of the claim.
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Now it is easy to conclude the proof of Theorem 7.1. Indeed let Msub denote
the set of subcritical minima ζ ∈ Xnw, i.e. no rectangles in ζ (if any) encircle (or
almost encircle) the torus and all the rectangles in ζ have minimal side length
smaller than the critical value l∗. Suppose, for simplicity, that ζ ∈ Msub contains
a unique subcritical rectangle. Let B(ζ ) be the strict basin of attraction of ζ (see
Definition 6.15 in Chapter 6); we know, by Lemma 7.10, that the set of minimal
saddles in its boundary (see Chapter 6 after Definition 6.13) is given by U−(ζ ).
It follows from Theorem 6.23 and Proposition 6.29 applied to the cycle B(ζ ) that
for all ε > 0, within a time eβ(h(l−1)+ε) our process, with a probability tending to
one as β →∞, will escape from B(ζ ) ∪ ∂B(ζ ) through U−. Moreover, looking
at U−, we deduce that it will enter into B(ζ ′) where ζ ′ is a rectangular configura-
tion obtained from ζ by cutting one row or column of minimal length. Indeed all
downhill paths emerging from U− ≡ F(∂B(ζ )) and going outside B(ζ )), enter
B(ζ ′)) for one of the above specified ζ ′. The general case of ζ containing several
rectangles is analogous. In this way, by iterating the argument we conclude that
for all ζ ∈ G and ε > 0,

Pζ

(
τ−1 < eβ[h(l∗−1)+ε] ; τ−1 < τ∂G

) → 1 as β →∞. (7.31)

Next, by applying Theorem 6.23(ii), (iv) to the cycle A−1 ⊆ G we know that
for all ε, ε′ > 0 and β sufficiently large:

P−1
(
τP < eβ()+ε)

)
> e−ε′β. (7.32)

So, by (7.31), (7.32), using recurrence as in (6.41) in Chapter 6, we deduce that
for all ε > 0, ζ ∈ G,

Pζ (τ∂G < eβ()+ε)) → 1 as β →∞. (7.33)

On the other hand, using (d) of Claim 7.12 we know that

)′ := min
η∈∂G\P

H(η)− H(−1) > ). (7.34)

Combining (7.33), (7.31), (7.34), with the simple consequence of stationarity of
the Gibbs measure given by Lemma 6.21, we get that, analogous to Corollary
6.25, for all ζ ∈ G,

Pζ (στ∂G �∈ P) → 0 as β →∞. (7.35)

Using an argument like the one leading to the proof of Proposition 6.29 we
conclude that

Pζ (τP̄ < eβ()+ε)) → 1 as β →∞, (7.36)

where P̄ is the set of configurations obtained from P by flipping a minus spin ad-
jacent both to the quasi-square and to the unit square protuberance; in other words
the configurations in P̄ are obtained from those in R(l∗−1, l∗) by attaching to one
of the longer sides of the the quasi-square a stable 1× 2 rectangular protuberance.
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Starting from P̄ , which certainly belongs to the cycle A+1, by Corollary 6.24
we deduce that for all ε > 0

PP̄ (τ+1 < eβ(2J−h−ε)) → 1 as β →∞, (7.37)

since the maximal internal barrier �(A+1) is seen immediately to be 2J − h.
Again by Lemma 6.21, since ) = minσ∈∂G H(σ )− H(−1), we have for all

ε > 0,

P−1(τ∂G > eβ()−ε))→ 1 as β →∞. (7.38)

By (7.36) and (7.37) on the one hand, and (7.38) on the other hand, using that
G is connected, contains −1 but not +1, so that any path ω : −1 →+1 has to
cross its boundary, we conclude the proof of point (i) of Theorem 7.1.

To prove point (ii) we note that the fact that P is a gate for the transition
−1 →+1 (consequence of Claim 7.12) implies that with a probability tending
to one as β tends to infinity, our process will visit P during the first excursion
between −1 and +1. Indeed a path not visiting P between θ−1,+1 and τ+1 has to
cross ∂G at an energy strictly larger than H(P):

P−1(θ−1,P,+1 > τ+1) ≤ P−1(τ∂G\P < τ+1). (7.39)

Given any δ > 0, we write:

P−1(τ∂G\P < τ+1) ≤ P−1(τ∂G\P < eβ()+δ))+ P−1(τ+1 > eβ()+δ)). (7.40)

By point (i) of Theorem 7.1 and Lemma 6.21, choosing δ < minσ∈∂G\P
H(σ )− H(−1)− ) we get point (ii). The proof of Theorem 7.1 is
concluded. �

Remark We have already seen that P , as a consequence of Claim 7.12, is a
gate for the transition −1 →+1. Moreover it also follows from point (c) of
Claim 7.12 that P is a minimal gate; indeed for all η ∈ P there is a path in
(−1 →+1)opt intersecting S(−1,+1) only in η. This also shows that P ≡
G(−1,+1) (see Definition 6.10). Indeed take any ξ ∈ S(−1,+1) \ P; given any
ω ∈ (−1 →+1)opt such that ω ∩ S(−1,+1) 3 ξ , we know that it has to visit P
but since, as already noticed, for all η ∈ P there exists ω′ ∈ (−1 →+1)opt such
that ω′ ∩ S(−1,+1) = η, we deduce that ξ is unessential (see after Definition
6.10) and, by Proposition 6.11, we conclude that ξ ∈ S(−1,+1) \ G(−1,+1) so
that G(−1,+1) ≡ P .

We notice that the argument of the proof of Theorem 7.1 and in particular
Claim 7.12 justifies the choice of A−1 as the basin of metastability. Indeed our
process, with high probability for large β, will stay inside A−1 before performing
a transition to +1 through P .

Finally it is immediate to show that with high probability for large β, our pro-
cess visits P between θ−1,+1 and τ+1 only once.
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Let us now state a more detailed result concerning the tube of typical trajectories
during the first excursion from −1 to +1.

We first introduce a standard tube (of rectangles) as a subset T of (Z+)2 con-
sisting of points corresponding either to ‘small quasi-squares’ (with l = l1 ∧ l2 <

l∗) or ‘large rectangles’ (with l = l1 ∧ l2 ≥ l∗ ):

T = L1 ∪ L2. (7.41)

Here (see Figure 7.6)

L1 = {l ≡ (l1, l2) ∈ (Z+)2 : 1 ≤ l1 ∧ l2 ≤ l∗ − 1, |l1 − l2| ≤ 1},
L2 = {(l1, l2) ∈ (Z+)2 : l∗ ≤ l1 ∧ l2 ≤ L}. (7.42)

We call a standard sequence of rectangles any sequence l(1), . . . , l(2L−1), l(i) ∈
(Z+)2 such that

{l(i)}i=1,...,2L−1 ∈ T ,

l(1) = (1, 1) and the sequence {l(i)}i=1,...,2L−1 is monotonous and consists of
nearest neighbours in the sense

l(i+1) ≡ (l(i+1)
1 , l(i+1)

2 ) = (l(i)1 , l(i)2 )+ e,

where e is either e1 = (1, 0) or e2 = (0, 1).
Let τ0, τ1, . . . , τn, . . . be random times after θ−1,+1 in which σt visits the set

R of rectangular configurations (after a change):

τ0 = θ−1,+1

(see (7.9))

τn+1 = min
{
t > τn : σt ∈ R \ {στn }

}
, n = 0, 1, 2, . . . (7.43)
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We say that σt is an ε-standard path if
(1) στ0 = −1, {στn }n=0,1,... is a standard sequence of rectangles,
(2) the random times τn satisfy the following conditions:

(a) τ1 < eεβ, τ2 − τ1 < eεβ, τ3 − τ2 < eεβ,
(b) exp{β(h(l − 1)− ε)} ≤ τn − τn−1 ≤ exp{β(h(l − 1)+ ε)}, whenever

στn−1 ∈ R(l, l) for 2 ≤ l < l∗, or στn−1 ∈ R(l, l + 1) for 2 ≤ l < l∗,
(c) exp{β(2J − h − ε)} ≤ τn − τn−1 ≤ exp{β(2J − h + ε)}, whenever

στn−1 ∈ R(l1, l2) for l1 ∧ l2 ≥ l∗, l1 ∨ l2 ≤ L − 2.
We use Tε to denote the set of all ε-standard paths.
The results for the asymptotics of the first excursion from −1 to +1 are then

summarized in the following theorem.

Theorem 7.13 For all ε > 0:

lim
β→∞

P−1({σt }t=1,2,... ∈ Tε) = 1. (7.44)

Proof Consider the cycles A−1, A+1 given as the maximal sets of configurations
with energy smaller than H(P) containing −1,+1, respectively.

Recall that P is a minimal gate coinciding with G(−1,+1). Suppose we con-
dition to cross between θ−1,+1 and τ+1 the minimal gate P in η; it is seen im-
mediately that there are two classes of configurations, say η(−) and η(+), with
η(−) a singleton in A−1 and η(+) ⊆ A+1, such that between θ−1,+1 and τ+1 our
process performs the path η(−), η, η(+). η(−) is the quasi-square obtained from η

by removing the unit square protuberance, whereas η(+) is the set of configura-
tions obtained from η by flipping a minus spin adjacent both to the quasi-square
and to the unit square protuberance producing a stable 1× 2 protuberance. Then,
to find the tube of typical trajectories between θ−1,+1 and τ+1, we have to find
the typical tube of first exit from A−1 conditioning to στ∂ A−1

= η and the tube

of first descent to the bottom +1 of the cycle A+1 starting from η(+); to this
end, by applying Theorems 6.31 and 6.33, we have only to find the standard
cascades (see (6.176)) from η(−) in A−1 and from η(+) in A+1. The sequence
of minimaxes necessary to determine the standard cascades is easily deduced by
Lemma 7.10. This concludes the proof of the theorem. �

Notice that the case l1 ∨ l2 > L − 2 has to be treated separately, in the obvious
way.

7.5 Alternative method to determine �(−1, +1)
Let us now present, always for L ≥ l∗ + 3, another method to solve the main
model-dependent variational problem, i.e. to determine the communication height
�(−1,+1) between −1 and +1. It is much simpler but it is specific to the
standard stochastic Ising model since it exploits its peculiar properties. For n
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integer, 0 ≤ n ≤ |(|, we introduce the set

Vn :=
{
σ ∈ X :

∑
x∈(

1+ σ(x)

2
= n

}
, (7.45)

namely Vn is the set of configurations with a number of plus spins fixed at the
value n. It is clear that, by continuity of the dynamics, every path going from −1
to +1 has to cross each one of the sets V .

The reference path ωR Let us now introduce a particular path ωR : −1 →+1
that we call a reference path. We set ωR = {ωR

n } with n = 0, . . . , |(|, namely,

ωR
0 = −1, ωR

1 = {x0}, . . . , ωR
|(| = +1 (7.46)

where x0 is a fixed site in (, say the origin, and ωR consists of a growing sequence
of single clusters given by a quasi-square (R(l, l) or R(l − 1, l)) with a bar at-
tached to one of its largest sides (here by ‘bar’ we mean a rectangle R(1, l ′) with
l ′ ≤ l). These clusters are called standard polyominoes (for the two-dimensional
case) in [3].

Thus ωR hits every Vn with n = l2, n ∈ {1, . . . , |(| − 1}, in a square
R(l, l) and every Vn with n = l(l + 1), n ∈ {1, . . . , |(| − 1} in a quasi-square
R(l, l + 1). The part of ωR between R(l, l + 1) and R(l + 1, l + 1) is as follows:
first we add a unit square protuberance to one of the longest sides of R(l, l + 1);
then we flip, successively, the minus spins adjacent to the exterior to R(l, l + 1)
and to the growing bar, until we get R(l + 1, l + 1). Similarly we go from R(l, l)
to R(l, l + 1). The order of the directions of growth of the standard polyominoes,
as well as the sequence of growing bars attached to the quasi-square, may be
picked arbitrarily but are fixed.

An easy computation shows that maxσ∈ωR H(σ ) = H(P); we immediately get

�(−1,+1) = H
(
S(−1,+1)

) ≤ H(P). (7.47)

We observe that we can use ωR as reference path, for a comparison, for both the
transitions from Vl2 to Vl(l+1) and from Vl(l+1) to V(l+1)2 .

It is easy to solve the isoperimetric problem for n = l2, n = l(l + 1), i.e. to find
the configuration with minimal perimeter for a given number of plus spins. We get

F(Vl2) = R(l, l), F(Vl(l+1)) = R(l, l + 1); (7.48)

recall that by F(Q) we denote the set of ground states in Q ⊆ X (see Definition
6.2 in Chapter 6).

Indeed, let us first note that for any n ∈ N, given a number of up spins n, to
minimize the energy, i.e. the total perimeter p, it is always convenient to collect
the up spins into a single cluster without ‘holes’, in the following sense. Con-
sider a configuration η ∈ {−1,+1}( containing at least two disjoint clusters C1
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and C2; with a suitable translation of C1 towards the other clusters we can join
C1 to the rest in such a way that the translated C1 will have at least one unit
edge of its boundary in common with the boundary of another cluster; then the
total perimeter strictly decreases. In this way, by uniting the clusters of η we
can always transform it into another configuration η1 containing a single clus-
ter and having strictly smaller energy. Moreover if in η1 there are holes, namely
minus spins surrounded by a circuit of pluses, by moving plus spins lying in some
‘external corners’ where the number of n.n. plus spins is≤2 to some internal hole
whith number of n.n. plus spins ≥2, it is possible to construct a configuration
η2 without holes eventually by strictly decreasing the energy. Similarly, if η2 is
not monotonous, i.e. its perimeter is strictly larger than that of the circumscribed
rectangle, it is always possible to transform η2 into a configuration η3 containing
a single monotonous cluster by strictly decreasing the energy.

The energy of this configuration η3, when l1, l2 are the side lengths of the cir-
cumscribed rectangle, is 2J (l1 + l2)− hn + H(−1). Thus, to minimize the en-
ergy in Vn we are left to find l1, l2 ∈ N minimizing (l1 + l2) in the set l1l2 ≥ n,
1 ≤ l1, l2 ≤ n. It is an easy exercise to prove that if n is of the form n =
l2, n = l(l + 1), l ∈ N, this minimum is uniquely achieved for (l1, l2) = (l, l),
(l1, l2) ∈ {(l, l + 1), (l + 1, l)}, respectively, thus proving (7.48).

We have

�(Vl2 ,V(l2+1)) = �(R(l, l),V(l2+1)) = H(Ql)

�(Vl(l+1),V[(l+1)l+1]) = �(R(l, l + 1),V[(l+1)l+1]) = H(Pl) (7.49)

where Ql is the set of clusters obtained from the squares in R(l, l) by adding
a unit square protuberance to one of its sides; Pl is the set of clusters obtained
from the quasi-squares in R(l, l + 1) by adding a unit square protuberance to
one of its longer sides. To prove (7.49) we first notice that in order to determine
�(Vl2 ,V(l2+1)) we can restrict ourselves, in Vl2 , to R(l, l), otherwise we would
overpass the energy of the reference saddle given by ωR . Indeed we have

min
σ∈Vl2\R(l,l)

H(σ )− H(R(l, l)) ≥ 2J. (7.50)

It is immediate to show, using comparison with ωR , that �(R(l, l),V(l2+1)) ≤
H(Ql) = H(R(l, l))+ 2J − h; thus we have

�
(
Vl2 \R(l, l),V(l2+1)

) ≥ �(R(l, l),V(l2+1))+ h. (7.51)

But, evidently, �(R(l, l),V(l2+1)) ≥ H(Ql).
The case of �(Vl(l+1),V[(l+1)l+1]) is analogous; the proof of (7.49) is con-

cluded.
We have, in particular:

�(V(l∗−1)l∗ ,V[(l∗−1)l∗+1]) = H(Pl∗−1) ≡ H(P). (7.52)
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Since any path ω ∈ (−1 →+1)opt has to make the one-step transition between
V(l∗−1)l∗ and V[(l∗−1)l∗+1] we get from (7.52) that �(−1,+1) ≥ H(P) which,
together with (7.47), implies �(−1,+1) = H(P). This concludes the alternative
computation of the communication height between −1 and +1 and, looking at
ωR , also concludes the proof that S(−1,+1) ⊇ P . (Notice that the above method
does not prove that P is a gate.)

We remark that for L = l∗ + 1 the global saddle is just the set of rectangles
R(l∗ − 1, l∗) whereas for L = l∗ + 2 the global saddle (being also a minimal
gate) is given by the set (containing P) of clusters obtained by attaching a unit
square protuberance to any of the edges of a rectangle in R(l∗ − 1, l∗)

7.6 Extensions and generalizations
We want now to describe metastability and nucleation for other stochastic dy-
namics extending and generalizing, in various ways, the previously described
two-dimensional standard stochastic Ising model. We mainly consider the same
asymptotic regime as that of the previous chapter: sufficiently large but fixed vol-
ume, thermodynamical parameters such as the magnetic field fixed at values suffi-
ciently close to the coexistence region, in the limit of large inverse temperature β.
As previously noticed, from a physical point of view this means that we analyse
the local aspects of nucleation at very low temperature; mathematically we remain
in the Freidlin–Wentzell scenario so that we are still able to use the general results
of Chapter 6.

We always have, in the class of models we consider in this chapter, two con-
figurations, say ηm and ηs , corresponding to the initial metastable configuration
and to the stable configuration. Three groups of problems naturally arise.

(a) The asymptotics, namely to evaluate the asymptotic behaviour, for large β,
of the first hitting time to ηs starting from ηm ; in other words the analogue
of Theorem 7.1(i).

(b) The gate, namely to characterize, in the sharpest possible way, the set of
configurations that constitute the gate to the stable configuration ηs ; that is
to say the analogue of Theorem 7.1(ii).

(c) The tube, namely to characterize, in the sharpest possible way, the tube
of typical trajectories realizing the transition from ηm to ηs , in practice a
suitable subset of (ηm → ηs)opt . This can be seen as strengthening item
(b) up to determination of the ‘nucleation pattern’. It is the analogue of
Theorem 7.13.

As we have seen in the previous part of this chapter, to solve the above prob-
lems, we can use the general results of Chapter 6 and in particular Theorem 6.23,
provided we are able to solve some suitable model dependent variational prob-
lems. For this purpose we can follow, in some cases, a general approach gen-
eralizing that used for the two-dimensional standard stochastic Ising model. It
consists of three steps.
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(1) Give a geometrical description of those local minimum configurations
for the energy that are ‘close’ to ηm . In the two-dimensional standard
stochastic Ising model this corresponds to saying that among the non-
winding configurations the local minima are given by sets of isolated rect-
angles with minimal side larger than or equal to 2.

(2) Determine the tendency to grow or shrink for the droplets representing lo-
cal minima. For the two-dimensional standard stochastic Ising model this
corresponds to the fact that a non-winding rectangle has a tendency to grow
if and only if its minimal side length is larger than or equal to the critical
length l∗.

(3) Define a set G with the properties given in Proposition 6.17 with x =
ηm, x ′ = ηs . This, in particular, implies that we are able to determine the
communication height between ηm, ηs . The crucial point, and by far the
most difficult one, is to prove that the minimum of the energy on ∂G is
achieved in a suitable set P , which turns out to be contained in the set
S(ηm, ηs) of minimal saddles between ηm, ηs .

Intuitively G represents an estimate of the set of subcritical configurations. We
recall that for the two-dimensional standard stochastic Ising model, G was the set
of configurations σ whose image σ̂ , via the bootstrap percolation map, contains
only subcritical rectangles.

If we succeed in determining a set G with the required properties, then the
maximal connected component, containing ηm , with energy less than H(P) ≡
�(ηm, ηs), is a cycle representing the basin of metastability. It turns out that it
is not particularly important that we include in G some supercritical configura-
tions or that we exclude from G some subcritical configuration, provided these
configurations have an energy strictly larger than H(P).

It is also possible to follow another strategy that requires less complete control
of the energy landscape, but is only able in general to give the asymptotics, i.e.
the solution of problem (a). This approach is based on Theorem 6.38; it requires
the following items to be solved:

(1) evaluation of the communication height between ηm and ηs , i.e. the deter-
mination of ) := �(ηm, ηs),

(2) proof that every σ �∈ {ηm, ηs} is )0-reducible with )0 ≤ ), namely for
all σ �∈ {ηm, ηs} there exists a path ω : σ → {σ ′ : H(σ ′) < H(σ )} with
maxi H(ωi ) ≤ )0 + H(σ ); this corresponds to a recurrence property of the
dynamics to the set {ηm, ηs}, in a time of order at most e)0β .

We illustrate both methods in the case of the anisotropic Ising model.

7.7 The anisotropic ferromagnetic Ising model
in two dimensions

We consider a discrete time single spin-flip Metropolis dynamics for the
two-dimensional ferromagnetic Ising model with n.n. interaction and different
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couplings in horizontal and vertical directions. We call this the J1 J2 model. The
configuration space is X := {−1,+1}( with ( given by an L × L torus (square
with periodic boundary conditions). The energy associated with the configuration
σ is:

H(σ ) = − J1

2

∑
{x,y}∈H(()

σ (x)σ (y)− J2

2

∑
{x,y}∈V(()

σ (x)σ (y)− h

2

∑
x∈(

σ(x),

(7.53)
where H(() is the set of (unordered) horizontal nearest neighbour pairs in ( and
V(() is the set of (unordered) vertical nearest neighbour pairs in (. We suppose
that

J1 ≥ J2 8 h > 0 and L 8
(2J1

h

)
. (7.54)

Here 8 stands for ‘sufficiently larger than’. The interest in the study of
metastability for the J1 J2 model is essentially related to the fact that its zero
temperature Wulff shape is not a square. Indeed it is natural to define the zero
temperature Wulff shape as the shape minimizing the energy at fixed volume; it
is easy to see that in the case of the J1 J2 model it is given (modulo diophan-
tine problems) by a rectangle with side lengths l1, l2 proportional, respectively, to
J1, J2.

The main question that we address is whether or not the Wulff shape is rele-
vant for the nucleation pattern in the limit of large β; naı̈vely, since Metropolis
dynamics tends to minimize energy, one could conjecture a nucleation through
Wulff shapes. The relatively unexpected result that was obtained in [184] is
that the shape of the critical nucleus is square (then not Wulff) and, moreover,
the typical nucleation pattern is given initially by a sequence of growing quasi-
squares.

There are two relevant lengths given by l∗1 = [2J1/h]+ 1, l∗2 = [2J2/h]+ 1
(l∗2 ≤ l∗1 ). We suppose both 2J1/h and 2J2/h non-integer. The critical droplet
turns out to be a square with side length l∗2 .

Indeed, as in the isotropic case, the set of global saddles typically visited during
the first excursion between −1 and +1 coincides with the set P of protocritical
configurations, given by the set of configurations in which the plus spins are pre-
cisely those contained in a polygon given by a rectangle with sides l∗2 , l∗2 − 1 plus
a unit square protuberance attached to one of the longest sides that can be, inde-
pendently of the fact that J1 ≥ J2, either horizontal or vertical.

The statements of Theorem 7.1 hold unaltered in the case of the J1 J2 model,
with l∗2 in place of l∗ and ) := H(P)− H(−1) with H given by (7.53).

Indeed with the same definitions and notation as used in Theorem 7.1 we have
the following.

Theorem 7.14 [184] Let h < 2J2 ∧ 2(J1 − J2); there exists L0 such that for all
L ≥ L0, δ > 0
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(i) lim
β→∞

P−1(exp[β() − δ)] < τ+1 < exp[β() + δ)]) = 1,

(ii) lim
β→∞

P−1(θ−1,P,+1 < τ+1) = 1,

with θ−1,P,+1 as in (7.10).

Also the tube of typical trajectories during the first excursion from −1 to P is
unchanged; the behaviour during supercritical growth is very different. During
this epoch, the system behaves in a very anisotropic way.

To state this result, we first introduce a standard tube (of rectangles) as a
subset T of (Z+)2 consisting of points corresponding either to ‘small quasi-
squares’ (with l = l1 ∧ l2 < l∗2 ) or to ‘large rectangles’ (with either l2 = l∗2 or
l1 = L):

T = L1 ∪ L2 ∪ L3. (7.55)

Here (see Figure 7.7)

L1 = {l ≡ (l1, l2) ∈ (Z+)2 : 1 ≤ l1 ∧ l2 ≤ l∗2 − 1, |l1 − l2| ≤ 1},
L2 = {(l1, l2) ∈ (Z+)2 : l∗2 ≤ l1 ≤ L , l2 = l∗2 },
L3 = {(l1, l2) ∈ (Z+)2 : l1 = L , l∗2 ≤ l2 ≤ L}.

(7.56)

We call a standard sequence of rectangles any sequence l(1), . . . , l(2L−1), l(i) ∈
(Z+)2 such that

{l(i)}i=1,...,2L−1 ∈ T ,
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l(1) = (1, 1) and the sequence {l(i)}i=1,...,2L−1 is monotonous and consists of
nearest neighbours in the sense

l(i+1) ≡ (l(i+1)
1 , l(i+1)

2 ) = (l(i)1 , l(i)2 )+ e,

where e is either e1 = (1, 0) or e2 = (0, 1). Let θ−1,+1 be the last instant in which
σt = −1 before τ+1:

θ−1,+1 = max{t < τ+1 : σt = −1}. (7.57)

Let τ0, τ1, . . . , τn, . . . be random times after θ−1,+1 in which σt visits the set
R of rectangular configurations (after a change):

τ0 = θ−1,+1

τn+1 = min
{
t > τn : σt ∈ R \ {στn }

}
, n = 0, 1, 2, . . . (7.58)

We say that σt is an ε-standard path if
(1) στ0 = −1, {στn }n=0,1,... is a standard sequence of rectangles,
(2) the random times τn satisfy the following conditions:

(a) τ1 < eεβ, τ2 − τ1 < eεβ, τ3 − τ2 < eεβ,
(b) exp{β(h(l − 1)− ε)} ≤ τn − τn−1 ≤ exp{β(h(l − 1)+ ε)}, whenever

στn−1 ∈ R(l, l) for 2 ≤ l < l∗2 , or στn−1 ∈ R(l, l + 1) for 2 ≤ l < l∗2 ,
(c) exp{β(2J2 − h − ε)} ≤ τn − τn−1 ≤ exp{β(2J2 − h + ε)}, whenever

στn−1 ∈ R̂(l, l∗2 ) for l∗2 ≤ l ≤ L − 2,
(d) exp{β(2J1 − h − ε)} ≤ τn − τn−1 ≤ exp{β(2J1 − h + ε)}, whenever

στn−1 ∈ R̂(L , p) for l∗2 ≤ p ≤ L − 2.
We use Tε to denote the set of all ε-standard paths.
The results for the asymptotics of the first excursion from −1 to +1 are then

summarized in the following theorem.

Theorem 7.15 [184] For any ε > 0

lim
β→∞

P−1({σt }t=1,2,... ∈ Tε) = 1. (7.59)

Sketch of the proof As in the isotropic Ising model, a configuration containing
a single non-winding cluster is stable (i.e. a local minimum for H ) if and only if
this cluster is a rectangle with minimal side length l ≥ 2. Then, to understand the
result, the basic point is the following: the height of the energy barrier between a
rectangular configuration in R(l1, l2) (see Definition 7.3) and the set of all smaller
rectangles, is given by h(l − 1) with l = l1 ∧ l2. Then the speed of contraction
of a rectangle does not depend on J1, J2 but only on the smaller side length l.
This implies that a rectangle is subcritical if and only if h(l − 1) < 2J2 − h as
2J2 − h is the minimal energy barrier between R(l1, l2) and all larger rectangles.
In other words, as far as the contraction of a subcritical rectangle is concerned,
the behaviour of the J1 J2 model is exactly the same as that of the isotropic Ising
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model. Thus, since by reversibility the law of the first growth from −1 to the
protocritical droplet P is the time reversal of the law of the contraction starting
from P , the epoch of nucleation before reaching the critical droplet is exactly as in
the isotropic case; on the contrary, supercritical growth is totally anisotropic since
the typical time needed to grow in the 1-direction is exp[β(2J2 − h)] whereas
in the 2-direction it is exp[β(2J1 − h)] so that, before seeing the first vertical
protuberance, the growing supercritical droplet has already invaded the whole
volume ( in the 1-direction.

The strategy of proof for Theorems 7.14 and 7.15 is that described previously
in the isotropic case. There is only one main new difficulty related to the notion
of ‘interacting rectangles’, namely to the possible mechanisms of coalescence.
Now, since the horizontal coupling constant is J1, which is larger than the vertical
coupling constant J2, if we start from a configuration with two rectangles at a
distance one in the vertical direction then, typically, they will not coalesce in a
time of order one, as in the isotropic case; indeed coalescence, in this case, will
imply a strictly positive increment of energy equal to 2(J1 − J2)− h. Then this
mechanism can be active only if both rectangles have a minimal edge greater than
or equal to [2(J1 − J2)/h]+ 1 =: l∗; otherwise one of the two rectangles will
typically disappear before coalescing. This observation makes it natural to call
the rectangles with minimal side-length smaller than l∗ ‘ephemere’ and not to
call two rectangles ‘interacting’, if one of them is ephemere, even though they are
at a distance one in the vertical direction.

More precisely we give the following definition.
Two rectangles R = R(l1, l2) and R′ = R(l ′1, l ′2) are said to be interacting if

one of the following three possibilities occurs:
(i) the rectangles R and R′ intersect, or

(ii) there exists a unit square centred at some lattice site such that one of its
vertical edges is contained in R and the other in R′, or

(iii) there exists a unit square centred at some lattice site such that one of its
horizontal edges is contained in R and the other in R′ and, at the same time,
min(l1, l2, l ′1, l ′2) ≥ l∗, where

l∗ =
[

2(J1 − J2)

h

]
+ 1.

(Neither R nor R′ is ephemere.)
Also in this J1 J2 case we introduce a set G defined in analogy with the corre-

sponding set in the isotropic case but using the new notion of interaction. In the
proof that the set of minima for the energy in ∂G coincides with P a crucial role
is played by the fact that two rectangles, that could be responsible for coalescence
in the vertical direction, must both be non-ephemere.
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7.8 Alternative approach to study of the J1 J2 model
Let us now show another, simpler method to treat metastability for the J1 J2

model. This approach is aimed at obtaining the basic results given in Theorem
7.14 concerning the asymptotics, for large β, of the tunnelling time and at ‘esti-
mating’ the ‘gate’ to stability, but it is not able, in general, to provide the detailed
results of Theorem 7.15 concerning the tube of typical trajectories during tun-
nelling. This strategy is based on the application of Theorem 6.38 in Chapter 6.
To determine the communication height between −1 and +1 and to find some
gate between them we introduce a suitable foliation of the configuration space.

Let us give a few definitions.
Given σ ∈ X we denote by l1(σ ), l2(σ ), respectively, the horizontal and verti-

cal ‘shadows’ of σ , namely the lengths of the horizontal and vertical projections of
C(σ ) (≡ union of closed unit cubes centred at plus sites in σ ). We say that l1(σ )

is the shadow in the 2-direction imagining to lighten C(σ ) in the 2-direction;
similarly l2(σ ) is the shadow in the 1-direction. We denote by l(σ ) the minimal
shadow:

l(σ ) := l1(σ ) ∧ l2(σ ). (7.60)

We introduce the manifolds with fixed minimal shadow

Xl = {σ ∈ X : l(σ ) = l}. (7.61)

They induce a partition of X :

X =
L⋃

l=0

Xl . (7.62)

We set, for l ∈ {0, . . . , L − 1}
�(l, l + 1) := �(Xl ,Xl+1), S(l, l + 1) := S(Xl ,Xl+1),

G(l, l + 1) := G(Xl ,Xl+1),
(7.63)

i.e. �(l, l + 1) is the communication height between Xl and Xl+1 whereas
S(l, l + 1) is the set of configurations where this communication height is
achieved; G(l, l + 1) is the set of essential saddles between Xl and Xl+1 (see
Proposition 6.11).

We have:

�(l, l + 1) = min
σ∈X̂l+1

x :σ(x)∈Xl

H(σ (x)) ∨ H(σ ) (7.64)

where

X̂l+1 = {σ ∈ Xl+1 : ∃ x ∈ ( with σ (x) ∈ Xl}. (7.65)
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The case l = 0 is trivial: we have X0 = −1 and S(0, 1) = P0 equal to the set
of configurations containing a unique plus spin. For l = 1, . . . , L − 1, recall that
we denote by Pl the set of configurations containing a unique cluster made of a
rectangle l × (l + 1) or (l + 1)× l with a unit square protuberance attached to
one of the longer sides. We stress that in the definition of Pl the orientation of
the cluster is not important and the short side of the rectangle can be either hori-
zontal or vertical. For l = 1, . . . , L − 1 we denote by Bl the set of configurations
where the plus spins are precisely those contained in a horizontal strip encircling
the torus, of width l, with a unit square attached to one of the sides of the strip;
notice that for l = L − 1 the unit square is attached to both sides of the strip (that
have distance one).

Proposition 7.16 Let 0 ≤ l ≤ l∗2 − 1. We have

S(l, l + 1) ⊇ Pl ,

�(l, l + 1) = min
σ∈X̂l+1

H(σ ) = (2J1 + 2J2)(l + 1)− h(l2 − l + 1)+ H(−1)

(7.66)
and Pl is a gate for the transition Xl → Xl+1.

Let l∗2 ≤ l ≤ L. We have

S(l, l + 1) ⊇ Bl ,

�(l, l + 1) = min
σ∈X̂l+1

H(σ ) = −hl L + 2J2L + 2J1 − h + H(−1) (7.67)

and Bl is a gate for the transition Xl → Xl+1.

Proof For σ ∈ X̂l+1, let x ∈ ( be such that σ (x) =: η ∈ Xl . Certainly η(x) = −1
and there exists a line T  (, namely a rectangle L × 1, or 1× L , containing x ,
encircling the torus ( and with η(y) = −1∀ y ∈ T ; the minimal shadow of η is
in the direction T and equals l.

Consider the sites x ′, x ′′ adjacent to x from the exterior of T , so that {x ′, x, x ′′}
define a line orthogonal to T . There are three possibilities:

(a) η(x ′) = η(x ′′) = +1,
(b) the number of plus spins in {x ′, x ′′} is one; η(x ′) = −1, η(x ′′) = +1 or

η(x ′) = +1, η(x ′′) = −1,
(c) η(x ′) = η(x ′′) = −1.
It is immediate to see that in cases (b),(c), since we are assuming h < 2J2, we

have H(η) < H(σ ).
Let us analyse case (b). For a given l1, l2, let X̄l1,l2 be the set of configurations

such that l1(η) = l1, l2(η) = l2.
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In case (b) we have

�(l, l + 1)=
(

min
l ′≥l+1, η∈X̄l,l′

H(η)+ 2J2 − h

)
∧
(

min
l ′≥l+1, η∈X̄l′,l

H(η)+ 2J1 − h

)
.

(7.68)
Thus, to find �(l, l + 1), we have first to find the best η ∈ X̄l1,l2 , i.e. we have

to optimize the choice of l1, l2 according to (7.68).
It is immediate to see that the configurations of minimal energy in X̄l1,l2 are

those with a unique rectangle with side lengths l1, l2. Indeed the energy of a con-
figuration η with shadows l1, l2 has both surface and volume energy larger than
or equal to those of a rectangle with sides l1, l2, being equal only when η co-
incides with the rectangle. It follows by direct computation that if l < l∗2 (sub-
critical case) it is energetically convenient to take, for l ′, the smallest possible
value, namely l ′ = l + 1, and we have a degeneracy in the sense that both when
the shorter side of η is horizontal and when it is vertical, H(σ ) takes the same
value (2J1 + 2J2)(l + 1)− h(l2 − l + 1) as is verified immediately; this corre-
sponds to Pl . On the other hand, for l ≥ l∗2 (supercritical case) we have to take the
largest possible value l ′ = L and, by direct comparison, we see that we have to
choose the case with horizontal long side; this corresponds to Bl . This concludes
the proof in case (b).

In the general case ((a),(b),(c)), using (7.64), we want to determine
min

σ∈X̂l+1,x :σ (x)∈Xl
H(σ (x)) ∨ H(σ ). To this end we can, of course, disregard the

configurations σ ∈ X̂l+1 for which we can exhibit another σ̃ ∈ X̂l+1 and y ∈ (

such that H(σ̃ (y)) ∨ H(σ̃ ) < H(σ (y)) ∨ H(σ ).
In particular, using this comparison criterion, we see that we can disregard case

(c) ending up with either case (a) or case (b). Indeed, given η ∈ Xl , in case (c), in
order to increase the minimal shadow from l to l + 1 it is energetically convenient
to flip an always existing minus spin η(y) with y adjacent to some plus spin in η.
So the communication height �(l, l + 1) cannot be realized in case (c). Actually
we shall see that we can restrict ourselves to consider only the already analysed
case (b) unless l = L − 1.

Indeed suppose η ∈ Xl falls into case (a). If l = L − 1, by direct inspection we
see that for L sufficiently large, S(L − 1, L) = BL−1. Suppose l < L − 1; then
there exists another line T ′, parallel to T with η(x) = −1, ∀x ∈ T ′. As usual we
identify η with the set of its plus spins. Let us consider case (a) with l < L − 1
and T vertical. We have that η := σ (x) must have a horizontal shadow l and a
vertical shadow ≥ l + 1.

In this case (a) with vertical T , we have that, contrary to cases (b), (c), H(σ ) <

H(η); indeed we have

H(σ ) = H(η)− 2(J1 − J2)− h < H(η).
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It is energetically convenient to use the transition η̃ → σ̃ = η̃(y), where η̃ ∈ Xl

is obtained from η by translating one unit horizontally towards T , the part of η

lying between T and T ′ in such a way that in η̃ the empty (of plus) line T does
not exist anymore; the two plus spins of η sitting in x, x ′ are now (in η̃) at distance
one and there exists, in η̃, an empty vertical strip of width at least two that con-
tains T ′.

Then, to get σ̃ ∈ Xl+1 we flip into plus an always existing minus spin at a
suitable site y adjacent to the exterior of η̃ and nearest neighbour to only one plus
spin in η̃. We have

H(η̃) ≤ H(η)− 2J1, H(σ̃ ) = H(η̃)+ 2J2 − h ≤ H(η)− 2J1 + 2J2 − h
(7.69)

then

H(σ̃ ) = H(σ̃ ) ∨ H(η̃) < H(σ ) ∨ H(η) = H(η) (7.70)

so that the transition η̃ → σ̃ , that falls into case (b), is always convenient with
respect to the transition η → σ . We conclude that when T is vertical it is sufficient
to analyse case (b).

Consider now case (a) with l < L − 1 and T horizontal; we have that

H(σ ) = H(η)+ 2(J1 − J2)− h > H(η). (7.71)

Consider the configuration η̃ obtained from η via a vertical translation in complete
analogy to what we did in the case of vertical T . We have

H(η̃) ≤ H(η)− 2J2. (7.72)

Then, as before, to get σ ∈ X̂l+1, we flip from minus into plus the spin at y, a
suitable site adjacent to the exterior of η̃ and nearest neighbour to only one plus
spin in η̃. We have

H(σ̃ ) = H(η̃)+ 2J1 − h ≤ H(η)+ 2(J1 − J2)− h = H(σ ) (7.73)

and

H(σ̃ ) = H(σ̃ ) ∨ H(η̃), H(σ ) = H(σ ) ∨ H(η). (7.74)

So the transition η̃ → σ̃ , again falling into case (b), is energetically at least
equivalent to η → σ . On the other hand, either in the passage from η to η̃ we gain
more than one broken bond, obtaining the strict inequality H(η̃) < H(η)− 2J2,
so that case (b) is strictly more convenient; or, as is immediately verified, η̃

cannot be a rectangle with horizontal side larger than one and then the mini-
mal value of H(σ̃ ) is strictly larger than the value corresponding to the optimal
case (b).

In conclusion, we can always restrict ourselves to considering only case (b).
This case was discussed explicitly after (7.68). The proposition is proved. �
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Proposition 7.17 The communication height between −1 and +1 is given by
H(P).

Proof Consider the reference path ωR introduced in (7.46) to study the standard
Ising model. It is easy to see that even in the present, anisotropic case, it can be
used as reference path: the maximal value of H in ωR is achieved precisely in P .
Thus, by comparison, we get �(−1,+1) ≥ H(P). On the other hand, since every
path joining −1,+1 has to perform the transition Xl∗2−1 → Xl∗2 , by Proposition
7.16, we have �(−1,+1) ≤ H(P) which concludes the proof of the proposition.

�

The following proposition shows that any configuration in X different from −1
or+1 is )0-reducible (see definition after (6.234) of Chapter 6) for some )0 < ).

Proposition 7.18 There exists )0 < ) such that X)0 ⊆ {−1,+1}.
Proof We show that there exists )0 < ) such that

∀ η �∈ {−1,+1} ∃η′ ∈ X : H(η′) < H(η), �(η, η′) ≤ H(η)+ )0. (7.75)

We take )0 = 2J1 − h which, in our hypothesis, is certainly smaller than );
to get (7.75) it is sufficient to construct, for any η ∈ X \ {−1,+1}, a suitable
path ω leading to some η′ with H(η′) < H(η) and �ω(η, η

′) ≤ H(η)+ )0 (see
Definition 6.9).

We can suppose that η is a local minimum otherwise there exists a downhill
path going from η to a local minimum η′ with strictly smaller energy and the
proposition would be proven in this case. So we know that η can only contain sta-
ble non-interacting rectangles and strips encircling the torus (. If η �= −1 and it
contains a subcritical rectangle R(l1, l2) with l = l1 ∧ l2 < l∗2 , consider the con-
figuration η′ obtained from η by cutting one row or column of minimal length
l from R(l1, l2); consider the path ω : η → η′ corresponding to the sequence of
corner erosions in the row or column to be eliminated. Certainly, by subcriticality
�ω(η, η

′)− H(η) = h(l − 1) < )0 and H(η′) < H(η). Thus we are left with the
case when η �= +1 is supercritical, namely it contains either a rectangle R(l1, l2)
with l = l1 ∧ l2 ≥ l∗2 or a strip encircling the torus (. In both cases there exists a
path ω leading to the configuration η′ obtained from η by increasing by one unit
one side of R(l1, l2) or the width of the strip. We have �ω(η, η

′)− H(η) ≤ )0

and, by supercriticality, H(η′) < H(η). �

Alternative proof of Theorem 7.14 Point (i) of the theorem follows immediately
by Theorem 6.38 of Chapter 6. To prove point (ii) write

P−1
(
θ−1,P,+1 > τ+1

) ≤ P−1
(
τXl∗2−1\P < τ+1

); (7.76)

by part (i) of the theorem, we get, for all δ > 0,

P−1
(
τXl∗2−1\P < τ+1

) ≤ P−1
(
τXl∗2−1\P < eβ()+δ)

)+ o(1). (7.77)
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Choosing δ sufficiently small and using Lemma 6.21 we conclude the
proof. �

7.9 The ferromagnetic Ising model with nearest and next
nearest neighbour interactions in two dimensions

Another model that turns out to be interesting for the question of relevance of the
Wulff shape for low temperature nucleation is the ferromagnetic two-dimensional
Ising model with nearest and next nearest neighbour interaction. We can think
of using this model to describe the growth of a crystal. Again at first sight one
could suppose that growth takes place through crystals that minimize the surface
energy under fixed instantaneous volume. For the model under consideration it
is easy to see that this Wulff shape is given by an octagon with coordinate and
oblique sides proportional to the nearest neighbour and next nearest neighbour
interactions, respectively. The main result of the paper [185] says that the typi-
cal growth of subcritical and supercritical crystals is through a sequence of par-
ticular shapes that differ significantly from the equilibrium Wulff octagons (see
also [183]).

Let us now define the model. Again we consider an Ising system enclosed in
an L × L torus ( so that the configuration space is given by X := {−1,+1}(.
The energy of a configuration σ is

H(σ ) = − J̃

2

∑
<x,y>⊆(

σ(x)σ (y)− K

2

∑
<<x,y>>⊆(

σ(x)σ (y)− h

2

∑
x∈(

σ(x),

(7.78)
where we suppose that 0 < h < K/7 < J̃/70. Here <x, y> denotes an un-
ordered pair of nearest neighbours in ( : |x − y| = 1 and << x, y>> denotes
a pair of next nearest neighbours in ( : |x − y| = √

2. We refer to the model
described by (7.78) as the J K model.

Recalling the definition of contour given after (7.12), it is easy to see that if
a configuration σ has the boundary ∂C(σ ) consisting of a single contour γ , the
energy of σ is

H(σ )− H(−1) = J |γ | − K |A(γ )| − h|I (γ )|. (7.79)

Here

J = J̃ + 2K , (7.80)

|γ | is the length of γ , |I (γ )| is the cardinality (area) of the interior I (γ ) ≡ C(σ );
finally, |A(γ )| is the number of corners (right angles) of γ . Notice that when four
unit segments converge on the same point of γ we count four corners.
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A contour γ is said to be isolated if it lies at a Euclidean distance at least
√

2
from other contours.

A relevant role will be played by a particular class of contours that we call
octagons. An octagon is a closed convex contour inscribed in a rectangle R with
edges parallel to the lattice axes. Call P1, P2, P3, P4 the vertices of R. The oc-
tagon contains four straight edges with extremes xi , yi , i = 1, . . . , 4 : (x1, y1) ⊆
P1 P2, (x2, y2) ⊆ P2 P3, (x3, y3) ⊆ P3 P4, and (x4, y4) ⊆ P4 P1, called coordi-
nate edges, and four oblique edges, at 45◦ with respect to the coordinate axes,
that have a local staircase structure with extremes y1x2, y2x3, y3x4, y4x1; see
Figure 7.8.

An octagon is said to be stable if |xi − yi | ≥ 2, |yi − xi+1| ≥
√

2, i =
1, . . . , 4. We use

Li = |xi − yi |, i = 1, . . . , 4, (7.81)

to denote the lengths of its coordinate edges and

li = 1+ 1√
2
|yi − xi+1|, i = 1, . . . , 4 (x5 ≡ x1), (7.82)

to denote the ‘lengths’ of its oblique edges. We set

D1 = P1 P2 = L1 + l4 − 1+ l1 − 1 = P4 P3 = L3 + l3 − 1+ l2 − 1,

D2 = P2 P3 = L2 + l1 − 1+ l2 − 1 = P4 P1 = L4 + l3 − 1+ l4 − 1,
(7.83)

for the lengths of the sides of its rectangular envelope R(Q) = P1 P2 P3 P4. We use

Q(D1, D2, l1, l2, l3, l4) (7.84)

to denote the corresponding octagon.
By an abuse of notation we use the same symbol Q also to denote the set

of all spin configurations σ giving rise to a unique closed contour (full of plus
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spins) consisting, up to a translation on the torus, of the octagon Q. Clearly, for
Q = Q(D1, D2, (li )i=1,...,4) we have

H(Q)− H(−1) = 2J (D1 + D2)− h D1 D2

−
4∑

j=1

[
K (2l j − 1)− 1

2
hl j (l j − 1)

]
.

(7.85)

We suppose that 2K/h and 2J/h are not integers.
Let us define

l∗ =
[

2K

h

]
+ 1, i.e. h(l∗ − 1) < 2K < hl∗

D∗ =
[

2J

h

]
+ 1, i.e. h(D∗ − 1) < 2J < h D∗ (7.86)

L∗ = D∗ − 2(l∗ − 1) =
[

2J

h

]
+ 1− 2

[
2K

h

]
.

It follows from our assumptions that L∗ > l∗.
We define a standard octagon as an octagon with

min
i=1,...,4

Li ≥ l∗ and l j = l∗, j = 1, . . . , 4.

In this case we simply write

Q(D1, D2) ≡ Q(D1, D2, l∗, l∗, l∗, l∗). (7.87)

We call an octagon regular when

L1 = L2 = L3 = L4 = l1 = l2 = l3 = l4 = l

and denote it by Q(l). We are only interested in regular octagons with l ≤ l∗.
It is easy to see that among non-winding configurations the minima of the

energy are given by sets of isolated octagons.
It will happen, similarly to the case of the nearest neighbour Ising model,

that small octagons have a tendency to shrink whereas large ones tend to grow.
Again, the dynamical mechanism responsible for this behaviour relies on the
competition between the creation of a suitable stable protuberance and the ero-
sion of an edge. The main difference here, with respect to the nearest neighbour
Ising model, comes from the presence of the oblique edges in stable isolated
clusters – the octagons. The new phenomenon, namely the growth or shrinking
in the oblique direction, is still governed by competition between the creation of
a certain protuberance and the erosion of an edge. However, three new features
should be mentioned:

(i) the corresponding time scales are different with respect to those of the
growth–shrinking mechanism in the coordinate directions;
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(ii) for sufficiently large octagons, a sort of ‘equilibrium’ in the oblique direc-
tion is established;

(iii) for ‘relevant’ octagons, the global tendency to shrink or grow, to disappear
or to invade the whole volume, is governed by the size of the ‘circumscribed
rectangle’.

It happens that, for sufficiently large sizes, it is interesting to consider not only
the jumps between neighbouring generic octagons (with related basins of attrac-
tion and saddle configurations) but also the transitions between standard octagons
Q(D1, D2) with corresponding ‘domains of attraction’ that group together all the
basins of attraction of octagons inscribed in the same rectangle R as Q(D1, D2).
These transitions at ‘intermediate level’ (corresponding to the exit from domains
of attraction, i.e. suitable cycles, instead of basins of attraction) involve an inter-
mediate time scale between that referring to the transition between neighbouring
generic octagons and the global time scale referring to the transition between
−1 and +1.

In the present case the set of global saddle configurations S(−1,+1) coin-
cides with the set P J K of all configurations obtained from a standard octagon
Q(D∗, D∗ − 1) or Q(D∗ − 1, D∗) (D∗ was defined in (7.86)) by attaching, to
one of its longer coordinate edges, a unit square protuberance.

For any σ̄ ∈ P J K one has

H(σ̄ )− H(−1) =: ) J K = H(Q(D∗, D∗ − 1))+ 2 J̃ − h

= H(Q(D∗, D∗))+ h(D∗ − 1)− 4K
(7.88)

for the ‘height’ of the global saddle point.
Again it is possible to prove that the first excursion from −1 to +1 typically

passes through a configuration from P J K and the time needed for this to happen
is of the order exp(β) J K ).

With the same definitions and notation as for the standard Ising model we have
the following.

Theorem 7.19 [185] Let 0 < h < K/7 < J̃/70. For every δ > 0,

lim
β→∞

P−1(exp[β() J K − δ)] < τ+1 < exp[β() J K + δ)]) = 1, (7.89)

lim
β→∞

P−1(θ−1,P J K ,+1 < τ+1) = 1. (7.90)

In addition, we have much more detailed information about a typical path fol-
lowed by our process σt during its first excursion from −1 to +1.

Roughly speaking, the typical trajectories during the first excursion begin by
following a sequence of regular and almost regular octagons up to an edge l∗; after
that the oblique edge stays almost constant at the value l∗ while the coordinate
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Figure 7.9

edges grow, keeping the rectangular envelope almost square, from the value l∗ up
to the value L∗ corresponding to the critical nucleus.

Finally, the oblique edges stay almost constant at the value l∗ whereas the
coordinate edges continue to grow, until the whole volume is invaded by plus
spins. This ‘supercritical growth’ is, on average, a descent in energy.

Let us explain, in words, what are the mechanisms responsible for the above
described behaviour during the first excursion between −1 and +1. Consider a
sufficiently large octagon Q(D1, D2, l1, l2, l3, l4). We first notice that we have
two mechanisms, still active as in the case of standard nearest neighbour Ising
model, of growth and contraction, respectively: the formation of a unit square
protuberance on a coordinate side, with cost 2 J̃ − h, and the corner erosion of a
coordinate side of length L , with cost h(L − 1). Then we observe that we have
two new but similar mechanisms: the formation of a unit square protuberance
on an oblique side, of cost 2K − h, and the corner erosion of an oblique side of
length l with cost h(l − 1) (see Figure 7.9).

From this competing process the critical length l∗ = [2K/h]+ 1 emerges: for
l ≥ l∗ the erosion of an oblique unit strip requires an energy larger than that
needed to create a unit square protuberance leading to growth; the converse is
true for l < l∗.

Notice now that the erosion of a unit oblique strip induces an increase of one
unit of the length of the corresponding oblique side, whereas the growth of a new
unit oblique strip induces its decrease by one unit. This compensation produces
an equilibrium situation for l = l∗. Indeed when an oblique side is equal to l∗ an
erosion leads to l∗ + 1 which is supercritical, so that the growth of a protuberance
takes place before further erosion, thus reestablishing the length l∗. On the other
hand a growth would induce a decrease of the length to the value l∗ − 1 which is
subcritical, so that an erosion reestablishing the length l∗ will typically take place
before another growth.

It is clear that this equilibrium in the length of oblique facets continues to
hold even during supercritical growth; then, after a sufficiently long time, the
coordinate sides Li become much larger than l∗, so that the shape of the super-
critical nucleus becomes almost rectangular. We refer to [185] for more details on
the tube of typical trajectories as well as for complete proofs.
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We want now to make some comments on the above results on J1 J2 and J K
models. First we recall that, due to reversibility, the part of the optimal path
in (−1 →+1)opt from −1 up to the global saddle S(−1,+1) is the time re-
versal of a typical contraction path starting from S(−1,+1) so that instead of
analysing the typical growth during nucleation we can analyse the typical con-
traction; on the other hand, as we have already remarked in the case of the J1 J2

model, the relevant quantity, to determine the typical sequence of contracting
droplets, is the speed of contraction and certainly not the surface energy. Dur-
ing the contraction the droplet just loses the facets corresponding to the maxi-
mal speed of contraction. For instance, as has already been noted, in the J1 J2

model the speed of contraction of a facet of length l has an isotropic expres-
sion in terms of l given by exp[−βh(l − 1)] so that if we start from a rectan-
gle l × l ′ or l ′ × l with l < l ′, during the evolution the system is attracted by
an l × l square which, subsequently, disappears following a sequence of quasi-
squares.

For the J K model, suppose we start from a generic subcritical octagon
Q(D1, D2, l1, l2, l3, l4) with a circumscribing rectangle of minimal side D :=
D1 ∧ D2 > 3l∗ (so that it can be the rectangle circumscribing a standard oc-
tagon); we are first attracted (in a relatively short time of order exp[β(2K − h)])
by the standard octagon with the same circumscribing rectangle; then, in a
much larger time, of order exp[βh(D − 1)], we are attracted by another stan-
dard octagon, with a square rectangular envelope Q(D, D, l∗, l∗, l∗, l∗). Then
we continue the contraction following a sequence of standard octagons with
square or almost square circumscribing rectangles, up to the value D = 3l∗ that
corresponds to a regular octagon with side length l∗. From this moment the con-
traction preserves the regular (or quasi-regular) shape.

The behaviour of the system during a subcritical contraction does not have
anything to do with minimizing the energy at fixed volume, that would lead to the
Wulff shape.

In the above two models, the Wulff shape appears instantaneously during the
nucleation process; for the J1 J2 model it appears during supercritical expansion.
For the J K model, the fact that the critical droplet is Wulff can be considered as
an irrelevant accident.

It is interesting to notice that the above discussion is able to explain why in
nature crystals do not in general have Wulff shape. We can summarize by saying
that growth is, typically, a non-equilibrium phenomenon since growth is too fast
to allow the equilibrium shape to be established.

7.10 The ferromagnetic Ising model with alternating field
We want now to describe the dynamical behaviour at low temperature of an Ising
system with alternating field.
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More precisely we consider, for very large inverse temperature β, discrete-
time Metropolis dynamics for a two-dimensional ferromagnetic Ising system with
nearest neighbour interaction (coupling constant J/2 > 0) enclosed in a suffi-
ciently large but finite torus ( and subject to a positive (negative) external mag-
netic field h1 > 0 (−h2 < 0) on the even (odd) horizontal lines.

We call this model the h1, h2 model. We take ( = (L ≡ {1, . . . , L} ×
{1, . . . , L} (with periodic boundary conditions); L is supposed to be even. The
configuration space is X = {−1,+1}(. Let L1 (L2) be the set of horizontal even
(odd) rows in (:

L1 = {x = (x1, x2)∈ (|x2 is even},
L2 = (\L1.

To any configuration σ ∈ X we associate the energy:

H(σ ) = − J

2

∑
<x,y>⊆(

σ(x)σ (y)− h1

2

∑
x∈L1

σ(x)+ h2

2

∑
x∈L2

σ(x) (7.91)

where < x, y> denotes a generic unordered pair of nearest neighbour sites in (.
For different values of the magnetic fields, we have very different dynamical

behaviour related strictly to the peculiar features of the equilibrium phase diagram
of our model at low temperature.

The phase diagram in the (h1, h2)-plane at T = 0 that corresponds to the char-
acterization of the different sets of ground states associated with the different
values of (h1, h2), is easily found. Three main different configurations appear as
ground states in different regions: all plus+1, all minus−1, and an alternate con-
figuration ±1 with all plus (all minus) on even (odd) horizontal lines. They are
separated by the coexistence lines h1 = h2, h1 = 2J, h2 = 2J that converge in
the triple point P̃ ≡ (2J, 2J ) (see Figure 7.10).

Using the specular symmetry with respect to the diagonal h1 = h2, it is suffi-
cient to consider the region h1 ≥ h2. On the line h1 = h2 < 2J only two ground
states, namely +1,−1, coexist whereas on the line h2 = 2J, h1 > 2J we have
many coexisting ground states (their number diverges as (→ Z2); they are given
by+1, the staggered configuration±1 and all intermediate configurations that are
obtained from±1 by changing into+1 an arbitrary number of horizontal−1 lines
in L2. In P̃ we have coexistence of these ground states together with those ob-
tained from ±1 by changing into −1 an arbitrary number of horizontal +1 lines
in L1; thus, in particular, in P̃ we have as ground states −1, +1, ±1.

We analyse the metastable behaviour by choosing the parameters h1, h2 in the
region

I := h2 < h1 < 2J
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close to the line 0 < h1 = h2 < 2J or in the region

II := 2J < h1, h2 < 2J

close to the line h2 = 2J, h1 > 2J .
In [224A] the equilibrium (infinite volume Gibbs) states were studied for low

but positive temperature T. It has been proven that, in this case, the coexistence
lines h1 = 2J, h2 > 2J ; h2 = 2J, h1 > 2J disappear since in that region the sys-
tem behaves like a collection of almost independent one-dimensional standard
zero field Ising systems that are known to exhibit uniqueness of Gibbs state for
any positive temperature. On the other hand for h1 = h2 < 2J at low enough tem-
perature T, we have coexistence of two phases and, given such a T, on the h1 = h2

line the coexistence ends at a critical point P∗ ≡ (2J − δ, 2J − δ) with δ ∼
exp(−const 1

T ). It is not hard to realize that on the segment 0 < h1 = h2 < 2J − δ

our model shares many features with a zero field ferromagnetic anisotropic Ising
model with coupling constants, along horizontal and vertical directions given, re-
spectively, by J1 = J, J2 = J − (h1 + h2)/4 so that it becomes more and more
anisotropic as we approach the triple point P̃ .

Indeed let us call stable a rectangle R(l1, l2) with horizontal (vertical) side
l1 (l2), such that l1 ≥ 2, l2 ≥ 3 and R(l1, l2) starts and ends in L1. The energy
formation of a stable rectangle R(l1, l2) is:

H(R(l1, l2))− H(−1) = 2J (l1 + l2)− h1l1

(
l2 + 1

2

)
+ h2l1

(
l2 − 1

2

)
= 2J (l1 + l2)− (h1 − h2)

2
(l2 + 1)l1 − l1h2,

(7.92)

namely the expression valid for the J1 J2 model with J1 = J, J2 = J −
(h1 + h2)/4. It is interesting to compute the T= 0 Wulff shape, namely the shape
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minimizing the energy as a function of the real variables l1, l2 for fixed area; it is
characterized by the following ratio between the sides:

l2
l1
=

J −
(

h1+h2
4

)
J

. (7.93).

One expects that the special equilibrium behaviour of our model and in par-
ticular the disappearance, for an arbitrarily small but strictly positive T, of two
coexistence lines, the appearance of a critical ending point of the 0 < h1 = h2

coexistence line and the extreme anisotropic behaviour when approaching P̃ must
have consequences in the dynamical behaviour at low temperature in the vicinities
of these zero temperature coexistence lines. Indeed it is possible to prove results
providing a dynamical counterpart to the above described static behaviour, con-
firming the above mentioned peculiarities; some other unexpected features also
show up.

Let us now just summarize the main results on the metastable behaviour of the
h1, h2 model. We refer to [224] for precise definitions and detailed results.

In the above defined regions I, II, where the unique ground state is +1, we
start from −1 (or ±1) and consider the first hitting time τ+1 to the configuration
+1; we are interested in computing its asymptotics for large β and describing the
typical mechanism of transition (first excursion) from −1(or ±1) to +1.

(1) Near the T = 0 coexistence line given by h2 = 2J, h1 > 2J (disappear-
ing at T > 0) we have absence of metastability in the sense that the protocritical
droplet is microscopic and the ‘lifetime’ does not diverge as we approach the
coexistence line.

(2) Near the T = 0 coexistence line given by 0 < h1 = h2 < 2J we have
‘usual’ metastable behaviour. The transition is driven by the formation of a
critical nucleus whose size diverges as we approach the coexistence line. The
unexpected behaviour concerns the shape of the critical nucleus as well as the
nucleation pattern.

Looking at the expression (7.92) one would be led to the conclusion that the
critical droplet is the unique saddle point corresponding to

l1 = 4J

(h1 − h2)
, l2 = 4J − h1 − h2

(h1 − h2)
(7.94)

defining a particular Wulff rectangle: this conclusion turns out to be erroneous.
We find that the shape characterizing the critical nucleus and all the droplets ap-
pearing before its formation is rectangular but non-Wulff. It is characterized by
the relation

l2 = 2l1 − 1

Notice that the non-Wulff nature of the nucleation pattern is even enhanced with
respect to what has been found in the anisotropic Ising model. The relevant
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rectangles during the nucleation actually have a vertical side larger (almost twice
as much) than the horizontal side whereas for the Wulff shape we have the op-
posite situation and the horizontal side becomes even arbitrarily larger than the
vertical side if we are sufficiently close to P̃ . This fact cannot be easily predicted
on static grounds but is rather related to a genuine dynamic effect.

(3) In the vicinity of P̃ the mechanism of nucleation depends on the angle from
which we approach it. In particular it turns out that, given a halfline emerging
from P̃ , lying inside the region I, and forming an angle α with the line h1 = 2J ,
no matter how close we go to P̃ , staying on this line, the size of the critical droplet
remains constant: it depends on α and tends to infinity when α tends to the value
π/4 corresponding to the line h1 = h2.

The critical droplet is a rectangle with edges:

l1 = l∗b =
[

2J − h2

h1 − h2

]
+ 1 (7.95)

and

l2 = l∗h = 2l∗b − 1. (7.96)

The protocritical droplet representing the global saddle point between −1 and
+1 in region I is a cluster ‘close’ to the rectangle R(l∗b , l∗h ) slightly different in
different subregions of I; we refer to [224] for more details.

Let us say a few words to explain the apparently paradoxical result concerning
the critical droplet. Again the explanation of the nucleation pattern comes from the
elementary mechanisms of growth and contraction of stable droplets, in this case
our stable rectangles. It is possible to show that the mechanism of growth of a sta-
ble rectangle consists, after the passage through a suitable contiguous saddle con-
figuration, in the formation of a square 2× 2 stable protuberance on a horizontal
side or the formation of a 1× 3 stable rectangular protuberance on a vertical side.

The first mechanism, after the filling of the two rows containing the 2× 2
protuberance, leads from the stable rectangle R(l1, l2) to another stable rectan-
gle, R(l1, l2 + 2), whereas the second mechanism leads to the stable rectangle
R(l1 + 1, l2). The typical contraction mechanisms are the reverse ones. A direct
computation shows that the horizontal and vertical speeds of contraction are equal
for a standard shape given by l1 = 2l2 − 1; thus we have that any subcritical rect-
angle R(l1, l2) is first attracted by a maximal standard rectangle contained inside
R(l1, l2) and it shrinks successively, maintaining the standard shape.

7.11 The dynamic Blume–Capel model. Competing
metastable states and different mechanisms of transition

We want now to discuss the so-called ‘competing metastable states’. We re-
fer to a situation where three or more stable thermodynamic phases coexist at
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equilibrium. Changing the thermodynamic parameters slightly, we can arrive at
a situation characterized by a unique stable state with two or more metastable
states. In particular we want now to analyse metastability and nucleation in the
framework of a dynamic Blume–Capel model. This is a ferromagnetic lattice sys-
tem where the single spin variable can take three possible values: −1, 0,+1. It
was originally introduced to study the He3–He4 phase transition (see [22], [43]).

One can think of it as a system of particles with spin. The value σ(x) = 0 of the
spin at the lattice site x will correspond to the absence of particles (a vacancy),
whereas the values σ(x) = +1,−1 will correspond to the presence, at x , of a
particle with spin +1,−1, respectively.

We suppose the system enclosed in a two-dimensinal torus (. The configura-
tion space is XBC = {−1, 0,+1}(. The energy associated with a configuration
σ ∈ XBC is

H(σ ) = J
∑

<x,y>

(σ(x)− σ(y))2 − λ
∑

x

σ(x)2 − h
∑

x

σ(x), (7.97)

where λ and h are two real parameters, having the meaning of chemical poten-
tial and external magnetic field, respectively; J is a real positive constant (fer-
romagnetic interaction) and < x, y> denotes a generic unordered pair of nearest
neighbour sites in (.

We say that two configurations σ , η are nearest neighbours if they differ only
in the value of the spin at a single site x and |η(x)− σ(x)| = 1. As usual, the dy-
namics is given by a reversible Markov chain with transition probabilities given,
for σ �= η, by

P(σ, η) =


1
2|(|e

−β(H(η)−H(σ ))+ σ, η nearest neighbours

0 otherwise.
(7.98)

In [63] a slightly different dynamics was introduced, using a different notion
of nearest neighbour configurations, that turns out to be, for some respects, more
complicated to treat.

Let −1, 0 and +1 denote the configurations with all spins in ( equal
to −1, 0,+1, respectively. It is easily seen that the set of ground states (absolute
minima for H ) corresponding to different values of λ and h is characterized as
follows:

� for λ = h = 0 the ground state is three times degenerate, the configurations
minimizing the energy are −1, 0 and +1,

� for h > 0 and h > −λ the ground state is +1,
� for h < 0 and h < λ the ground state is −1,
� for λ < 0 and λ < h < −λ the ground state is 0.

For h = 0, λ > 0, +1,−1 coexist. For h = λ < 0, −1, 0 coexist. For h = −λ >

0, +1, 0 coexist. See Figure 7.11.
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Figure 7.11

It has been shown, using Pirogov–Sinai theory, that this phase transition per-
sists at positive temperature T = 1/β in the thermodynamic limit (see [37]).

We are interested in the regime where λ and h are very small but fixed, the
volume is large and fixed and T is very small.

The interesting region of parameters is

0 < |λ| < h (7.99)

with sufficiently small h.
In the whole region (7.99) we have (in any finite box):

H(−1) > H(0) > H(+1).

In other words −1 and 0 are metastable whereas +1 is stable. The main question
that can be posed is, when starting from the highest metastable configuration −1,
whether or not the system reaches the intermediate metastable configuration 0
before relaxing to the stable configuration +1.

In [63] an answer was found in the asymptotic regime corresponding to (, h, λ
fixed, in the limit of large β. It was shown, in [63], that there is a change in the
mechanism of transition from −1 to +1 when crossing the line h = 2λ. On the
right side of this line (h < 2λ) the transition is direct, i.e. the system is driven to
+1 via the formation of a special critical droplet: a square ‘picture frame’ with
suitably large size, made by a square of plus spins encircled by a unit layer of
zeros in a sea of minuses. It is easy to see that a direct interface between minus
and plus is unstable in our region of parameters. This explains the persistence of
a thin layer of zeros between the pluses and the minuses.

In the other region (h > 2λ) the transition is indirect in the sense that the
system first reaches the 0 configuration via the formation of a supercritical
square droplet of zeros in a sea of minuses. Successively, via the formation of a
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supercritical square droplet of pluses in a sea of zeros, the system is driven to the
final stable state+1. In the region of parameters where h > 2λ, the two transitions
are ‘Ising-like’ whereas in the previous region h < 2λ the mechanism of transition
and in particular the associated interface dynamics are much more complicated.

We want to stress that the line h = 2λ, where this abrupt variation of the mech-
anism of nucleation takes place, has no meaning from the ‘static’ point of view of
the Gibbs states. The reason is that we are analysing a region of the configuration
space which is very unlikely at equilibrium; but, on the other hand, this region and
the shape of the ‘energy landscape’ on it play an important role in the relaxation
from metastability.
Let us now give some more explicit definitions and results.

To fix ideas let us suppose λ > 0; the case λ < 0 is easier and will be discussed
briefly later on.

We make use of some notions already introduced in the context of the stan-
dard Ising model: the notion of interacting rectangles (see Definition 7.8) and
the notion of non-winding configuration of zeros and pluses in a unique ‘sea’ of
minuses.

We often collect together classes of configurations modulo natural symmetries.
By an abuse of notation we often denote by the same symbol a single configura-
tion or the corresponding equivalence class.

A plurirectangle is a set of non-winding configurations where the zeros form a
unique cluster whose external boundary is a stable (i.e. with minimal side length
≥ 2) rectangle R and the pluses lie inside non-interacting rectangular clusters
contained in the interior of R. Notice that, given a plurirectangle, the internal
pluses are separated from the sea of minuses by at least a unit layer of zeros (see
Figure 7.12).

It is possible to show (see [63]) that the set of non-winding minima coincides
with the set of families of non-interacting plurirectangles.

We call a birectangle R(L0, l0, L+, l+) the particular plurirectangle given by
the set of configurations containing a single rectangle L0 × l0 (where L0 ≥ l0) of

0

0

0

0

+

+

+

+

Figure 7.12
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zeros with a single rectangle L+ × l+ (where L+ ≥ l+) of pluses in the interior
(clearly L0 ≥ L+ + 2, l0 ≥ l+ + 2).

We call a picture frame F(L+, l+) := R(L+ + 2, l+ + 2, L+, l+) the set of
all configurations consisting of a single rectangle L+ × l+ of pluses surrounded
by a unitary layer of zeros (see Figure 7.13).

The energy of a birectangle R(L0, l0, L+, l+) is

H(R(L0, l0, L+, l+))− H(−1) = (2L0 + 2l0)J + (2L+ + 2l+)J

− L0l0(h − λ)− L+l+(h + λ).
(7.100)

Now we consider a squared birectangle Q(L , M) := R(L , L;M, M), whose
energy E(M, L) := H(Q(L , M))− H(−1) is given by

E(M, L) = 4M J + 4L J − M2(h − λ)− L2(h + λ). (7.101)

The graph of this function E : R2 → R is a paraboloid with elliptical section and
downhill concavity, the coordinates of the vertex are

M = M∗ := 2J

h − λ
, L = L∗ := 2J

h + λ
. (7.102)

Let us first analyse the tendency to grow or shrink of a birectangle from a naı̈ve,
static, point of view.

Consider the energy of a squared frame E(l) := H(F(l, l))− H(−1). Using
(7.101) we have

E(l) = −2hl2 + l[8J − 4(h − λ)]+ [8J − 4(h − λ)]; (7.103)

the graph of this function is a concave parabola, with vertex in

l∗ = 2J − (h − λ)

h
. (7.104)
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We expect that F(l, l) will grow if l ≥ l∗ otherwise it will shrink; hence l∗ should
be the critical dimension of a squared frame.

In order to describe from a dynamical point of view the behaviour of a general
birectangle R = R(L0, l0; L+, l+), we must study the growth and contraction
mechanisms. As in the Ising model these are mainly growth of a (unit square)
protuberance and corner erosion. But in the Blume–Capel model the relevant lo-
cal minima are made of two components, internal and external, and both of them
can generally grow or shrink independently. The mechanisms of growth and con-
traction correspond to:

(1) creation of a + protuberance adjacent to the exterior of the internal rectan-
gle, involving an energy difference γ+ := 2J − h − λ;

(2) creation of a 0 protuberance adjacent to the exterior of the external rectan-
gle, involving an energy difference γ0 := 2J − h + λ;

(3) erosion (+→ 0) of all but one + spin in a row or column of length l of the
internal rectangle, involving an energy difference φ+(l) := (l − 1)(h + λ);

(4) erosion (0 →−) of all but one 0 spin in a row or column of length l of the
external rectangle, involving an energy difference φ0(l) := (l − 1)(h − λ).

This analysis leads to introduction of the critical lengths

L∗ := 2J

h + λ
, L̃ := 2J + 2λ

h + λ
, M∗ := 2J

h − λ
, M̃ := 2J − 2λ

h − λ
.

(7.105)
Indeed the meaning of the critical lengths in (7.105) is the following:

γ+ > φ+(l+)⇐⇒ l+ < L∗,

γ+ > φ0(l
0)⇐⇒ l0 < M̃,

γ0 > φ0(l
0)⇐⇒ l0 < M∗,

γ0 > φ+(l+)⇐⇒ l+ < L̃.

We say that a cluster of non-minus is subcritical if it has a tendency to shrink, in
the sense that its evolved will reach, with high probability for large β, −1 before
0 or +1; otherwise, if τ−1 is typically larger than τ0, τ+1 it is called supercritical.

We have the following
� l+ < L∗ ⇔ (h + λ)(l+ − 1) < 2J − (h + λ), internal contraction is

faster than growth, that is the internal component is (relatively) subcritical;
� l+ < L̃ ⇔ (h + λ)(l+ − 1) < 2J − (h − λ), internal contraction is faster

than external growth;
� l0 < M̃ ⇔ (h − λ)(l0 − 1) < 2J − (h + λ), external contraction is faster

than internal growth;
� l0 < M∗ ⇔ (h − λ)(l0 − 1) < 2J − (h − λ), external contraction is fas-

ter than growth, that is the external component is (relatively) subcritical.
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The behaviour of our birectangle R = R(L0, l0, L+, l+) depends on its dimen-
sions, the possible cases are described below:

� l+ < L∗ and l0 < M∗, both internal and external components are subcriti-
cal, R is subcritical;

� l+ < L∗ and l0 > M∗, the internal component is subcritical whereas the
external one is supercritical; R is supercritical and the system starting from
R will typically reach 0 before +1;

� l+ > L∗ and l0 > M∗, both internal and external components are super-
critical; R is supercritical and the system starting from R will reach +1
by passing through F(L0, l0 − 2) (internal growth is faster than external
growth since λ > 0);

� l+ > L∗ and l0 < M∗, the internal component is supercritical while the ex-
ternal one is subcritical, the future evolution of the system starting from R is
controlled by a complex growth-and-contraction mechanism that involves
both the zero and the plus and, in particular, depends on the relation l+ >

< M̃ .
It is reasonable to expect that when l+ > L∗, l0 < M∗ the system is attracted by
a suitable picture frame. Thus it is certainly interesting to establish the tendency
to grow or shrink of a picture frame. One can analyse the possible mechanisms
of growth and contraction of a picture frame in the direction of smaller or larger
picture frames; in particular, comparison of the two barriers that we have to over-
come starting from a squared picture frame F(l, l), in order to contract or grow,
leads to the same critical value l∗ that we found on static grounds. We refer to [63,
206] for more details.

It is clear that a nucleation pattern involving a sequence of growing picture
frames leads directly from −1 to +1, whereas nucleation along a sequence of
growing squares of zeros will first lead to 0 and then, after the subsequent for-
mation of a critical squared droplet of pluses there will be the final decay to the
ground state +1.

It is then relevant to compare the energy formation, starting from −1, of a
rectangle R(0, M∗) of zeros with side M∗ with that of a picture frame F(l∗, l∗).

A comparison which is interesting for small λ, h reads:

�(−1, R(0, M∗)) > �(−1, F(l∗, l∗)) ⇔ 4J 2

h − λ
>

8J 2

h
+ const. (7.106)

The above equation leads to

�(−1, R(0, M∗)) > �(−1, F(l∗, l∗)) ⇔ h < 2λ (7.107)

so that for h < 2λ the direct mechanism of transition via the formation of
F(l∗, l∗) is energetically convenient.

A simple computation shows that for h > 2λ > 0, when, during the transition
between −1 to +1, the system typically visits 0, one has �(−1, 0) > �(0,+1).
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Thus, the tunnelling time between−1 and+1 is of the same order as that between
−1 and 0.

The above analysis was restricted to the region

I 0 < λ < h.

In the region

II 0 < −λ < h,

we have the same local minima for the energy as in region I namely they are sets
of non-interacting plurirectangles; but now the comparison between the energy
barriers corresponding to the various growth and contraction mechanisms, namely
the quantities γ+, γ0, φ+(l+), φ0(l0), changes totally. The main difference with
respect to region I is that now, in II, we have

M∗ < L∗,

and so we cannot even consider a possible mechanism of nucleation along a se-
quence of picture frames. Indeed one has that a birectangle is supercritical if and
only if the minimal external side is not smaller than M∗. Then, as in the region
0 < 2λ < h but in a much easier way, we can prove that the escape from −1
starts with the nucleation of an Ising-like protocritical droplet leading to 0. But
now, contrary to the region 0 < 2λ < h, the typical time T−1→0 for going from
−1 to 0 is much shorter than the typical time T 0→+1 for going from 0 to +1
so that the asymptotics of the time T−1→+1 of the transition from −1 to +1 is
dominated by T 0→+1.

We shall see that this feature has an implication for the behaviour of the system
at infinite volume.

7.12 Metastability in the two-dimensional Ising model
with free boundary conditions

Up to now we have studied the escape from a metastable phase using periodic
boundary conditions; in this way we neglected the effects of the boundary.

Such effects can be modelled by considering a finite lattice with free boundary
conditions.

The case of the standard (ferromagnetic, isotropic, n.n. interaction) two-
dimensional Ising model with free boundary conditions (at low temperatures and
small magnetic fields) was considered in [61A].

It was shown in [61A] that, although the main features of nucleation of the
stable phase are not changed, some interesting new aspects arise: in particular
one can say a priori where the nucleation of the stable phase will start, that is
where the critical droplet will show up.
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One can show rigorously in the limit β →∞ that the system exhibits metasta-
bility with a lifetime τ ∼ exp(β J 2/h) (we are using standard notation introduced
in (7.1), namely we set the n.n. coupling constant equal to J/2). This exit time is
much smaller than in the case of periodic boundary conditions. This is a conse-
quence of the fact that the tendency of a droplet to grow is favoured when such
a droplet has one of its sides on the boundary of the box or at a distance one from
it.

Indeed, we have to introduce two different critical lengths, λ1 and λ2, that refer
respectively to droplets close to and far from the boundary:

λ1 =
[

J

h

]
+ 1 and λ2 =

[
2J

h

]
+ 1, (7.108)

The meaning of λ1 and λ2 is the following: a rectangular l1 × l2 droplet with
minimal side length l = l1 ∧ l2 located inside the bulk of ( has a tendency to
grow precisely if l ≥ λ2, whereas a rectangular droplet with minimal side length
l located at a distance zero or one from the boundary has a tendency to grow
precisely if l ≥ λ1.

The formation of a λ1 critical nucleus adjacent to the boundary or of a λ2

critical nucleus in the bulk correspond to different escape mechanisms; among
these different mechanisms the one typically chosen at very low temperature by
the system will correspond to the minimal energy cost. It is immediate that the
minimal energy barrier corresponds to the formation of a λ1 critical nucleus at a
corner.

With an analysis similar to that developed for the standard Ising model with
periodic boundary conditions, we see that the global essential saddle configura-
tions P correspond to a droplet placed at a corner of ( given by a λ1 × λ1 − 1
rectangle with a unit square protuberance attached to the longest free side. Its
energy formation is given by

) = H(P)− H(−1) = 2Jλ1 − h(λ2
1 − λ1 + 1). (7.109)

With the usual notation the main results are summarized in the following.

Theorem 7.20 For any ε > 0,

(i) P−1(eβ)−βε < τ+1 < eβ)+βε)
β→∞−→ 1,

(ii) P−1(θ−1,P,+1 < τ+1)
β→∞−→ 1.

It is possible to define the tube Tε of all ε-standard paths in complete analogy
with the case of periodic boundary conditions; now the typical nucleation pattern
will involve a sequence of growing droplets whose circumscribed rectangle is a
quasi-square placed around a corner of the box (. A theorem with the same state-
ment as Theorem 7.13 holds true. We refer to [61A] for more details.
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7.13 Standard Ising model under Kawasaki dynamics
As we said at the beginning of Chapter 4, the two typical examples of metastable
states are (i) a supersaturated vapour and (ii) a magnetic system with magneti-
zation opposite to the external magnetic field. When describing these systems
by lattice Ising-like models, it is natural to use occupation number variables
η(x) ∈ {0, 1} for the first case and spin variables σ(x) ∈ {−1,+1} for the second
case. Of course, given any particular model we can interchange the representation
via the transformation η(x) = (1+ σ(x))/2 (see Chapter 3). This trivial change
of variables allows two different interpretations for the same model. For example,
standard stochastic Ising models that we introduced in magnetic language can
also be used to model the time evolution of a fluid. The corresponding dynamics
is non-conservative in the sense that it does not preserve the number of particles.
To describe a fluid it is much more natural to use a conservative dynamics.

We want now to discuss metastable behaviour for a class of lattice gas models
subject to stochastic dynamics that conserve the number of particles (in the spin
representation the conserved quantity would be the magnetization).

We want, in particular, to analyse the Kawasaki dynamics, i.e. a family of
Markov chains (in continuous or discrete time) that are reversible with respect
to the Gibbs measure for the Ising Hamiltonian (7.1), whose elementary process,
instead of being a single spin-flip, like in Glauber dynamics, consists of a double
spin-flip, interchanging the values of spin of two neighbouring sites. In lattice gas
language this corresponds to a jump of a particle to an empty neighbouring site.

Let us now give some preliminary definitions. Let (β be a large finite box cen-
tred at the origin with periodic boundary conditions. We consider simultaneously
the two-dimensional and three-dimensional cases where (β ⊆ Z2, (β ⊆ Z3, re-
spectively. The subscript β in (β is to recall that the side length of (β will depend
on β. Indeed it will grow at a suitable exponential rate with β.

With each x ∈ (β we associate an occupation variable η(x), taking the values
0 or 1, indicating absence or presence of a particle. A lattice gas configuration
is denoted by η ∈ Xβ = {0, 1}(β . The equilibrium properties in a conservative
context are described by a canonical Gibbs measure (see (3.43) of Chapter 3)
that we are going to define for the Ising lattice gas. Let (∗

β be the set of bonds
(equivalent to unordered pairs of n.n. sites) in (β ; we consider the interaction
defined by the following canonical Hamiltonian:

Hcan(η) = −U
∑

(x,y)∈(∗β
η(x)η(y), (7.110)

i.e. there is a binding energy−U < 0 between neighbouring occupied sites and no
interaction otherwise. For A ⊆ (β , we denote by NA(η) the number of particles
in A of the configuration η:

NA(η) =
∑
x∈A

η(x). (7.111)
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We fix the number of particles in (β at the value

N = e−,β |(β |, (7.112)

where , > 0 is an activity parameter. This corresponds to a density equal to

ρ ≡ 1

|(β |
∑

x∈(β

η(x) = e−,β. (7.113)

As in (7.45) we denote by VN the set of configurations with N particles:

VN = {η ∈ Xβ : N(β (η) = N }. (7.114)

On VN we define the canonical Gibbs measure

νN (η) = e−βHcan(η)1VN (η)

Zcan
N

, Zcan
N =

∑
η∈VN

e−βHcan(η). (7.115)

We see from (7.113) and ((7.112)) that in order to have particles at all we must
pick |(β | at least exponentially large in β. This means that the regime where the
volume is fixed, considered up to now in this chapter and in particular in the case
of non-conservative Glauber dynamics, has no relevance here.

We define a stochastic dynamics, called Kawasaki dynamics, in terms of a
continuous time Markov chain (ηt )t≥0 with state space VN , and with generator L
given by:

(L f )(η) =
∑

(x,y)∈(∗β
c((x, y), η)[ f (η(x,y))− f (η)], (7.116)

where

η(x,y)(z) =


η(z) if z �= x, y

η(x) if z = y

η(y) if z = x

(7.117)

and

c((x, y), η) = e−β(Hcan(η(x,y))−Hcan(η))+ .

It is easily verified that the reversibility condition holds:

νN (η)c((x, y), η) = νN (η(x,y))c((x, y), η(x,y)).

Discrete time versions are also possible.

Let us start with a heuristic discussion based on static grounds.
Consider the lattice gas at low temperature at its condensation point. Let

ρl(β) = 1+ m∗(β)
2

, ρg(β) = 1− m∗(β)
2

, (7.118)
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denote the densities of the liquid and gas phases. Here m∗(β) is the sponta-
neous magnetization in the spin language given by m∗(β) = limh→o+ m(β, h)
(see (3.120) in Chapter 3). Taking the Hamiltonian (7.1) where the ferromagnetic
coupling constant is J/2 and the magnetic field is h/2, we have, in d dimensions,

m∗(β) = 1− 2e−2d Jβ [1+ o(1)] so that ρg(β) = e−dUβ [1+ o(1)], β →∞,

(7.119)
as follows easily from a perturbative argument, based on low temperature expan-
sions, since the energy cost to invert the spin at the origin, with zero magnetic
field, is 2d J and J = U/2 (see Chapter 3); thus we see that e−dUβ can be iden-
tified as the leading term of the density of the saturated gas at the condensation
point (in the sense that limβ→∞−(1/β) log ρg(β) = dU ).

When describing a pure gaseous phase outside the coexistence region (ρ <

ρg(β)) we know that the canonical Gibbs measure is equivalent to the grand
canonical Gibbs measure given by

µ(η) = e−βH(η)

Z
, Z =

∑
η∈Xβ

e−βH(η) (7.120)

where

H(η) = Hcan(η)− λN(β (η), (7.121)

λ ∈ R is the chemical potential taking a suitable value, in order to fix the aver-
age grand canonical density at the value ρ = e−,β ; at very low temperature we
have to choose λ = −,+ o(1) as follows again by simple perturbative arguments
since for large β the gas is very rarefied and for a free gas the density ρ equals
the fugacity z = exp(βλ). The magnetic field appearing in spin representation
(see (7.1)) is h = 2U + λ (see Chapter 3); thus we find again that the chemical
potential fixing the density ρ at the value ρg(β) corresponds to h = 0.

Suppose that, starting from the condensation point, we increase the density
slightly, but avoiding the appearance of droplets of the liquid phase. Then we
get a supersaturated gas that can be described in terms of a restricted ensemble
(see Chapter 4, [44, 240]) namely the grand canonical Gibbs measure restricted
to a suitable subset of configuration space, for instance, where all sufficiently
large clusters are suppressed. At low temperature this supersaturated gas will stay
rarefied, so that its metastable state can be described as a pure gas phase with
strong mixing properties.

We can suppose that, for the description of metastability, the canonical
and grand canonical Gibbs measures are equivalent, provided they are suitably
restricted as described above. Under these conditions let us make, in the limit of
large β, a rough calculation of the probability, at the metastable equilibrium, of
finding a cubic droplet of occupied sites centred at the origin. In two dimensions
let us denote by µ∗(l × l), the probability, under the restricted ensemble, of seeing
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a square droplet of side l centred at the origin; and in three dimensions let us de-
note by µ∗(m × m × m) the probability, under the restricted ensemble, of seeing
a cubic droplet of side m centred at the origin. We have:

µ∗(l × l) ≈ ρl2
e2l(l−1)Uβ, (7.122)

since ρ is the probability of finding a particle at a given site and−U is the binding
energy between particles at neighbouring sites. Substituting ρ = e−,β we obtain

µ∗(l × l) ≈ e−βE2(l), (7.123)

where

E2(l) = 2Ul − (2U −,)l2. (7.124)

Let 2U > ,. The maximum of E2(l) is at l = U/(2U −,). This means that if
this ratio is non-integer, droplets with side length l < lc have a probability de-
creasing in l while droplets with side length l ≥ lc have a probability increasing
in l, where

lc =
[ U

2U −,

]
+ 1. (7.125)

Then, in two dimensions, the choice , ∈ (U, 2U ) corresponds to lc ∈ (1,∞), i.e.
to a non-trivial critical droplet size. Use J = U/2, h = 2U + λ, λ = −, to see
that (7.125) is in agreement with (7.7).

The metastable behaviour for the non-conservative case in spin language oc-
curs when h ∈ (0, 2J ). This corresponds precisely to , ∈ (U, 2U ).

In physical terms, , ∈ (0,U ) corresponds to the unstable gas, , = U to
the instability threshold commonly called the spinodal point, , ∈ (U, 2U ) to the
metastable gas, , = 2U to the condensation point, and , ∈ (2U,+∞) to the
stable gas.

Similarly, in three dimensions we get:

µ∗(m × m × m) ≈ ρm3
eβ[3Um3−3Um2]. (7.126)

Substituting ρ = e−,β , we obtain

µ∗(m × m × m) ≈ e−βE3(m), (7.127)

with

E3(m) = −(3U −,)m3 + 3Um2. (7.128)

Let , < 3U . The maximum of E3(m) occurs at m = 2U/(3U −,). If this ratio
is non-integer, then cubic droplets with side length m < mc have a probability
decreasing in m, while cubic droplets with side length m ≥ mc have a probability
increasing in m, where

mc =
[

2U

3U −,

]
+ 1. (7.129)
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The metastable regime in three dimensions is , ∈ (U, 3U ) corresponding to
mc ∈ (1,+∞); the analogue in the non-conservative Glauber case is h ∈ (0, 4J ).

7.13.1 Dynamics in two dimensions

Let us now consider the metastable behaviour from a dynamic point of view and
see what happens locally. Let us first consider the two-dimensional case. We want
to compare the probabilities of growing or shrinking for a square cluster of par-
ticles. The argument will be very rough. Suppose we pick a large finite box (,
centred at the origin, and start with an l × l droplet inside (. Suppose that the
effect on ( of the gas in (β \( may be described in terms of the creation of new
particles with rate ρ = e−,β at sites on the interior boundary of ( and the anni-
hilation of particles with rate 1 at sites on the exterior boundary of (. So the cost
of creating a new particle is , whereas the cost of annihilating a particle is zero.

In other words, suppose that inside ( the Kawasaki dynamics may be de-
scribed by a Metropolis algorithm with energy given by the local grand canonical
Hamiltonian:

H(η) = Hcan(η)+,N((η). (7.130)

Then the energy barriers for adding respectively removing a row or column of
length l are given in terms of the local saddles of H :

energy barrier for adding = 2,−U,

which corresponds to a configuration η obtained by creating two particles (cost of
2,) one of which is attached to the droplet (gain of −U ); indeed it is immediate
to construct two declining paths (see the beginning of Chapter 6) emerging from
η and going respectively to the original rectangular droplet and to the rectangular
droplet obtained by adding a row or column.

Energy barrier for removing = (2U −,)(l − 2)+ 2U, (7.131)

which corresponds to a configuration η′ obtained by the consecutive removal and
annihilation of l − 2 corners from the original droplet at a cost 2U −, per step,
followed by a final removal without annihilation at a cost 2U . η′ is similar to η:
indeed it can be obtained from the contracted rectangle (l − 1)× l by creating two
particles one of which is attached to the rectangle; see Figure 7.14. The balance
of the two barriers indeed gives the critical size lc in (7.125).

7.13.2 Dynamics in three dimensions

Let us next discuss the metastable behaviour from a dynamic point of view in
three dimensions. We want to compare the probabilities of growing respectively
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Figure 7.15

shrinking for a cubic droplet of particles with a quadratic droplet attached to one
of its faces. Again, the argument will be very rough.

Suppose , < 2U . Let

ε := 3U −,. (7.132)

The energy barriers for adding respectively removing a bar (i.e. row or column)
of length l from a two-dimensional droplet on the face of a three-dimensional
droplet are given in terms of the local saddles of H (see Figure 7.15):

adding bar: 2,− 2U = 4U − 2ε,

removing bar: 3U + (3U −,)(l − 2) = 3U + ε(l − 2).
(7.133)

The two barriers in (7.133) balance at l = U/ε, which represents the two-
dimensional critical droplet size on a face.



462 Metastable behaviour for lattice spin models

Figure 7.16

Then we see that for m ≥ lc the most favourable path for adding a face to
an m × m × m cube passes through a saddle configuration given by a free parti-
cle and a cluster obtained from the cube m × m × m by attaching onto one of its
faces a two-dimensional cluster consisting of an (lc − 1)× lc rectangle plus a unit
square protuberance (see Figure 7.16); whereas for m < lc the saddle configura-
tion for adding a face corresponds to a configuration given by a free particle and
a cluster obtained from the cube m × m × m by attaching onto one of its faces a
droplet (two-dimensional cluster) consisting of an (m − 1)× m rectangle plus a
unit square protuberance.

Then, the energy barriers for adding respectively removing a face of side
length m are:
m < lc

adding face: U (2m + 3)− ε(m2 − m + 2),

removing face: 3U + ε(m − 2);
(7.134)

m ≥ lc

adding face = U (2lc + 3)− ε(l2
c − lc + 2),

removing face = −U (2m − 2lc − 3)+ ε(m2 − l2
c + lc − 2).

(7.135)

The two barriers in (7.135) balance at m = 2U/ε, so (7.129) again appears as
the three-dimensional critical droplet size.

Let us discuss briefly the main difficulties arising in the attempt to develop
the above ideas rigorously and underline the main differences with the non-
conservative case.
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First of all we can say that conservative dynamics are much more difficult with
respect to non-conservative dynamics such as Glauber dynamics since the con-
servation law induces strong correlations. Moreover, as we already remarked, in
the conservative case the Markov chain (ηt )t≥0 is not in the Freidlin–Wentzell
regime since the volume (β needs to grow exponentially fast in β. Already for
this reason, we cannot apply the theory developed in Chapter 6, so we need new
ideas. The real difficulty is to find the correct way to treat the gas in (β \(. The
heuristic discussion given above was based on the assumption that the dynam-
ics inside ( is effectively described by the local grand canonical Hamiltonian H
in (7.130). However, unlike the non-conservative dynamics, the conservative dy-
namics is not really local: particles must arrive from or return to the gas, which
acts as a reservoir. It is therefore not possible to decouple the dynamics of the
particles inside ( from the dynamics of the gas in (β \(. This means that the
gas must be controlled in some detail in order to prove that the above assumption
is indeed a good enough approximation.

In [158] the authors considered, for the two-dimensional case, a simplified but
still conservative model where the dynamics is Kawasaki in a finite box ( (inde-
pendent of β) whereas outside ( the dynamics is given by a set of independent
random walks; we refer to [158] for further details. It turns out that the main
conceptual difficulties, concerning the behaviour of the gas, are still present in
the simplified model, even though in the latter there are some technical simpli-
fications. From the analysis developed in [158] one can see that the above local
description provides a good approximation for the local aspects of the global dy-
namics in (β . In other words there is a sort of dynamical equivalence between
canonical and grand canonical descriptions. Locally the gas behaves like a reser-
voir producing particles independently in time at rate e−,β and absorbing parti-
cles at rate 1.

Let us now give, for both d = 2 and d = 3, a precise definition of the local
Kawasaki dynamics on (, with a boundary condition that mimicks the effect of
an infinite gas reservoir outside ( with density

ρ = e−,β.

Here we only analyse this local version of the dynamics, without providing a jus-
tification based on the fact that it is a good approximation of the ‘true’ dynamics
in (β . For this we refer to [158, 159].

Let ( ⊆ Z2 or ( ⊆ Z3 be a cubic box, let

∂−( = {x ∈ ( : ∃y /∈ ( : |y − x | = 1},
∂+( = {x /∈ ( : ∃y ∈ ( : |y − x | = 1},

be the internal respectively the external boundary of (, and let (− = ( \ ∂−(
be the interior of (.
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We set X := {0, 1}(. Each configuration η ∈ X has an energy given by the
following Hamiltonian:

H(η) = −U
∑

(x,y)∈(∗−
η(x)η(y)+,N((η), (7.136)

where

(∗
− = {(x, y) : x, y ∈ (− : |x − y| = 1} (7.137)

is the set of unoriented bonds in (−. The interaction, which is acting only in-
side (−, is a binding energy −U < 0 for each pair of neighbouring particles.
In addition, there is an activity energy , > 0 for each particle in (. Notice that
H −,N∂−( can be viewed as the Hamiltonian, in lattice gas variables, for an
Ising system enclosed in (−, with 0 boundary conditions. Thus the grand canoni-
cal Gibbs measure corresponding to the Hamiltonian (7.136) is given as the prod-
uct of a grand canonical Gibbs measure describing an Ising system enclosed in
(− with 0 boundary conditions, times the equilibrium measure corresponding to
a free system with chemical potential −,, in ∂−(.

Let b = (x → y) denote an oriented bond, i.e. an ordered pair of nearest neigh-
bour sites. Define

∂∗(out = {b = (x → y) : x ∈ ∂−(, y ∈ ∂+(},
∂∗(in = {b = (x → y) : x ∈ ∂+(, y ∈ ∂−(},

(∗, orie = {b = (x → y) : x, y ∈ (},

and put (̄∗, orie = ∂∗(out ∪ ∂∗(in ∪(∗, orie. Two configurations η, η′ ∈ X with
η �= η′ are now called communicating states, written η ↔K η′, if there exists a
bond b ∈ (̄∗, orie such that η′ = Tbη, where Tbη is the configuration obtained
from η as follows:
b = (x → y) ∈ (∗, orie

Tbη(z) =


η(z) if z �= x, y
η(x) if z = y
η(y) if z = x,

b = (x → y) ∈ ∂∗(out

Tbη(z) =
{
η(z) if z �= x
0 if z = x,

b = (x → y) ∈ ∂∗(in

Tbη(z) =
{
η(z) if z �= y
1 if z = y.
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Notice that for b = (x → y) ∈ (∗, orie, Tbη is invariant under change of ori-
entation of b while for b ∈ ∂∗(out and b ∈ ∂∗(in it is not.

The local Kawasaki dynamics is defined to be the discrete time Markov chain
(ηt )t∈N on X given by the transition probabilities

P K (η, η′) =
{ 1
|(̄∗, orie|e

−β(H(η′)−H(η))+ if η �= η′, η ↔K η′

0 if η �= η′η �↔K η′,

and P K (η, η) = 1−∑η′ �=η P K (η, η′). This is a standard Metropolis dynamics
with an open boundary: along each bond touching ∂−( from the outside, parti-
cles are created with rate ρ and annihilated with rate 1, while inside (− particles
are conserved. Note that any change of particles inside ∂−( does not involve
change in binding energy because the interaction acts only inside (−. We want
to observe that it is also possible to introduce a Glauber dynamics defined as
in (7.2) with (7.136) in place of (7.1), namely with zero interaction inside ∂−(
and between ∂−( and (− ∪ ∂+(. This is useful in order to make a compar-
ison with the local Kawasaki dynamics that we have introduced. Let us call it
special Glauber dynamics as opposed to the standard Glauber dynamics with pe-
riodic boundary conditions and translationally invariant couplings. On (−, local
Kawasaki dynamics exchanges particles between neighbouring sites, while spe-
cial Glauber dynamics creates or annihilates particles at single sites. Thus, on
(−, local Kawasaki dynamics is conservative, while special Glauber dynamics
(as well as standard Glauber dynamics) is non-conservative. It is easy to verify
that both are reversible with respect to the grand canonical Gibbs measure with
Hamiltonian (7.136).

7.13.3 Results for local Kawasaki dynamics in two dimensions

Remember, from (7.136), that a pair of n.n. particles feel the interaction only if
they both belong to (−; thus we analyse in terms of clusters only the part of the
configuration η that lies in (−.

Let us adapt the geometric description of configurations in terms of clusters to
the present case.

A free particle in η ∈ X is a site x ∈ η ∩ ∂−( or a site x ∈ η ∩(− such
that

∑
y∈nn(x)∩(− η(y) = 0, i.e. particle not in interaction with any other parti-

cle, where nn(x) is the set of nearest neighbours of x .
Given a configuration η ∈ X , consider the set C(η) ⊆ R2 defined as the union

of the closed unit cubes centred at the sites inside (− where η has a particle. De-
compose C(η) into maximal connected components C1, . . . ,Cm called clusters.
A configuration η ⊆ ( is characterized by a set C(η), depending only on η ∩(−,
plus possibly a set of free particles in ∂−(, namely, η ∩ ∂−(.

R(l1, l2) is the set of configurations whose single cluster in (− is an l1 × l2
rectangle (see Definition 7.3 and eq. (7.16)).
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Given integers l1, l2 ≥ 2, we define Rpr (l1, l2) the set of configurations where
the occupied sites form a unique cluster in (− given by an l1 × l2 rectangle with
a unit square protuberance. Writing, as in (7.45) and in (7.114), for n ∈ N,

Vn :=
{
η ∈ X :

∑
x∈(

η(x) = n

}
(7.138)

and recalling (see Definition 6.9 in Chapter 6) that for Q ⊆ X , Q 3 η, η′,
�Q(η, η′) denotes the communication height between η and η′ in Q, we define

D pr (l1, l2) = {η′ ∈ X : ∃η ∈ Rpr (l1, l2) : �Vp (η, η
′)

≤ H(η)+U, H(η) = H(η′)},
(7.139)

with p = l1l2 + 1.
In words, D pr (l1, l2) is the set of configurations η′ that can be connected to

some η ∈ Rpr (l1, l2) by a path ω = ω1, . . . , ωk ⊆ Vp (k ∈ N) such that

ω1 = η′, ωn = η, max
1≤i<k

H(ωi ) ≤ H(η)+U, H(η) = H(η′). (7.140)

It is not hard to see that D pr
(l1,l2)

contains only configurations giving rise to a single
monotone contour.

D pr, f p(l1, l2) is the set of configurations obtained from a configuration in
D pr (l1, l2) by adding a free particle.

A particularly important set of configurations, which play the role of ‘critical
configurations’, is given by

C∗2 = D pr, f p(lc − 1, lc) (7.141)

with

lc =
[

U

2U −,

]
+ 1. (7.142)

Recall that in the simple static and dynamic analysis developed above, this value
came out as the critical droplet size. We denote by )K

2 = )K
2 (U,,) the energy

of the critical configuration:

)K
2 = H(C∗2 ) = −U (2l2

c − 4lc + 2)+,(l2
c − lc + 2). (7.143)

We denote by 0 the configuration where ( is empty and by 1 the set of config-
urations where (− is full. Notice that H(0) = 0.

The following theorem contains the main results on the asymptotic of tun-
nelling time, on the ‘gate to stability’ and on subcriticality or supercriticality of
quasi-squares.

Theorem 7.21 [158] Let , ∈ ( 3
2U, 2U ) and suppose that U/(2U −,) is not

integer, and let ( be sufficiently large.
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(a) Let )K
2 be the quantity defined in (7.143). Then

lim
β→∞

P0

(
e()

K
2 −δ)β < τ1 < e()

K
2 +δ)β

)
= 1 ∀δ > 0. (7.144)

(b) Let C∗2 be the set of critical configurations defined in (7.141) and

θ0,1 = max{0 ≤ t < τ1 : ηt = 0}, θ0,C∗2 ,1 = min{t > θ0,1 : ηt ∈ C∗2 }.
(7.145)

Then

lim
β→∞

P0(θ0,C∗2 ,1 < τ1) = 1. (7.146)

(c) Let Q be the set of configurations whose single contour is a quasi-square.
Then, for all η ∈ Q if l1, l2 are the side lengths of the quasi-square in η and
l = l(η) = l1 ∧ l2,

if l < lc then lim
β→∞

Pη(τ0 < τ1) = 1,

if l ≥ lc then lim
β→∞

Pη(τ1 < τ0) = 1.
(7.147)

In words, Theorem 7.21 says the following.
(a) The nucleation time from 0 to 1 is e[)K

2 +o(1)]β .
(b) The set C∗2 is a gate for nucleation: during the first excursion from the

metastable configuration 0 to 1, all paths pass through this set with a prob-
ability tending to 1 as β →∞.

(c) Subcritical quasi-squares (l < lc) shrink to 0, supercritical quasi-squares
(l ≥ lc) grow to 1.

7.13.4 Results for local Kawasaki dynamics in three dimensions

Again we start with some geometrical definitions
Given integers m1,m2,m3 ≥ 2 and l1, l2 ≥ 1, with l1 ≤ l2, m3 ≥ l2, m2 ≥ l1

we denote by Rl1,l2(m1,m2,m3) the set of configurations without free particles
whose single cluster in (− is an m1 × m2 × m3 parallelepiped plus an l1 × l2
rectangle attached to one face (a rectangle is a parallelepiped with side lengths
1, l1, l2). A quasi-cube is a parallelepiped with side lengths m,m + δ,m + θ with
δ, θ ∈ {0, 1}, δ ≤ θ . A cube is a quasi-cube with δ = θ = 0. A quasi-square is a
parallelepiped with side lengths 1, l, l + α with α ∈ {0, 1}. A square is a quasi-
square with α = 0.

Given integers m1,m2,m3 ≥ 3 and l1, l2 ≥ 2, R f p
l1,l2

(m1,m2,m3) is the set
of configurations obtained from a configuration in Rl1,l2(m1,m2,m3) by adding
a free particle; Rpr

l1,l2
(m1,m2,m3) is the set of configurations obtained from a

configuration in Rl1,l2(m1,m2,m3) by attaching a particle to one of the sides of
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the rectangle, so that it becomes a protuberance. D pr
l1,l2

(m1,m2,m3) is the set of
configurations given by

D pr
l1,l2

(m1,m2,m3) =
{
η′ ∈ Vp : ∃η ∈ Rpr

l1,l2
(m1,m2,m3) :

�Vp (η, η
′) ≤ H(η)+ 2U, H(η) = H(η′)

} (7.148)

with p = m1m2m3 + l1l2 + 1. In words, D pr
l1,l2

(m1,m2,m3) is the set of con-

figurations η′ that can be reached from some η ∈ Rpr
l1,l2

(m1,m2,m3) by a path
ω = ω1, . . . , ωk (k ∈ N) in Vp such that

ω1 = η, ωk = η′, max
1≤i<k

H(ωi ) ≤ H(η)+ 2U, H(η) = H(η′).

(7.149)
Let D pr, f p

l1,l2
(m1,m2,m3) be the set of configurations obtained from a configu-

ration in D pr
l1,l2

(m1,m2,m3) by adding a free particle.
A particularly important set of configurations, which plays the role of ‘critical

configurations’ in the regime , ∈ (2U, 3U ), is given by

C∗3 = D pr, f p
lc−1,lc

(mc − 1,mc − δc,mc) (7.150)

with lc defined in (7.125), mc defined in (7.129), and

δc = 1 if ε

(
2

[
2U

ε

])
> 2U +

√
(2U )2 + ε2, 0 otherwise (7.151)

(recall ε = 3U −,). The δc comes from a fine tuning: depending on the value of
U and ,, either the prolate quasi-cube (mc − 1,mc − 1,mc) or the oblate quasi-
cube (mc − 1,mc,mc) has the lowest energy. By definition, C∗3 ⊆ Vn∗ with

n∗ = mc(mc − δc)(mc − 1)+ lc(lc − 1)+ 2. (7.152)

The ‘prototype’ configurations in C∗3 are Rpr, f p
lc−1,lc

(mc − 1,mc − δc,mc) repre-

sented in Figure 7.17. We denote by )K
3 = )K

3 (U,,) the energy of the critical
configurations:

)K
3 = H(C∗3 ) =− ε[mc(mc − δc)(mc − 1)+ lc(lc − 1)+ 2]

+ U [mc(mc − δc)+ mc(mc − 1)

+ (mc − δc)(mc − 1)+ 2lc + 3].

(7.153)

Now we can state the three-dimensional analogue of points (a), (b) of Theorem
7.21.

Theorem 7.22 [160] Fix , ∈ (2U, 3U ) such that 2U/(3U −,) is not integer,
and let ( be sufficiently large.
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Figure 7.17

(a) Let )K
3 be the quantity defined in (7.153). Then

lim
β→∞

P0

(
e()

K
3 −δ)β < τ1 < e()

K
3 +δ)β

)
= 1, ∀δ > 0. (7.154)

(b) Let C∗3 be the set of critical configurations defined in (7.150) and

θ0,1 = max{0 ≤ t < τ1 : ηt = 0}, θ0,C∗3 ,1 = min{t > θ0,1 : ηt ∈ C∗3 }.
(7.155)

Then

lim
β→∞

P0(θ0,C∗3 ,1 < τ1) = 1. (7.156)

We refer to [160] for a more complete statement including the analogue of point
(c) of Theorem 7.21.

Results for Glauber dynamics in three dimensions

Let us now give the analogous result for the three-dimensional standard Ising
model with Glauber dynamics. It is defined in perfect analogy with the two-
dimensional standard Ising model (see (7.1), (7.2)) Now ( is a three-dimensional
torus of side length L . We recall that the correspondence rule between the lattice
parameters and spin parameters is U = 2J, ε ≡ 3U −, = h. Let

l∗ :=
[

2J

h

]
+ 1, m∗ :=

[
4J

h

]
+ 1 (7.157)

and ζc be defined like δc in (7.151) with 2J in place of U and h in place of ε.
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Let

PG
3 = Rpr

l∗,l∗−1(m
∗ − 1,m∗ − ζc,m∗) (7.158)

and

)G
3 + H(−1) = H(PG

3 ) = −h[m∗(m∗ − ζc)(m
∗ − 1)+ l∗(l∗ − 1)+ 1]

+ 2J [m∗(m∗ − ζc)+ m∗(m∗ − 1) (7.159)

+ (m∗ − ζc)(m
∗ − 1)+ 2l∗].

Theorem 7.23 [16] Given J , for 1/h and L sufficiently large and such that
2J/h, 4J/h are not integers,

(a) we have

lim
β→∞

P−1

(
e()

G
3 −δ)β < τ+1 < e()

G
3 +δ)β

)
= 1, ∀δ > 0; (7.160)

(b) let

θ−1,+1 = max{0 ≤ t < τ+1 : ηt ∈ −1},
θ−1,PG

3 ,+1 = min{t > θ−1,+1 : ηt ∈ PG
3 },

(7.161)

then

lim
β→∞

P−1(θ−1,PG
3 ,+1 < τ+1) = 1. (7.162)

Proof of Theorem 7.22 (Sketch) We give the main lines of the proof, referring to
[16, 160] for more details. Of course the proof of points (a), (b) of Theorem 7.21
is much easier and can be obtained along the same lines; point (c) of Theorem
7.21 comes as a byproduct of the proof of points (a), (b); we refer to [160] for
more details. Moreover, as will appear clear, we can also use the argument of
the proof of Theorem 7.22 to obtain the equivalent result (Theorem 7.23) for the
three-dimensional Ising model under Glauber dynamics. Indeed the Glauber case,
as far as the results like Theorem 7.22 are concerned, is much easier.

We remark that much more detailed results, including the tube of typical tra-
jectories realizing the transition, were obtained in [16].

Let us observe that )K
3 ∼ 4U 3/ε2 as ε → 0 (as follows from (7.153)) which

identifies the nucleation time in the limit of weak supersaturation.
We note at this point that common methods used in several works on metasta-

bility like [16, 62, 63, 184, 185, 224] are not applicable in the present case of
three-dimensional local Kawasaki dynamics. Indeed these methods needed the in-
troduction of a set G like the one appearing in Claim 7.12 for the case of the two-
dimensional standard Ising model with Glauber dynamics, together with good
control of the typical tube of trajectories realizing the transition. Here we do not
have enough control of the energy landscape to apply these methods, in particular
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we have a too approximate knowledge of the gate for the transition: we are able to
prove that C∗3 is a gate but we are not able to extract from C∗3 a minimal gate. Nor
are we able to characterize the typical descent paths from C∗3 to 1, as in the case
of the standard two dimensional Ising–Glauber model. These are the reasons why
we base the proof of part (a) of the theorem on the application of Theorem 6.38 of
Chapter 6. As in the alternative approach to the study of the J1 J2 model that we
presented above, it is sufficient (1) to find the communication height �(0, 1) and
(2) to prove that there exists )0 ≤ )K

3 such that all configurations with the ex-
ception of {0, 1} are )0-reducible, i.e. X)0 ⊆ {0, 1}. We want to stress that these
two items are not necessary to get the result: they are a sufficient relatively weak
condition implying relatively weak results.

Proof that �(0, 1) = )K
3 The basic idea is to partition the configuration space

into manifolds with constant number of particles:

X =
|(|⋃
n=0

Vn (7.163)

(see (7.138)) and to observe that, due to the form of the Ising Hamiltonian, the
problem of determining the configurations of minimal energy in Vn coincides
with the discrete ‘isoperimetric problem’ of minimizing the surface of a polyhe-
dron with given volume. We recall some definitions and results from Alonso and
Cerf [3].

(a) A minimal polyomino is a configuration whose single contour has minimal
surface among all those with the same volume.

(b) A principal polyomino is a configuration whose single contour is a quasi-
cube with a quasi-square attached to one face of the quasi-cube and with a
bar attached to one side of the quasi-square (a bar is a parallelepiped with
side lengths 1, 1, l1).

(c) A standard polyomino is a principal polyomino whose quasi-square is at-
tached to one of the largest faces of the quasi-cube and whose bar is attached
to one of the largest sides of the quasi-square.

Here the polyomino is the natural extension to the three-dimensional case of the
analogous concept that we have already introduced in two dimensions.

In the following we report some results that are proven in [3].
For each n ∈ N there exists a unique 6-tuple (m, l, k, δ, θ, α) such that:

(i) m, l, k ∈ Z+, δ, θ, α ∈ {0, 1},
(ii) if m = 0 then δ = θ = 0, if l = 0 then α = k = 0,

(iii) δ ≤ θ , k < l + α, l(l + α)+ k < (m + δ)(m + θ), and

n = m(m + δ)(m + θ)+ l(l + α)+ k. (7.164)
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Because of the previous result,it is natural to associate with each n ∈ N a princi-
pal polyomino whose quasi-cube has side lengths m,m + δ,m + θ , whose quasi-
square has side lengths l, l + α, and whose bar has length k.

The following discrete isoperimetric inequalities, proven in [3], are a key in-
gredient in our analysis.

(a) All principal polyominoes are minimal polyominoes.
(b) The set of minimal polyominoes of volume n coincides with the set of prin-

cipal polyominoes of volume n if and only if n is of the form ‘quasi-cube
+ quasi-square’ or ‘quasi-cube −1’.

We next construct a particular optimal nucleation path ωK , i.e. an element
of (0 −→ 1)opt . This path, which we call the reference path for the Kawasaki
dynamics, goes from 0 to 1 through a particular sequence of growing standard
polyominoes.

To define ωK , we first define the analogous reference path for the spe-
cial Glauber dynamics, which we denote by ωG = {ωG

n } with n = 0, . . . , |(−|,
namely,

ωG
0 = 0, ωG

1 = {x0}, . . . , ωG
|(−| ∈ 1, (7.165)

where x0 is any site in (− and {ωG
n } is a growing sequence of standard poly-

ominoes with |ωG
n | = n, such that PG(ωG

n , ωG
n+1) > 0 and ωG

n ⊆ (− for any n.
The parallelepiped circumscribing ωG

n is always a quasi-cube, while the rectan-
gle circumscribing the piece attached to a face of the quasi-cube contained in ωG

n
is always a quasi-square. The order of the directions of growth of the standard
polyominoes may be chosen arbitrarily, depending on the starting point x0, but is
fixed.

Given a choice for ωG , we can construct the path ωK = {ωK
n,i } with n =

0, . . . , |(−| − 1 and i = 0, 1, . . . , in as follows:

ωK
n,0 = ωG

n , ∀n, (7.166)

and insert between each pair (ωG
n , ωG

n+1) a sequence of configurations ωK
n,i ,

i = 0, 1, . . . , in , belonging to (ωG
n ) f p (≡ the set of configurations (ωG

n )+ a free
particle), that creates a free particle at ∂−( and brings it to the droplet, i.e.

ωK
n,i = ωG

n ∪ {x (n)
i } (7.167)

with x (n)
1 , . . . , x (n)

in
a sequence of neighbouring sites from ∂−( to ωG

n+1\ωG
n . We

obviously have |ωK
n,i | = n + 1− δi,0, where δi,0 is the Kronecker symbol. For

brevity we renumerate the reference path ωK
n,i with a single index s, s = s(n, i),

i.e. ωK
n,i = ωK

s(n,i).
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Claim ωK ∈ (0 −→ 1)opt . Moreover ωK is a self-minimax path, that is for any
0 ≤ s1 < s2

�(ωK
s1
, ωK

s2
) = max

s∈[s1,s2]
H(ωK

s ) (7.168)

and, for any 0 ≤ n1 < n2 ≤ |(−|
�(Vn1 ,Vn2) = max

s∈[s(n1,0),s(n2,0)]
H(ωK

s ). (7.169)

Proof By definition, we have

�(0, 1) ≤ max
s

H(ωK
s ) = H(ωK

s0
), (7.170)

where s0 = min{s : H(ωK
s ) ≥ H(ωK

s′ )∀s′}. Since ωK
s0

is either a standard poly-
omino or a standard polyomino plus a free particle, we have H(ωK

s0
) =

H(ωK
s0−1)+,.

Let n0 = |ωK
s0
|. Since any path ω : 0 → 1 has to cross the n0-manifold Vn0 for

a first time, we have

�(0, 1) ≥ min
η∈Vn0−1

H(η)+, = H(ωK
s0−1)+, = H(ωK

s0
). (7.171)

Indeed, the first equality follows from the fact that ωK
s0−1 is a standard polyomino,

so that by the isoperimetic inequalities proven in [3], it is a configuration of mini-
mal energy in Vn0−1. Combining (7.170) and (7.171), we get �(0, 1) = H(ωK

s0
),

proving that ωK ∈ (0 → 1)opt .
With the same argument we prove (7.168) and (7.169).
From the above claim by an easy calculation determining the maximal energy

reached by ωK , also via a comparison between the energy of the oblate quasi-
cube mc − 1,mc,mc and the prolate quasi-cube mc − 1,mc − 1,mc we get that
�(0, 1) = )K

3 . �

The following proposition implies, by virtue of Proposition 6.37 of Chapter 6,
that from any configuration in X \ ({0} ∪ 1) the Kawasaki dynamics hits 0 or
1 with an overwhelming probability in a time much shorter than the nucleation
time.

Proposition 7.24 There exists )0 < )K
3 such that X)0 ⊆ {0} ∪ 1.

We show an equivalent statement: there exists )0 < )K
3 so that

∀η /∈ {0} ∪ 1 ∃η′ ∈ X : H(η′) < H(η), �(η, η′) ≤ H(η)+ )0. (7.172)

Suppose that η /∈ {0} ∪ 1. Then

∃ x0 ∈ (− , y0 ∈ (, |x0 − y0| = 1: η(x0) = 0, η(y0) = 1. (7.173)
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If y0 ∈ ∂−( and (− ∩ η = ∅, then we pick η′ = 0 and a path ω : η → 0, de-
creasing in energy, consisting of a subsequent annihilation of the particles in
η ∩ ∂−(. We may therefore suppose that there is at least one particle in (−,
i.e. η ∩(− �= ∅.

We first give the proof pretending that the dynamics is Glauber, i.e. particles
can be created and annihilated everywhere in (. Afterwards we discuss briefly
how the proof can be modified when the dynamics is Kawasaki.

Glauber (1) Let ωG be the reference path for the special Glauber dynamics. We
have |ωG

i | = i and, by the already quoted results of [3], it follows that

ωG
i ∈ F(V|ωG

i |), ∀i. (7.174)

Define

ωi = ωG
i ∪ η ∀i, p = inf{i ≥ 1: H(ωG

i ) ≤ 0}. (7.175)

We have ωG
0 = 0, and without loss of generality we may pick ωG

1 = {x0} and start
growing from there.

(2) For 1 ≤ i ≤ p, write (recall (7.136))

H(ωi )− H(η) =
[

H(i (ωi )+ H(c
i
(ωi )+ W(i ,(

c
i
(ωi )

]
−
[

H(i (η)+ H(c
i
(η)+ W(i ,(

c
i
(η)
]
,

(7.176)

where (i is the support of ωG
i , i.e. (i = {x ∈ ( : ωG

i (x) = 1}, (c
i = ( \(i ,

H(i is the Hamiltonian in (7.136) restricted to (i , and

W(i ,(
c
i
(η) = −U

∑
x∈(i , y∈(c

i
(x,y)∈(∗−

η(x)η(y). (7.177)

Recall that (i ∩ ∂−( = ∅.
(3) We have

H(i (ωi ) = H(i (ω
G
i ) = H(ωG

i ),

H(c
i
(ωi ) = H(c

i
(η),

W(i ,(
c
i
(ωi ) ≤ W(i ,(

c
i
(η),

(7.178)

which hold, respectively, because ωi and ωG
i coincide on (i , and because ωi and

η coincide on (c
i , and because ωi contains η. Substitution of (7.178) into (7.176)

gives

H(ωi )− H(η) ≤ H(ωG
i )− H(i (η). (7.179)
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Moreover,

H(i (η) > 0, ∀ 1 ≤ i ≤ p. (7.180)

Indeed, by (7.174) we have

H(i (η) ≥ min
ξ∈V j

H(i (ξ) = H(ωG
j ), for j = j (i) = |η ∩(i |. (7.181)

But 0 ≤ j < p for 1 ≤ i ≤ p, since in η ∩(i there is at least the empty site x0.
Since p is the smallest integer k with H(ωG

k ) ≤ 0, it follows that H(ωG
j ) > 0.

Thus, via (7.179) and (7.181),

H(ωi )− H(η) ≤ H(ωG
i )− H(ωG

j ) < H(ωG
i ), ∀1 ≤ i ≤ p. (7.182)

Denoting by �G the communication height for Glauber dynamics, we see that
(7.182) in turn yields

�G(η, ωp)− H(η) ≤ max
1≤i≤p

H(ωi )− H(η) < max
1≤i≤p

H(ωG
i ) = )G

3 , (7.183)

where we recall )G
3 is the analogue of )K

3 for Glauber. Since ω0 = η and
H(ωG

p ) ≤ 0, (7.182) gives

H(ωp) < H(η). (7.184)

This proves (7.75) with η′ = ωp and )0 < )G
3 .

Notice that an almost identical argument would be valid also for the standard
three-dimensional Glauber dynamics with the same value )G

3 for �(−1,+1)

Kawasaki We have to see how to modify the above argument when the dynam-
ics is Kawasaki. The additional obstacle under Kawasaki is that, when we are
growing the configuration by considering the union of η with the standard poly-
ominoes (i =supp(ωG

i ), as in (7.175), particles cannot be created arbitrarily but
have to arrive from ∂−(. We have to make sure that at any time the configura-
tion is such that a particle coming from the boundary can be moved to where it is
needed.

To prove (7.75) we may restrict ourselves to η ∈ X3U = {η ∈ X : γ (η) > 3U },
with γ (η) = �(η, {η′ : H(η′) < H(η)}) (see (6.227), (6.228) and (6.234) of
Chapter 6).

Otherwise, since 3U < )K
3 , we can take )0 = 3U to get (7.172). Thus, we

need to prove that any η ∈ X3U has the property that when the union is taken
with any monotone sequence of principal polyominoes, this union never contains
closed off regions. This property is proved in [160] by exploiting the regular-
ity of configurations in X3U . We refer to [160] for more details: by (7.172) and
the equality �(0, 1) = )K

3 , using Theorem 6.38, we conclude the (sketch of the)
proof of Theorem 7.22.
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7.14 Metastability for reversible probabilistic
cellular automata

We want to analyse now the metastable behaviour of a class of probabilistic
cellular automata (PCA). These are families of Markov chains σt , t ∈ N, on the
space X = {−1,+1}( (( is a torus of side L in Z2), with transition probabilities
of the form

P(σ, η) :=
∏
x∈(

px (η(x)|σ) , s, η ∈ X (7.185)

where px are non-negative and normalized in the sense that px (η(x)|σ)+
px (−η(x)|σ) = 1. In words, at each integer time, simultaneously, each spin in (

evolves independently according to single site transition probabilities px . These
PCA generalize the dynamical systems called deterministic cellular automata
where, likewise, the dynamics is given by a parallel updating rule but via a
deterministic local map.

Particularly interesting is the case of reversible PCA satisfying the detailed
balance condition with respect to a Gibbs measure. We make the choice

px (a|σ) := 1

2
[1+ a tanhβSx (σ )] (7.186)

with Sx (σ ) :=∑y∈(\{x} Jx,yσ(y)+ hx and Jx,y, hx real numbers. It is easy to
prove (see [64, 86]) that this PCA is reversible with respect to the Gibbs measure
associated with the Hamiltonian

H((σ) = −β
∑
x∈(

hxσ(x)−
∑
x∈(

log cosh [βSx (σ )] . (7.187)

Let us now consider the case Jx,y = 1 if and only if |x − y| = 1 (zero other-
wise) and hx = h for all x ∈ (, see [62], which is particulary interesting because
the single site flipping probabilities px (−σ(x)|σ) are exactly those of the two-
dimensional stochastic Ising model with nearest neighbour interactions and heat
bath dynamics. This is a serial dynamics, also called Gibbs sampling, defined as
follows. At each time t we choose a site x at random and then we set, at time
t + 1, the spin η(x) to a value distributed according to equilibrium, conditional
to the values (at time t) of the neighbouring spins. The above PCA can thus be
considered as the parallel version of the heat bath dynamics.

We call ground states the minimizers of

E((σ) := lim
β→∞

H((σ)

β
= −h

∑
x∈(

σ(x)−
∑
x∈(

|Sx (σ )+ h|. (7.188)

For h = 0 they are +1,−1 and the two chessboard configurations Ce and Co
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where, for x = (x1, x2) ∈ (,

Ce(x) = +1 if and only if x1 + x2 is even, Co(x) = −Ce(x).
(7.189)

For h > 0 (h < 0), +1 (−1) is the unique ground state. Fix a sufficiently small
positive h and take as initial condition σt=0 = −1; we want to analyse the tran-
sition to +1. We want to study the asymptotic behaviour of the first hitting time
τ+1 and the tube of typical trajectories realizing the transition. In particular we
are interested in the role of Ce and Co.

Let �∗ := [2/h]+ 1 and P−1 the set of configurations with a rectangular
droplet of chessboard of sides �∗ and �∗ − 1 in the sea of minuses with a unit
plus protuberance, with four neighbouring minuses, placed on the longest side of
the rectangle; in [62] the authors prove the following result.

Theorem 7.25 [62] Let C := {Ce,Co} and ) := −2h�∗2 + 2�∗(4+ h)− 2h.
Then

(i) the system visits P−1 before visiting C , namely

lim
β→∞

P−1(τP−1 < τC ) = 1

(ii) the system visits C before visiting +1, namely

lim
β→∞

P−1(τC < τ+1) = 1,

(iii) for any ε > 0

lim
β→∞

P−1(e
β)−βε < τC < eβ)+βε) = 1,

(iv) for any ε > 0

lim
β→∞

P−1(e
β)−βε < τ+1 < eβ)+βε) = 1.

Thus the asymptotics of τC and τ+1 coincide in the sense of logarithmic equiva-
lence.

The above theorem states that during the exit from the metastable−1 state, the
system visits the ‘competing metastable state’ C and, finally, reaches the stable
state +1.

To have a heuristic justification of this behaviour we notice that the direct tran-
sition from −1 to +1 is very low in probability; indeed the formation energy of
a critical droplet of plus in a sea of minus is much larger than that of a critical
droplet of chessboard.

It is also possible to describe in detail the typical paths followed by the system
during the exit from the metastable phase. We refer to Theorem 3.13 in [62].

Let us discuss now the main features of the model and give an idea of the proof
of Theorem 7.25. We refer to [62] for more details.
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First of all we observe that in the PCA case, any pair of configurations is linked
by a non-zero transition probability so that every sequence of configurations is an
allowed path.

The PCA that we are considering is a reversible Freidlin–Wentzell Markov
chain but it is not Metropolis: it satisfies condition R but not condition M at the
beginning of Chapter 6. Indeed it is easy to exhibit examples of pairs of configu-
rations σ, η such that both P(σ, η), P(η, σ ) are exponentially small for large β.
Thus is due to the non-Metropolis nature of the dynamics, the fact that the quan-
tity ) appearing in Theorem 7.25 is not equal to the energy difference between
protocritical configurations in P−1 and the starting configuration −1. We recall
that in the usual Metropolis dynamics P(σ, η) can be exponentially small in β

only if H(η) > H(σ ). Here the relevant quantity is the ‘communication height’
between a pair of configurations σ, η given by

�((σ, η) = H((σ)− log P(σ, η). (7.190)

Reversibility implies �((σ, η) = �((η, σ ); moreover if either P(σ, η) or
P(η, σ ) is of order one for large β then �((σ, η) = H((η) ∨ H((σ). Notice that,
given a configuration σ there is at most one configuration η such that P(σ, η) is
of order one for large β. Indeed each px goes eiher to one or to zero exponentially
fast for large β.

We say that a configuration σ is stable if

�((σ, η)− H((σ) > 0, ∀η ∈ X \{σ } (7.191)

Given σ ∈ X we denote by Tσ ∈ X the unique configuration that can be
reached from σ with a probability of order one: η = Tσ is the unique configura-
tion such that px (η(x)|σ) ∼ 1, ∀ x ∈ (. If σ is stable then Tσ = σ .

We call a ‘stable loop’ a pair σ, η such that Tσ = η, Tη = σ .
It is easy to see that stable loops with more than two configurations cannot

exist and that if σ, η form a stable loop then E((σ) = E((η). The set of the two
chessboard configurations Co and Ce is a simple example of a stable loop namely
P(Co,Ce) = P(Ce,Co) ∼ 1. Let us call ‘traps’ the stable configurations and
the configurations belonging to a stable loop.

The first step in the proof of Theorem 7.25 consists in the characterization of
the stable traps as collections of suitable ‘droplets’. The second step concerns the
analysis of the ‘destiny’ of the traps i.e. the tendency to grow or shrink of the
corresponding droplets. The third and main step consists in finding the communi-
cation height between −1 and +1.

Let C ∈ C := {Co,Ce}. Let X−1,XC be the set of configurations with a well
defined ‘sea’ of minuses, chessboard, respectively, We set XC := XCo ∪ XCe .

It is shown in [62] that the stable traps in X−1 are characterized in the following
way. There is a set of non-interacting (see Definition 7.8) rectangles R̄1, . . . , R̄p,
R1, . . . , Rq which are stable in the sense that their minimal side length is l ≥ 2.
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Figure 7.18

R̄ j are either full of chessboard or in their interior there is a collection of non-
interacting, stable rectangles R̃1, . . . , R̃k surrounded, in R̄ j , by chessboard. R̃l , Ri

are full of plus spins and outside R̄ j , Ri all spins are −1.
In the case when there are no rectangles R̄ j (Ri ), we set p = 0 (q = 0). In X−1

the stable configurations can be obtained only with p = 0, corresponding to the
case when in the sea of minuses there are only non-interacting stable rectangles
full of pluses. Suppose p > 0, i.e. there is some rectangle containing chessboard
in its interior: these configurations are not stable but elements of a stable loop.
Intuitively, we can think that before any move at exponentially small cost these
configurations are ‘flip-flopping’, in their chessboard part between Co and Ce.

In XC the traps are given by collections of non-interacting stable rectangles full
of pluses; because of the presence of the sea of chessboard there are only stable
loops and no stable configurations; see Figure 7.18.

It is also shown in [62] that in X−1 the rectangles of chessboard and the rect-
angles of +1 are subcritical, in the sense that they will typically shrink towards
−1 before touching XC ∪ {+1}, if and only if their minimal side length is strictly
less than l∗. Similarly in XC the +1 small rectangles are subcritical in the sense
that they typically shrink visiting C before visiting +1.

We notice that the sum of the quantity ) appearing in Theorem 7.25 and
H(−1) represents the communication height between the largest subcritical
droplet and the smallest supercritical droplet in X−1.

Let us outline, now, the way to compute the communication height between
−1 and +1.

The upper bound �(−1,+1) ≤ β) + H(−1) is, as usual, relatively easy to
find, using a suitable reference path. The lower bound will be based on the con-
struction of a suitable set G−1 playing the role of the generalized basin of attrac-
tion of −1.

Given η ∈ X we define the downhill path starting from η as the unique path
ω = {ω0, . . . , ωn} such that ω0 = η, Tωi−1 = ωi for any i = 1, . . . , n, and ωn

belongs to (or coincides with) a trap; we also set η̂ := ωn . We set

G−1 := {σ ∈ X−1 : σ̂ subcritical
}

(7.192)
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and

�ω := max
i=1,...,|ω|

H(ωi−1, ωi ). (7.193)

In order to prove �(−1,+1) ≥ β) + H(−1) we have to examine all the paths
connecting G−1 with X \ G−1. Let {ω0, ω1, . . . , ωn} be one of these paths; it has
at least a direct jump from G−1 to X \ G−1, that is there exists k ∈ {0, . . . , n − 1}
such that ωk ∈ G−1 and ωk+1 ∈ X \ G−1. Hence, for any ω connecting G−1 with
its exterior we have �ω ≥ minσ∈G−1,η∈X \G−1 H(σ, η).

We have to prove that

min
σ∈G−1,η∈X \G−1

H(σ, η) ≥ β) + H(−1). (7.194)

This is indeed a very delicate point.
Given σ ∈ G−1, consider a configuration η = η(σ ) ∈ X \ G−1 that can be

reached with the smallest energetic cost, namely η ∈ X \ G−1 is such that

H(σ, η) = min
ζ∈X \G−1

H(σ, ζ ) (7.195)

The estimate (7.194) is achieved via a detailed analysis of the properties of η(σ ).
We refer to [62] for more details.

7.15 Discussion of the results of Bovier and Manzo
In [31] (see Chapter 4) the authors introduce an approach to metastability valid in
a quite general setting, that does not adopt the point of view of large deviations;
it is not ‘pathwise’ and does not even take into account the description of typical
trajectories.

The paper by Bovier and Manzo [29] contains the application of the powerful
method developed in [31] to stochastic Ising models.

The results obtained in [29, 31], even though restricted to the asymptotic be-
haviour of the tunnelling times are, in some respects, stronger than those presented
above.

Contrary to the approach discussed in our Chapter 6, where L1 estimates are
deduced by estimates in probability via good control of the tails, in [31] the results
in probability are obtained via a very sharp control of the Laplace transforms of
the tunnelling times.

Let us specify to the context of Markov chains satisfying condition M of
Chapter 6. The mean value of the tunnelling time is described in terms of the
quantities

P(τ
η
ξ ≤ τη

η ) (7.196)

where we use the notation τ
η
ξ = inf{t > 0 : Xη

t = ξ, Xη
s �= η for some s ≤ t},

η, ξ ∈ S, S ≡ state space. Xη
t denotes the process starting at η.
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In [31] metastability is characterized by the existence of a set MN with the
property

sup
η,η′∈MN
ζ∈Mc

N

P(τ
η

η′ < τ
η
η )

P(τ
ζ
MN

< τ
ζ
ζ )
−→ 0 as N→∞, (7.197)

where N is a large parameter of the system (in the case of the application to
stochastic Ising models we have N = β).

Let

Iζ := {η : H(η) < H(ζ )} (7.198)

Under the non-degeneracy hypothesis that for any pair of distinct η, η′ ∈MN

the ratio

P(τ
η

Iη < τ
η
η )

P(τ
η′
Iη′

< τ
η′
η′ )

(7.199)

either tends to zero or tends to infinity as N goes to infinity, the following theorem
is proven in [31] (among other results characterizing the spectrum of the Markov
generator).

Theorem 7.26 [31] Let MN be a set with properties (7.197), (7.199). For any
η ∈MN , let MN (η) :=MN ∩ Iη. Then there exists c > 0:

E(τ
η

MN (η)) = c
(

P(τ
η

MN (η) < τη
η )
)−1

(1+ o(1)) (7.200)

and, for any t > 0

P
(
τ
η

MN (η) > t E(τ
η

MN (η))
)
= e−t (1+o(1))(1+ o(1)). (7.201)

The constant c is given explicitly and can be read as the degeneracy of the bot-
tom of the cycle CIη (η) where, for A ⊆ S, η ∈ S, CA(η) = {ζ ∈ S : �(η, ζ ) <

�(η,A)}.
All model dependent aspects of the problem are somehow hidden in

P(τ
η

MN (η) < τ
η
η ) and the strength of this method relies on the precision in the

computation of P(τ
η

MN (η) < τ
η
η ). In the case of Metropolis dynamics in the

Freidlin–Wentzell regime, quantities like this can be computed directly using the
well known Dirichlet representation (see e.g. [199], Theorem 6.1)

P(τ
η
ξ < τη

η ) =
1

2
eβH(η) inf

h∈Hη
ξ

∑
ζ,ζ ′∈S

q(ζ, ζ ′)e−β max{H(ζ ),H(ζ ′)}(h(ζ )− h(ζ ′))2,

(7.202)
where Hη

ξ := {h : S → [0, 1]; h(η) = 0, h(ξ) = 1} and q(ζ, ζ ) = 0.
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By taking h(ζ ) as the characteristic function of Cξ (ζ ), we immediately get

P
(
τ
η
ξ < τη

η

)
≤ C1e−β(�(η,ξ)−H(η)), (7.203)

where C1 ≤ |∂Cξ (ζ )|maxζ,ζ ′∈S q(ζ, ζ ′). On the other hand, using comparison
with a suitable one-dimensional process, it is proved in [29], equation (4.5), that

P
(
τ
η
ξ < τη

η

)
≥ C2e−β(�(η,ξ)−H(η)), (7.204)

with C2 ≥ |S|−1 minζ,ζ ′∈S{q(ζ, ζ ′) | q(ζ, ζ ′) > 0}.
We remark that from (7.203), (7.204) it is not difficult to show that (7.197) is

the dynamical counterpart of the ‘absence of deep wells’, i.e. point (ii) of Theo-
rem 6.38 in Chapter 6 which is the content of Proposition 7.24 in the Kawasaki
case. The other hypothesis of Theorem 7.26 corresponds to η0 = Sm , the set of
metastable states, i.e. the set of most stable minima for the energy (see (6.235)
in Chapter 6); it is needed to ensure the asymptotic exponentiality of the law of
τ
η0
F(S)/E(τ

η0
F(S)) (recall that F(S) is the set of ground states).

The estimate on the mean tunnelling time given by (7.203), (7.204) via
Theorem 7.26 is considerably stronger than the usual Freidlin–Wentzell estimates
and can be pushed to C1 1 C2 with a finer analysis.

As noticed in [29], in principle this computation can always be done and in
particular it was carried out in the case of a unique minimal gate with the further
simplifying hypothesis that the states in the gate are not connected to each other
in one step. The result is the following.

Theorem 7.27 [29] If {η0} = Sm ,

P
(
τ
η0
F(S) < τη0

η0

)
= Cη0eβ(�(η0,F(S))−H(η0))(1+ o(1)). (7.205)

With

C−1
η0
=

∑
ζ∈S(η0,X s )∩∂Cη0 (F(S))

cζ , (7.206)

where the cζ are explicit constants depending on the one-step transition probabil-
ities between ζ and its neighbours.

It is immediate to see that cζ = 0 if ζ is unessential, showing that the sum in
(7.206) involves only the states in the minimal gate W , supposed unique (see
Definition 6.10, equation (6.16)).

It is a very remarkable fact that the set W emerges in this context without any
connection with the gate property.

We wish to notice that the analysis of the properties of the minimal gates be-
comes particularly interesting when settled in connection with the result for pre-
cise estimates of the mean tunnelling time given in [29].
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A natural conjecture arises: is it the case that unessential saddles never give
any contribution to the prefactor Cη0 in (7.206). As is proven in [207], the answer
is negative. In other words, quite surprisingly, unessential saddles, not character-
izing the typical behaviour of the process, may contribute to the prefactors and a
weaker notion of essentiality is needed to control the L1 estimates.

We want now to quote some results connected with the main argument of this
chapter, but referring to different asymptotic regimes.

7.16 Metastability at infinite volume and very low
temperature for the stochastic Ising model

The asymptotic regimes that we have considered up to now in this chapter, for
various stochastic Ising (or similar) models, i.e. finite volume (for instance with
periodic boundary conditions) and vanishing temperature, are physically moti-
vated by the study of local aspects of nucleation. In the above asymptotic regime,
mathematically characterized by a Freidlin–Wentzell reversible Markov chain,
the transition between metastability and stability is driven by the formation of
a unique critical nucleus which grows rapidly to invade the whole volume. For
very large or infinite volumes many nuclei will form, almost independently in dif-
ferent locations, then they will grow and coalesce, driving the system to the stable
state. The correct question to ask in this asymptotic regime (∞ volume, β →∞)
is: what is the typical time to see the arrival of the stable phase in a given location,
say the origin? We expect a very different mechanism of transition with respect
to that of finite (independent of β) volume. In an infinite volume we expect to
see the formation of many supercritical droplets inside a large volume surround-
ing the origin with a subsequent long growth of these droplets. This mechanism,
involving spatial entropy, is more convenient with respect to a nucleation close
to the origin without significant growth. In order for this more efficient mecha-
nism to take place, the system must have enough room at its disposal and this is
certainly the case in an infinite volume.

The case of the two-dimensional standard, continuous time, stochastic Ising
model (see Chapter 4) in infinite volume, small but fixed (say positive) magnetic
field in the limit of vanishing temperature was studied in [76, 77]. (See also [268,
269].) Suppose we start from all minus. The following heuristics is at the basis of
the determination of the relaxation time trel , namely the typical time needed by
the spin at the origin to become stably plus (see [76, 77]). At very low tempera-
ture, droplets of plus with square shape play an outstanding role. The growth of a
square droplet is ruled by two distinct mechanisms:

(1) adding a unit square protuberance (with a plus spin) from the exterior to
a face at the rate e−βγ , β being the inverse temperature and γ = 2J − h
being the energy formation of this protuberance, namely the energy needed
to flip a minus spin with one nearest neighbour plus;
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(2) filling up, at rate one, of the exterior layer to which the protuberance be-
longs, starting from the sites nearest neighbour to the protuberance; the rate
of this process is one since the energy needed to flip a minus spin with at
least two positive nearest neighbours is non-positive.

Suppose that ) is the energy formation of a critical droplet so that e−β) is
the probability per unit volume and per unit time of the formation of this critical
droplet. Let v be the speed of growth of the supercritical droplets. As we shall see
it is possible to show that v = e−βγ/2.

The relaxation time trel can be deduced by the following argument: consider
the space-time cone, contained in the Cartesian product of Z2 with the time axis,
with height trel and basis given by the square centred at the origin of side vtrel

and time coordinate 0. The order of magnitude of trel can be deduced by:

e−β)(vtrel)
2trel ∼= 1. (7.207)

This argument can be extended to an arbitrary dimension d ≥ 1. We get

e−β)(vtrel)
d trel ∼= 1. (7.208)

trel can also be seen as the typical time needed for a complete invasion of Zd by
the stable phase; indeed within that time any fixed location will be invaded. In two
dimensions, using v = e−βγ/2 we get

trel ∼= eβ
()+γ )

3 . (7.209)

Notice that a similar argument applied to the displacement of a (one-
dimensional) side yields the relation v ∼= e−βγ/2 that we had assumed prelimi-
narily without justification. Indeed now the dimension is d = 1 and the speed of
growth of a protuberance (inside the new layer) is of order one and, finally, )
must be replaced by the energy formation of a unit square protuberance, namely
γ . Thus, by (7.208) with γ in place of ), v = 1, d = 1 we see that in a time eβγ/2

the new layer of thickness one has been invaded so that the speed of growth of the
squared droplet is e−βγ/2.

More generally, in dimension d if γ is the activation energy for a unit protu-
berance, by a similar argument we get v ∼= e−βγ/d which leads to

trel = eβ
()+γ )

d+1 . (7.210)

The factor 1/(d + 1) in the exponent on the right-hand side of (7.209) drasti-
cally reduces the lifetime with respect to the finite volume situation; see [76] for
more details.

There is another slightly different way to understand the above heuristic.
The typical time needed to see a nucleation inside the cube ((L), centred at

the origin with side length L is given by tnucl
L ∼ eβ)/Ld whereas the time needed

to grow up to the invasion of the whole volume ((L) is t growth
L ∼ L/v, v being
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the linear growth velocity for a supercritical nucleus. We have to optimize with
respect to L , namely to find the L for which the sum eβ)/Ld + L/v is mini-
mal. This occurs when the two terms are of the same order of magnitude. By
equating them we find L = L∗ = (eβ)v)1/(d+1) from which trel = L∗/v. Using
v = e−βγ/d we get the previous result.

Let κc = () + 2J − h)/3: in [77] the main result is the following theorem.

Theorem 7.28 Let f be a cylinder function. If t = eβκ

(1) limβ→∞ E( f (σt )) = f (−1) if κ < κc,
(2) limβ→∞ E( f (σt )) = f (+1) if κ > κc.

Thus eβκc is the relaxation time in agreement with the above heuristic.
Let us now give an outline of the proof; we shall do it in the framework of

a simplified nucleation-and-growth model that was introduced in [76]. The state
space is X = {0, 1}Zd

; for η ∈ X , if η(x) = 0 (1) we say that the site x is empty
(occupied). Starting with all sites unoccupied, a site becomes occupied at rate
e−β) if it has no occupied neighbour, e−βγ if it has one occupied neighbour and at
rate 1 if it has two or more occupied neighbours. Occupied sites remain occupied
forever. We suppose ), γ fixed with ) sufficiently larger than γ .

The above described dynamics is manifestly irreversible; this is a relevant
difference with respect to the stochastic Ising model. However, as shown by
Dehghanpour and Schonmann, the most important features of the stochastic Ising
model in the same asymptotic regime are still present in the simplified model.

Statement (2) of the theorem can be obtained by constructing a suitable event
of nucleation and subsequent growth inside a suitable cube centred at the origin
within a suitable time. The definition of such an event is based on the heuristic that
we have discussed before. More delicate is the proof of point (1) of the theorem.

It is easy to convince oneself that different nuclei will interact. Recall that
v = e−βγ/d is the speed of growth and we are looking at times of order t = eκcβ ;
suppose that two nuclei are close enough, i.e. at a distance smaller than veβκc

to each other; then, once they meet the remaining sites in the rectangular enve-
lope of their union become occupied at an effective rate 1 as a result of a boot-
strap percolation mechanism (see Section 7.4 and [2]). Since the only a priori
upper bound for the speed of growth is 1, we have to look at a volume ((eκcβ).
Inside this box, during a time interval eκcβ a number of nuclei will be formed
of order (eκcβ)deκcβe−β) = eβγ . Then the minimal distance between a pair of
formed nuclei, in an optimal situation, is of order eβκc/(eβγ )1/d = veβκc or less
so that coalescence will take place with overwhelming probability. However, a
result by Aizenman and Lebowitz will allow control of this interaction for times
t = eκβ, κ < κc.

Fix t = eκβ, κ < κc.
The first step in the proof of point (1) of the theorem consists in substitut-

ing the evolution in Zd with an analogous evolution restricted to the volume
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( := ((eκcβ). Indeed it is easy to see that the probability that within a time
t = eκβ an influence on the origin can come from outside is extremely small.
We next consider a smaller cube (′ := ((L ′), L ′ := Ce−βγ/deκcβ , where C is a
suitable positive constant. We set

(′
j = (′ + L ′ j, j ∈ Zd . (7.211)

The disjoint union of the (′
j constitutes a partition of Zd . The rescaled lattice is

(res = { j : (′
j ∩( �= ∅}. (7.212)

Now we define a dichotomous stochastic field η on the rescaled lattice. We
look at the boxes (′

j where a nucleation takes place within a time eκβ ; in this
case we assign to η( j) the value 1 and say that the corresponding site of (res

is occupied; let p be the probability that η(0) = 1. Given a configuration η we
occupy iteratively sites of the rescaled lattice that have two or more neighbours.
This deterministic procedure stops after a finite number of iterations giving rise
to the bootstrap configuration η̄. In [2] the authors prove that if p is sufficiently
small in terms of the size of (res then

P(η̄(0) = 1)→ 0 as β →∞. (7.213)

It is shown in [76, 77] that this condition on p is verified in the present case.
Thus we know that with high probability the origin is not included inside a

box (′ where there has been a nucleation within a time eκβ or there has been the
effects of a coalescence nearby, followed by an anomalous growth at speed one:
this coalescence followed by fast growth can occur but only in very sparse subsets
of (res . So, to conclude the proof of point (1) of the theorem, we are left to prove
that for a process ‘without nucleation’ the probability that there is a growth from
outside (′ that is able to reach the origin within a time eκβ is very small for
large β.

7.17 Metastability at infinite volume and very low
temperature for the dynamic Blume–Capel model

We want to discuss, now, metastability and nucleation at infinite volume and very
low temperature in the framework of the dynamic Blume–Capel model in two di-
mensions. In other words we want to analyse a system with competing metastable
states in the same asymptotic regime considered by Dehghanpour and Schonmann
for the standard Ising model. This problem was studied in [205] for a simplified
nucleation-and-growth model, analogous to the one considered in [76] and for the
full model in [206].

The dynamic Blume–Capel model has already been introduced and analysed
in a finite volume context (see Secton 7.11).



7.17 Metastability for dynamic Blume–Capel model 487

In the infinite volume situation the configuration space is given by
{−1, 0,+1}Z2

.
The formal Hamiltonian is given (as in (7.97)) by

H(σ ) =
∑

<x,y>

(σ(x)− σ(y))2 − λ
∑

x

σ(x)2 − h
∑

x

σ(x), (7.214)

where σ(x) ∈ {−1, 0,+1} represents the spin at the site x ; λ and h are the chem-
ical potential and the magnetic field and < x, y> denotes a generic pair of near-
est neighbour sites in Z2. We keep λ and h fixed and take the limit of large
inverse temperature β. In [206] a continuous time dynamics was introduced,
directly at infinite volume. The corresponding transition rates are c(σ, σ ′) :=
e−β[,H(σ,x,σ ′(x))]+ if σ and σ ′ are nearest neighbour configurations (see before
(7.98)) with σ(x) �= σ ′(x), c(σ, σ ′) = 0 otherwise. ,H(σ, x, σ ′(x)) is given
formally by ,H(σ, x, σ ′(x)) = H(σ )− H(σ ′).

We have already described in Section 7.11 metastability and nucleation for a
two-dimensional Blume–Capel system enclosed in a finite torus (, with given
λ, h, in the limit of zero temperature. The interesting region of parameters
was

0 < |λ| < h, with h sufficiently small. (7.215)

We recall that −1, 0 and +1 denote the configurations, of local minimum
for the energy, with all spins equal to −1, 0,+1, respectively. In the whole region
(7.215) we have (in any finite volume):

H(−1) > H(0) > H(+1).

Even in the infinite volume situation, the main question that arises is whether or
not, during the transition from −1 to +1, the system typically visits 0.

As we reported in Section 7.11, in [63] the answer was found in the finite
volume scenario. In that case there is a change in the mechanism of transition
from −1 to +1 when crossing the line h = 2λ > 0 in the h, λ plane. On the right
side of this line (h < 2λ) the transition is ‘direct’, along a sequence of growing
droplets almost full of pluses, whereas in the other region (h > 2λ) the transition
is ‘indirect’ in the sense that the system first reaches the 0 configuration via the
formation of a supercritical squared droplet of zeros in a sea of minuses. Subse-
quently, via the formation of a supercritical squared droplet of pluses in a sea of
zeros, the system is driven to the final stable state +1 (see Section 7.11 for more
details).

It is natural to pose the following question: does the sort of ‘dynamical phase
transition’ that has been detected in a finite volume persist in an infinite volume?
If yes, in which form? One easily realizes that it is reasonable to expect a change
in the mechanism of transition over the line λ = 0. Indeed, when passing from
λ < 0 to λ > 0 two simultaneous effects take place.
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(1) The local energy barrier, strictly related to the nucleation rate, between
−1 and 0 becomes higher than the local energy barrier between 0
and +1.

(2) The speed of growth of a supercritical droplet of pluses in a sea of zeros
becomes larger than the speed of growth of a supercritical droplet of zeros
in a sea of minuses.

In other words one expects that, starting from−1 and looking at an observable
localized close to the origin, for λ < 0 one first sees a large droplet of zeros
coming from a large distance and after a much larger time one observes the
arrival of a large droplet of pluses; on the contrary, for λ > 0 the time of the first
arrival of the zero phase near the origin is much longer than the time interval
needed for the subsequent arrival of the plus phase.

In [205], for the irreversible simplified model and in [206] for the full model the
authors, in addition to other results, proved a change in the asymptotic behaviour
of the ratio between the time of first appearance, say, of a stable non-minus situa-
tion at the origin, denoted by τ⊕, and the time interval, denoted by τ⊕+, between
τ⊕ and the first appearance of the + phase at the origin. For 0 < −λ < h one has
that, typically, τ⊕+/τ⊕ goes to infinity whereas for 0 < λ < h, τ⊕+/τ⊕ goes to
zero.

When τ⊕+ + τ⊕, information on the shape of large droplets is also given: it is
shown that large droplets of zeros tend to be invaded by pluses in their interior so
that, asymptotically, they become completely full of pluses with only a relatively
thin layer of non-minus (typically zero) spins between the internal pluses and the
sea of minuses.

7.18 Metastability for the infinite volume stochastic Ising
model at T < Tc in the limit h → 0

We want to quote now another asymptotic regime that has been studied in [267,
271] infinite (or sufficiently large) volume, temperature T sufficiently small but
fixed, vanishing magnetic field. This is certainly the most interesting situation
from a physical point of view and the hardest one from the mathematical point
of view. Indeed in this asymptotic regime, droplets of macroscopic size will en-
ter into the game and the entropic effects will be relevant. In [271], where more
complete results appear, the authors consider a wide class of single spin-flip dy-
namics that are reversible with respect to the Gibbs measures corresponding to
the two-dimensional standard stochastic Ising model at a temperature T < Tc and
at a magnetic field h/2 �= 0 (say h > 0) when the initial distribution ν is taken
stochastically lower than the equilibrium minus state µ− (see Theorem 3.35 of
Chapter 3). We write ν ≺ µ−. For example we can take the continuous time
Metropolis dynamics (see (4.50) of Chapter 4) with the flip rates c(x, σ ) as in
condition M of Chapter 6 and, as initial state ν, a Dirac mass on the configuration
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with all minus. Call σν
h,t the corresponding process (t is the time). The main result

of [271] is the following theorem.

Theorem 7.29 Suppose T < Tc. For every probability distribution ν ≺ µ− the
following happens. If we let h ↘ 0 and t →∞ together, then for all local observ-
able f

(i) E( f (σ ν
h,t ))→ µ−( f ) if lim sup h log t < λc(T),

(ii) E( f (σ ν
h,t ))→ µ+( f ) if lim sup h log t > λc(T) where

λc(T ) = w(T )2

12T m∗(T)
, (7.216)

m∗(T) is the spontaneous magnetization and w(T) is the integrated surface ten-
sion of the Wulff body of unit volume.

The Wulff shape represents the macroscopic equilibrium shape of a droplet of plus
(minus) phase plunged inside the minus (plus) phase; it corresponds to minimal
surface free energy for a given volume. The precise definition can be found in
[271].

Theorem 7.29 says that for times t = eλ/h with λ < λc the state of the process
is close to the (−)-phase whereas for λ > λc it is close to the (+)-phase. In [271]
the authors also prove that the difference between the state at time t = eλ/h with
λ < λc and the (–)-phase can be described in terms of an asymptotic expansion in
powers of h.

Let us say a few words about the heuristics behind Theorem 7.29. We refer to
[271] for more details. The starting point is the computation of the free energy
barrier that the system has to overcome to create the stable phase locally. This
barrier is associated with the creation, in a fixed location, of a suitable droplet of
the stable phase (roughly the (+)-phase) in a background of the metastable phase
(roughly the (−)-phase). Let S be the shape of the droplet and l2 its volume. The
free energy associated with this droplet can be written as

�S(l) = −(m∗)2hl2 + wSl. (7.217)

Indeed the relevant difference in the bulk free energy per site between the mi-
nus and the plus phases is 2m∗h/2. The contribution coming from the interface
is proportional to the length of the boundary of the droplet, therefore to l. wS

represents the constant of proportionality; it is minimal for the Wulff shape. In
this case we write w for wS and � for �S . The two terms in (7.217) are of the
same order of magnitude when l is of the order 1/h. We write l = b/h. We have
� = φ(b)/h. We notice that φ is maximal for b = w/2m∗ where it takes the value
w2/4m∗.

Thus the Wulff shape is naturally associated with the minimal free energy bar-
rier for exiting locally from metastability. Indeed this barrier corresponds to the
formation of an optimal critical droplet of the correct scale proportional to 1/h.
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However we want to stress that there is absolutely no reason, even in this h → 0
regime, for the system to follow a Wulff nucleation pattern. Indeed, during growth
of the nucleus of the stable phase, the system does not have any reason to mini-
mize the surface free energy for the given value of size of the nucleus.

To conclude the heuristics we observe that, since we are at infinite volume, the
same mechanism that we have described in the infinite volume, β →∞ regime,
introduced by Dehghanpour and Schonmann, is still active. Using a suitable esti-
mate of the speed of growth of supercritical droplets, one can again see that the
effect of the infinite volume is the appearance of the factor d + 1 in the denomi-
nator of the exponent of the relaxation time. As in the case of the infinite volume
β →∞ regime, this drastic decrease of the lifetime is due to the effect of forma-
tion of a critical droplet far away from the support ,( f ) of the local function f
(exploiting the ‘spatial entropy’) followed by growth up to the invasion of ,( f ).
In this way, in our d = 2 case we get (7.216).

7.19 Applications
A possible title of this Section could be obtained by transposing a sentence that
Dobrushin formulated in the case of Gibbs fields: metastability, from physics
through mathematics to all sciences. We want to quote, in the following, some
examples of applications of the general ideas of the pathwise approach to metasta-
bility to various situations, going beyond statistical mechanics.

The mathematical formulation allows us to move from the domain of dynami-
cal phase transitions to several different scientific contexts, the characteristic fea-
tures of metastable behavior.

We give a brief list of topics.
� Interacting particle systems. A first example that can be considered as an

application to the theory of interacting particle systems is the Harris contact
process which is discussed in Chapter 4.

� Biology. Interacting species and metastability, see [112].
� Dynamical systems. Occurrence of rare events for mixing dynamical sys-

tems, see [130].
� Geomagnetism. Randomly perturbed dynamical systems: flip-flop of the

stochastic disc dynamo, see [170].
� Linguistics. Language acquisition and change in generalized GW model,

see [45].
� Sociology. The dynamics of social dilemmas, see [139].

The following example is emblematic and will be briefly reported from the
original paper.

� Palaeonteology. Neo-darwinian evolution implies punctuated equilibria, see
[229].
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The two central elements of neo-darwinian evolution are small random variations
and natural selection. In Wright’s view, this led to random peaked adaptive
landscape, with long periods spent near fitness peaks . . . the transitions between
peaks are rapid and unidirectional even though (indeed because) random variations
are small and transitions initially require movement against selection. Thus
punctuated equilibrium, the palaeontological pattern of rapid transition between
morphological equilibria, is a natural manifestation of the standard wrightian
evolutionary theory . . . The simplest neo-darwinian model for evolution of the
population mean x of a genetically determined character expresses the change dx
in time interval dt as the sum of a natural selection term and a random variation
term:

dx(t) = F ′(x(t))dt + αdW (t). (7.218)

F(x), a one-dimensional genotypic or phenotypic adaptive landscape, describes the
mean population fitness. If, for example, the slope F ′ is positive (a rising
landscape) at x(t), natural selection pushes x towards larger values. The parameter
α gives the magnitude of random variation relative to that of natural selection. The
random process W (t), a standard brownian movement with zero mean drift,
represents, for example, genetic drift and short-term environmental fluctuations
showing no obvious trend . . . .

7.20 Related fields
We want to quote now some fields related to low temperature metastability. We
quote first some non-homogeneous (in time) Markov chains similar to Freidlin–
Wentzell chains, with applications to optimization problems. The typical example
is simulated annealing. Consider the problem of finding the minima of an energy
function H defined in a finite state space S and taking values in R.

Consider an inhomogeneous Markov chain (Xt )t∈N with transition probabili-
ties at time t given by Qβt where

Qβ(x, y) := q(x, y)e−β[H(y)−H(x)]+ (7.219)

with x, y ∈ S, q being an irreducible symmetric Markov kernel. The sequence
of diverging inverse temperatures (βt )t∈N is given; it is called a cooling sched-
ule. Recall that F(S) is the set of absolute minima of S. If the schedule varies
sufficiently slowly, it is possible to show that

sup
x∈S

Px (Xt �∈ F(S)) → 0, as t → ∞. (7.220)

The study of this kind of Markov chain can be carried out using the concep-
tual cathegories of stationary Freidlin–Wentzell Markov chains. In particular, the
decomposition of S into maximal cycles is a very powerful tool. We refer the
interested reader to [53, 54, 289, 290].
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Another related class of inhomogeneous Markov chains, also useful for opti-
mization problems and whose theory uses Freidlin and Wentzell’s ideas, are the
so-called genetic algorithms. A basic reference for that is [56].

Finally, as a related subject, we quote some numerical results. The literature
concerning numerical studies of metastability and nucleation is very large; we
want just to quote the paper [288] by Tomita and Miyashita where the relaxation
from metastability to stability is analysed via computer experiments using the
standard two-dimensional stochastic Ising model. It is a remarkable fact that in
[288] the authors find at low, fixed temperature behaviour that can be rigorously
predicted, in the limit of low temperature, using the results of our Chapters 6 and
7. In particular, the size dependence of the relaxation time that is found numeri-
cally in [288] reflects the analysis performed by Dehghanpour and Schonmann.
According to the size of the container, two different types of relaxation are found.
For example, the ratio of the mean to the variance of the relaxation time changes
considerably with the size. This can be explained by looking at the threshold after
which the infinite volume Dehghanpour–Schonmann regime starts to hold. For
volumes smaller than this threshold the distribution of the normalized relaxation
time is almost exponential (variance1 expectation) whereas for larger volumes it
is much more deterministic.
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übersättigten Dämpfern. Ann. Phys. (Leipzig) 24, 719–752.

493



494 References

[16] G. Ben Arous, R. Cerf. 1996. Metastability of the three-dimensional Ising model on
a torus at very low temperatures. Electron. J. Probab. 1 (10).

[17] O. Benois, T. Bodineau, E. Presutti. 1998. Large deviations in the van der Waals
limit. Stoch. Proc. Appl. 75, 89–104.

[18] C. Bezuidenhout, G. Grimmett. 1990. The critical contact process dies out. Ann.
Probab. 18 (4), 1462–1482.

[19] P. Billingsley. 1965. Ergodic Theory and Information. New York: Wiley.
[20] P. Billingsley. 1968. Convergence of Probability Measures. New York: Wiley.
[21] D. Blackwell, J. L. Hodges. 1959. The probability in the extreme tail of a convolu-

tion. Ann. Math. Stat. 30, 1113–1120.
[22] M. Blume. 1966. Theory of the first-order phase change in UO2. Phys. Rev. 141,

517–524.
[23] T. Bodineau. 1999. The Wulff construction in three and more dimensions. Commun.

Math. Phys. 207 (1), 197–229.
[24] T. Bodineau, D. Ioffe, Y. Velenik. 2000. Rigorous probabilistic analysis of equi-

librium crystal shapes. Probabilistic techniques in equilibrium and nonequilibrium
statistical physics. J. Math. Phys. 41 (3), 1033–1098.

[25] E. Bolthausen, U. Schmock. 1989. On the maximun entropy principle for uniformly
ergodic Markov chains. Stoch. Proc. Appl. 33, 1–27.

[26] A. A. Borovkov. 1967. Boundary-value problems for random walks and large devi-
ations in function spaces. Theory Probab. Its Appl. 12, 575–595.

[27] A. A. Borovkov, B. A. Rogozin. 1965. On the multi-dimensional central limit theo-
rem. Theory Probab. Its Appl. 10 (1), 55–62 (Teor. Veroyatn. Ee Primen. 10, 61–69).
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[54] O. Catoni. 1992. Rough large deviation estimates for simulated annealing. Applica-
tion to exponential schedules. Ann. Probab. 20, 1109–1146.

[55] O. Catoni, R. Cerf. 1995. The exit path of a Markov chain with rare transitions.
ESAIM Probab. Stat. 1, 95–144 (electronic).

[56] R. Cerf. 1998. Asymptotic convergence of genetic algorithms. Adv. Appl. Probab.
30 (2), 521–550.

[57] R. Cerf, A. Pisztora. 2000. On the Wulff crystal in the Ising model. Ann. Probab. 28,
947–1017.

[58] R. Cerf, A. Pisztora. 2001. Phase coexistence in Ising, Potts and percolation models.
Ann. Inst. H. Poincaré 37 (6), 643–724.
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Gärtner, J. 36, 63, 124
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Itô processes 65, 226
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Lévy–Prohorov metric 57
Lewis, J. T. 180
Liggett, T. M. 243, 251, 254
Lindvall, T. 289
Liouville theorem 134
Lipshitz condition 88, 91
liquid–vapour phase transition 198
Liu, X.-F. 274
local mean field model 280
local minima of energy 406
logarithmic equivalence 3
log-likelihood ratio 19
lower (upper) semi-continuous function 11
Lyapunov matrix 322

Manzo, F. 480
Markov chains 45, 118

ergodic 126, 335
irreducible 126
in Freidlin and Wentzell regime 335

Condition ARND 389
Condition FW 335
Condition M, Metropolis 336
Condition MND 337
Condition R, reversible 335
Condition RND 336

reversible 228, 335
Markovian semigroup 89
Markov inequalities 6, 42, 55, 121
Markov property 72, 245
Martinelli, F. 329, 330
martingale 71

reversed 77
Martirosyan, M. R. 165
maximum likelihood tests 19
Maxwell’s rule 202
Mazur lemma 47
mean field theory 205
metastability, metastable behaviour 2, 104, 198,

399
applications 490
for 3d Glauber dynamics 469
for 2d local Kawasaki dynamics 465
for 3d local Kawasaki dynamics 467

for anisotropic ferromagnetic stochastic Ising
model 428

for Blume–Capel model 447
at infinite volume 486

for ferromagnetic with n.n. and next n.n.
interactions 438

for Ising model at infinite volume 483
for Ising model with free boundary conditions

454
for Kawasaki dynamics 456
for lattice spin systems at low temperature

399
for model with alternating field 443
for probabilistic cellular automata 476
for standard stochastic Ising model in 2d 401

metastability, pathwise approach 225
metastable branch 198
metastable cycle 344
metastable state 198, 211
metastable state, lifetime of 201
Metropolis 229, 336
microcanincal ensemble 135
Miller, H. D. 133
minimax theorem 44
Minlos and Sinai theory 224
Miyashita, S. 492
moderate deviations 3, 124
moderately interacting variables 123
moment generating function 11
Mountford, T. S. 278
Mueller, C. 332

Neves, E. J. 404
Newman, C. M. 277
Ney, P. 133
Neyman–Pearson lemma 20
non-linear heat equation with noise, metastable

behaviour 330
non-winding configuration 407
Novikov condition 87
nucleation 224, 281, 399
nucleation theory 213
Nummelin, E. 133

observable 136
OCSPP – one component system of point

particles 134
Olivieri, E. 221, 224, 225, 281, 332
Olla, S. 181
omega-limit set 305
Onsager relation 176
Oosterhoff, J. 62
open semi-space 53
optional time 73



Index 511

Orey, S. 181
Ornstein Uhlenbeck process 329
orthodicity of ensembles 137

Paley, Wiener and Zygmund theorem 77
paramagnetic behaviour 200
partition function 140

grand canonical 144
microcanonical 140

path of a Markov chain 338
downhill, strictly downhill 338
generalized 386

Peierls, R. F. 168
Peierls argument 168
Peierls condition 212
Peierls contour 168, 225
Penrose, O. 212
permanence sets 338, 378
Perron–Frobenius theorem 127, 176
Pfister, C.-E. 118, 178, 180, 212
phase space 134
phase transition 162, 167, 198
Picard iteration method 88
Picco, P. 332
picture frame 451
Pirogov–Sinai theory 167, 212, 449
Pisztora, A. 178
plateau 339

basin of attraction of 344
stable 339
transient 339

plurirectangle 450
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